Energy Diagrams
Potential energy diagrams enable us to understand,
qualitatively, the possible motions of a system
Consider the potential energy diagram in figure
(for a mass attached to a spring):
The way we use these diagrams is as follows

Class discussion of motion for E > 0 and E = 0.

Now consider this potential energy diagram in figure
Class discussion of motion for 5 indicated E-values:

Now consider potential energy diagram in figure.

Class discussion of motion for 5 indicated E-values:

Small Oscillations in a Bound System
Very interesting feature exists for all potential energy curves that have minimum or equilibrium point.
First, any well-behaved function f(x) can be expanded in a series (called a Taylor series)
about an arbitrary point x0 in the form

In particular if we are close to equilibrium point x = x0 for potential energy function U(x) we can write

dU (x)
=0
But since
by the definition of an equilibrium point
dx x=x0
and since the reference level is arbitrary allowing us to choose U(x0) = 0,

we always can write near equilibrium

where

This means that near an equilibrium point, any potential energy function
looks like the potential energy function of a simple harmonic oscillator (spring)
and hence for small displacements from equilibrium any body
will undergo SHM with frequency given by

Example - Back to the teeter totter toy .....
When we displace toy from equilibrium by angle θ found earlier that potential energy was given by

Let us expand U(θ) about the equilibrium position θ0 = 0 We get

which gives
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and thus the equation of motion is
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This looks like figure
Near x = 1 we can write

so k = 2 and we would have
simple harmonic motion with frequency
Example
Mass m whirls on a frictionless table, held to circular motion
by a string which passes through a hole in the table. See figure
String is slowly pulled through hole so that radius of circle
changes from `1 to `2 .

Show that work done in pulling string equals increase in kinetic energy of mass.
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0 = m(2ṙ✓˙ + r✓)

which gives

where

˙ 1 ) = !1
r(t1 ) = `1 , ✓(t

where we have used
Z t2
Z
r̈dr =
t1

we then have

We have

t2
t1

2

d r
dr =
2
dt

We then have
◆
Z t2 ✓
4 2
` 1 !1
r̈
dr
2
r
t1

Z

t2
t1

d
dt

✓

dr
dt

◆

dr =

Z

t2
t1

dr d
dt dr

✓

dr
dt

◆

dr =

Z

t2

vr dvr
t1

Now
so that

as expected

Conservation Laws and Particle Collisions
Particle scattering experiments of one sort or another have produced much of the knowledge we have
about atoms, molecules, nuclei, solids and elementary particles.
Determining the detailed dynamics of a scattering experiment depends on knowing the potential energy
function (or force law) between the particles involved in the scattering.
It turns out, however, that we can learn a great deal about the kinematics of a scattering experiment just
by using conservation of energy and momentum.
Suppose we consider the collision or scattering experiment shown in figure:
Experimentally we will usually know initial velocity vectors v⃗1 and v⃗2.
Often one of initial particles is at rest and then we usually choose θ = 0.
External forces are usually = 0 (the dynamics comes from
internal forces).
This means that linear momentum is always conserved and
we can write

for a two-particle collision.
This represents 2 equations for a 2-dimensional collision (all particles remain in a single plane).
There are 4 unknowns, however, the x- and y-components of the final velocities.
Energy considerations usually provide another equation, so we are short one equation necessary for the
solution of the problem.
In general, however, we will also know something about the final state, i.e., in which direction one of the
final particles emerges.
This reduces the number of unknowns to 3 and allows us to solve the problem.
Elastic and Inelastic Collisions
We define two types of collisions:
elastic - total kinetic energy is conserved in collision
inelastic - total kinetic energy is not conserved (heat generated by deformations, etc)
Both types of collisions can be covered by writing the kinetic energy conservation relation as

where Q = amount of kinetic energy converted into another form of energy.

Inelastic collisions are the result of nonconservative forces such as friction, deformation, etc and are
signaled by a heat transfer occurring.
The conservation of kinetic energy relation is then

We have

Collisions in 1-Dimension
In 1 dimensional collisions, particles are constrained to move along a line (say x-axis).
Our equations in laboratory frame become:

and the configuration of particles before
and after the collision is shown in figure :

We have 2 equations in 2 unknowns and they can be solved with no extra information about final state.
Example
Suppose m2 = 3m1 and v1 = v = −v2 (they approaching each other before the collision).
Also suppose collision is elastic.
We have configurations shown in figure
We then have the equations

We then obtain:

We have 2 solutions
—> passing through!! math does not know physics!

After collision, smaller mass is moving to left with twice its original speed and larger mass is at rest.

Collisions as seen in the CM Frame
Let us redo the above problem in the CM frame.
In this 1 dimensional situation we have

as shown in figure
Now the total momentum = 0 in the CM frame, hence

That corresponds to momentum conservation.
Conservation of energy says

which gives

as shown in figure
Same result as earlier, but no complicated equations to solve!!!

Note very important result that we find ..... particles only reverse direction in CM and do not
change their speed (magnitude of velocities) in an elastic collision.
With that new piece of knowledge solution is almost trivial ..... we do not need to use energy
conservation at all in CM frame.

(last step is equivalent to kinetic energy conservation)

That is a very powerful result!!!!

Does this result generalize to more than 1 dimension. Yes!! Let us see how

Combining these results we get

and result clearly is general. This does not determine direction in CM. All we know is that they are
opposite to each other.
A final example
A particle of mass m and initial velocity v0 collides
with a particle of unknown mass M coming from the
opposite direction as shown in figure
After the collision, m has velocity v0/2
at right angles to the incident( original) direction
and M moves off in the direction shown in figure

Find the ratio M/m.

Using the Laboratory Frame

MV 0
= p
2

v0
m
2

An Alternative Path - The Lagrangian Method

Just for fun!

Let us restrict our attention to one-dimensional systems. We then have
where

Now Newton’s second law takes the form

Some algebra gives

Combining everything we then have

assuming that
no dependence on position
no dependence on velocity

we have

or
where we define
and this equation is called Lagrange’s equation.
It is important to realize that I have not introduced any new physical content into the theory at this point.
I have only found an alternative way to write Newton’s second law.
Z
The derivation actually goes other way
L(~r, ~v , t)dt when done over path of motion = minimum
—> Newton’s Laws

This the principle of “least action” ; It is related to Fermat’s principle of least time….

Examples
(1) For an object falling in a gravitational field, we have

We then have

so that equation of motion is

which agrees with our earlier result.

(2) For an object attached to a spring, we have

We then have

so that the equation of motion is

which agrees with our earlier result.
Extra work for simple problems…….

(3) For an object attached to a string (simple pendulum) (see figure)
we have

L✓˙ = v✓

We then have

so that the equation of motion is

For small angles we have sin θ ≈ θ, so that our equations reduces to

which agrees with our earlier result.

(4) Now consider the sliding blocks shown in figure
We have the following constraint:

If we ignore the string mass (first approximation) we have
We then have

so that the equation of motion is

which has the solution

which agrees with an earlier result if we remember that y is increasing downwards.

Now what happens if the string has a mass m. We then have

We then have

so that the equation of motion now becomes

which has the solution

Is this the same result as earlier?

same amount of work independent of complexity of problem

Consider the limit as m → 0. We have

or

which is the same as earlier for a massless string = 0.
(5) Now let us modify this pendulum problem and turn the string into a spring of spring constant k and
unstretched length b. See figure
Now D is the variable length of the spring.

V = mgD(1

1
cos ✓) + k(D
2

b)2

We have

We then have one equation for each variable(the two-dimensional problem generates two equations)

so that the equations of motion are

Clearly this is a much more complicated problem (further study left for more advanced courses).
In both last examples, you could have solved problems using force diagrams without new methods.

What happens, however, in the case shown in figure

where we have a cylinder with an attached springy pendulum rolling down an inclined plane that can
slide along the table with all the motions shown allowed!
You will do this one in more advanced courses.
Doing an old problem: See figure
Contraint equation

Energies and Lagrangian

Lagrangian rewritten
Equations of motion

so that

Letting

we get

Now we turn to solving diﬀerential equation using Oscillation as the vehicle.

Part 1

Oscillations
Simple Harmonic Motion
If any system characterized by a physical variable Q can be described by an equation of motion
—-> diﬀEQ

then system is said to exhibit SHM and solution is found using complex exponential substitution.
Complex Exponential Substitution
Digression: Second-Order diffEQs
Although in various special cases we will be able to convert many of the 2nd order diffEQs that arise
from the application of Newton’s 2nd law to 1st order diffEQs and thus use simpler solution
methods(separation variables and integration), in many cases we will need to solve the 2nd order
equation directly.
The solution technique we will use in most cases is called exponential substitution.
Exponential Substitution
This method is applicable to all 2nd-order differential equations of the form

where A, B, and C are constants. The SHM equation has this form
so that A = M, C = k and B = 0.

The Method: Consider a typical equation of the form

We make the exponential substitution
into the diffEQ. This will convert the diffEQ into an algebraic equation for α.
We have

which, upon substitution, gives the result

since eαt ≠ 0.
Solutions of this algebraic equation tell us allowed values of α that give valid solutions to diffEQ.
In particular, in this case we get

as solutions to quadratic equation.

This result means that y = e−t and y = e−2t satisfy the original diffEQ.

If there is more than one allowed value of α (as in this case), then the most general solution will be a
linear combination of all possible solutions (because this is a linear diffEQ, that is, all derivatives and
functions enter in the equation to the first-power)
Thus, the most general solution of the diffEQ is
where a and b are constants to be determined by the initial conditions.
The number of arbitrary constants that need to be determined by the initial conditions is equal to the
order (highest derivative → 2 in this case) of the diffEQ.
Suppose the initial conditions are y = 0 and dy/dt = 1 at t = 0. Then we have

a+b=0
a + 2b = 1

which gives a = −b = 1 and

Substitute this solution into the original equation and see that it works and has the correct initial
conditions!!

Although this method is very powerful as described, we can make it even more powerful by defining a
new mathematical quantity called the complex exponential.
This will allow us to use the method for the SHM case
Complex Exponentials - Alternative Very Powerful Method
Remember discussion earlier in course about power series expansions of a function around some point

the point being expanded about in this case is x = 0.
If we apply this to the exponential function we get

and so on .........

Therefore, we get

If we apply this to the sine and cosine functions in the same manner we get (you should do this for at
least one of these functions)

We can then show the neat result that
which will be very useful throughout the course. It is called Euler’s formula.
Proof:

and similarly
From these results we can also derive the relations

Finally, we use these results to solve the SHM equation.

Now use the complex exponential substitution method.

substituting y = eαt we get the algebraic equation
which has solutions (allowed values of α) of
so that the most general solution takes the form
Suppose now that the initial conditions are y = y0 and dy/dt = 0 at t = 0.
Then we have

or

and

as we found earlier.

Alternatively, if the initial conditions are y = 0 and dy/dt = v0 at t = 0 then we have

or

and

and in general we have for the initial conditions y = y0 and dy/dt = v0 at t = 0,

or

and
y(t) =

1
2

y0 +

v0
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As stated above, the most general solution is
where G and H are constants determined by the initial conditions.
Now we have:
and

With some algebra (as earlier) we can show that

where C = G + iH and D = G − iH.
Alternatively we can write this as
or
which gives
All these forms of the solution are equivalent.
Meaning of the Constants

The initial conditions

Q(0), Q̇(0) determine the unknown constants

Special Case of Undamped, Unforced Spring
For a spring we have

or
Suppose at time t = 0, we have
We then have
or
Alternatively, we have

The different solution forms are appropriate for particular problems.

Energy Considerations
If we choose the potential energy U(x) = 0 at x = 0, we have
The kinetic energy is
Thus, the total energy is
Note that the energy = constant since this is a conservative force
Time Averages
Time average value ⟨f⟩ of function f(t) over given time interval defined as
In particular, over one period

and

This allows us to calculate the time average values of various physical quantities associated with SHM.

The Damped Harmonic Oscillator
Suppose have spring with mass attached and mass is experiencing extra force due to frictional effects.
Let us assume that
This is the typical form for such forces.
Our equation of motion then becomes:
We solve this equation using the complex exponential method.
We substitute

into the diffEQ.

As before, this will convert the diffEQ into an algebraic equation for α.
or
The solutions of this equation tell us the allowed values of α that give solutions to the diffEQ.
If there is more than one allowed value of α , then the most general solution will be a linear combination
of all possible solutions.
In this case, the allowed values of α are
from quadratic formula

Therefore the most general solution is
or
where the constants are determined by the initial conditions.
The solution shown is valid when
It corresponds to UNDERDAMPED oscillatory motion. It looks like:

All these are examples of
underdamped harmonic
motion.

0.0 , 0.0

0.2 , 0.0

0.1 , 0.0

0.5 , 0.0

It is SHM where the amplitude A is modulated by a decaying exponential function.

Have oscillatory motion where amplitude decreases to zero (friction eventually removes all energy from
system).
Damped frequency ω1 is smaller than undamped frequency ω0.
The zero crossings are separated by equal time intervals equal to
but the peaks do not lie half way between the zero crossings(as in the case of SHM).
For weak damping ω1 ≈ ω0 and for heavy damping ω1 is significantly smaller than ω0.
Energy
Using the work-energy theorem we have

= K(t) + U (t)

with
Then have

which says that E(t) decreases with
time because the friction force
continually dissipates energy.

One can shown explicitly that

The energy decreases exponentially in time.

The parameter γ determines the nature of the exponential behavior.
Energy decays to E(0)/e in time τ = 1/γ = damping time = time constant = characteristic time of
system
The Q of an Oscillator
The degree of damping is determined by a dimensionless number defined by

Energy dissipated per radian = energy lost when ωt changes by 1 or when oscillator oscillates through 1
radian.
This corresponds to:

In the lightly damped case we have:

Some typical numbers are:

Other Solutions
Now if we have
the solution looks like
It corresponds to OVERDAMPED oscillatory motion.

It looks like:

There are no oscillations(it does not cross
the equilibrium line).
There is a special case (you will learn about it in detail in an advanced Classical Physics class)
corresponding to

where the solution is
This corresponds CRITICALLY DAMPED motion and is the fastest decay to equilibrium.
Phase Space
Until now we have been plotting solutions as time series, that is, x(t) vs t or v(t) vs. t.
A very powerful informational and plotting tool is called phase space where we plot x(t) vs v(t).
Technique will be especially powerful when we study chaotic motion of nonlinear oscillator later.
Let us look at some examples below.
The different curved correspond to different energy values.
As we will see later, the closed curved in phase space is a signal of periodic motion of some kind.

We will say more about
phase space shortly
when we look at chaos.

0.0

0.2

0.5

Part 2

The Forced Damped Harmonic Oscillator

Discuss here but really next level!

Suppose have spring with mass attached and mass is experiencing extra force due to frictional effects.
Let us assume that the equation takes the form (as earlier)
In addition, let us assume that there is an external time-dependent driving force.
In particular, a sinusoidal function with frequency ω.
This is the typical form for such forces.
Our equation of motion then becomes:
The solution of this equation is the sum of two solutions
where
and
xh(t) is called the transient solution since it quickly dies out due to damping.
We already know the solution for xh(t) from our earlier discussions of the damped oscillator.
If one observes this type of system, then its time behavior looks like

0.1

0.2

4.0
0.5

We initially observe erratic behavior when both solutions are present.
As transient solution decays away, system settles into steady-state solution as shown with frequency ω,
same as frequency of driving force. This suggests that we assume a steady-state solution of the form
for xp(t).
This is standard technique used by physicists to solve differential equations – observe a system
experimentally and then use that information to guess a solution.
Then check to see if it is correct.
If it is, then it is the solution to the problem because the solutions of these equations are unique.
Substitution of the assumed solution shows that it will work(is a valid solution) if we choose R and φ as
derived below:

Expanding the terms cos (ωt + φ) and sin (ωt + φ) we get

Collecting terms and rearranging we get

which implies that

separately since cosωt and sinωt cannot both be zero at the same time. Solving these two equations gives

Finishing off we get

solution can get very complex very fast!

Let us first look at the behavior of R and φ as functions of ω and the parameter ratio γ/ω0:
Case #1 - light damping - γ = 0.15 , ω0 = 1.0
Plotting R versus ω we get
For small(light) damping R is a maximum for ω =
ω0 and the amplitude at maximum (or resonance)
is

which can get very large for small damping.

In general there is very little final amplitude for these system unless the driving frequency is near to the
natural frequency.
Size of amplitude as function of frequency is indication of how system would absorb or emit energy at
that frequency.
φ represents phase difference between driving force F0 cos ωt and response to driving force

A typical plot of φ versus ω looks like:

If we plot driving force and response function together they look
like (horizontal separation corresponds to phase difference):

For driving frequency less than natural frequency, driver and response are in phase.
For driving frequency greater than natural frequency, driver and response are out of phase.
For highly damped systems the behavior is dramatically different as can be seen below.

Case #2 - heavy damping - γ = 0.9 , ω0 = 1.0

Properties of Resonance in a Lightly Damped System: The Quality factor Q
For small damping the resonance amplitude is large at resonance and sharp
(small width or small spread of frequencies where the amplitude is large).
As the damping gets larger the resonance amplitude gets smaller and the curve spreads out.
These features are very important in determining the system response to external oscillatory forces.
For the steady-state motion, the amplitude is constant in time (after transients have died out).
We have

The energy is time-dependent (k ≠ mω2).
We are pumping energy into the system and it is continually being dissipated.
We focus our attention on time-average quantities

As a function of the driving frequency we then have:

Let us consider this expression in the case of small damping, where γ ≪ ω0.
If we plot E(ω) as a function of ω we see that for light damping E(ω) is effectively zero (solid curve)
except near resonance.
Other curves are larger damping values.

Hence we can replace ω ≈ ω0 except in the term involving ω − ω0.
We obtain

This is called a resonance curve or Lorentzian. Its properties are:

As γ decreases the curve becomes higher and narrower.
The range of frequencies over which the system responds becomes smaller and the oscillator becomes
increasingly selective in frequency.
This frequency selective property is characterized by the Q-value.
Remember

which for a lightly damped system gives (after much algebra)
This same damped oscillator, when driven has a resonance curve with frequency width ∆ ω = γ.
Thus,

A very sharp resonance curve means that a system will not respond unless driven very near its resonance
frequency.
Coupled Oscillations — an extra exotic topic
Let us now consider the system of coupled oscillators shown below:

We can write down Newton’s 2nd law equations
for each of the masses:

These are coupled differential equations.
The general solution can be found using a couple of tricks.
Rearrange the equations as follows:

These are SHM equations (variable x1 ± x2).
Therefore we have

Let us choose some special cases (choice of initial conditions) so we can see what is happening:
Case 1: Symmetric case

→ the masses oscillate in same direction (in phase) with frequency
Case 2: Antisymmetric case

→ oscillate in opposite directions (out of phase) with frequency
These first two cases represent situations where the system as a whole oscillates with a single frequency.
They are called NORMAL MODES and the frequencies are called characteristic or eigenfrequencies.
Case 3: General case
The initial conditions
give the results

which lead to

1
These correspond to a low frequency (!1
2
wiggle.

1
!2 ) envelope modulating a high frequency (!1 + !2 )
2

What does this look like (choosing some numerical values):

2.0, 2.2

2.0, 2.83

We could spend a lot more time on coupled oscillations, but further work requires linear
algebra, diagonalizing matrices and finding eigenvectors and eigenvalues. That must be left
for a more advanced class.
Example:
Pendulum of grandfather’s clock activates escapement mechanism every time it passes through vertical.
Escapement is under tension (provided by hanging weight) and gives pendulum small impulse
distance l from pivot.
Energy transferred by this impulse compensates for energy dissipated by friction, so that pendulum
swings with constant amplitude.

(a) What is the impulse needed to sustain the motion of a pendulum of length L and mass m, with an
amplitude of swing θ0 and quality factor Q?
Let the pendulum have speed v0 as it starts to swing up (from equilibrium position) and speed v1 as it
returns (to the equilibrium position).
The loss in energy is then
The motion takes half of a cycle (π rad).
By definition, Q = fraction of energy lost per radian.
Therefore,

Therefore,

Since v1 ≈ v0, we have

The required impulse is

If the motion is given by θ(t) = θ0 sin ωt, where

!=

p

g/L , then

and
(b) Why is it desirable for the pendulum to engage the escapement as it passes vertical rather than at
some other point of the cycle?
The change in velocity for a given impulse is ∆v = I/m.
However, the change in energy is
The point in cycle where impulse occurs can vary due to mechanical imperfections such as play in
mechanism or wear.
To minimize changes in energy transferred, impulse should occur when v is constant, that is, at bottom of
swing.
Proof: The energy equation is
This gives
so that

Example:
A small cuckoo clock has a pendulum 25 cm long with a mass of 10 g and a period of 1 s.
The clock is powered by a 200 g weight which falls 2 m between daily windings.
The amplitude of the swing is 0.2 rad.

What is the Q of the clock?
How long would the clock run if it were powered by a battery with 1 J capacity?
The power to the clock from the descending weight equals the power dissipated by friction.
If the weight descends distance L in time T , then p̄ = M gL/T
The energy lost per radian is

E = p̄/!

.

The average stored energy is

The kinetic and potential energies are equal, on the average, and
where θ0 is the angular amplitude. We then have

We have numerical values

Therefore,
Energy to drive clock one day is E = MgL = 4 joules.
Therefore, the clock would run only 6 hours on a 1 joule battery.

.

Non-Linear Mechanics : Approach to Chaos
Introduction
Two major reasons for studying non-linear mechanics.
First and most basic is that equations of motion of almost all real systems are non-linear.
Second reason is that even relatively simple system which obeys non-linear equation of motion can
exhibit unusual and surprisingly complex behavior for certain ranges of system parameters.
In a wide variety of dramatically different non-linear systems identical features show up.
Much of existing knowledge of non-linear behavior has been obtained from numerical solutions.
Traditional methods of mechanics, which lead to analytic (explicit equations) expressions for motion,
fail for most problems in non-linear mechanics.
Numerical integration of equations of motion is usually necessary.
From time of Newton until 20th century, physicists and philosophers viewed universe as sort of
enormous clock which, once wound up, behaves in predictable manner.
This idea was dramatically shaken by discovery of quantum mechanics and Heisenberg uncertainty
principle, but physicists still thought that motion of classical systems (macroscopic) that obey Newton’s
equations of motion would exhibit predictable or deterministic behavior.
Turns out, however, that even macroscopic systems obeying Newton’s equations can exhibit so-called
chaotic motion or motion that seems very difficult to predict (or is even unpredictable).
Main difference between chaotic system and non-chaotic system is degree of predictability of motion
given initial conditions to some level of accuracy (note new idea being introduced that might not be able
to specify initial conditions exactly).

In addition, we will find an extraordinary sensitivity to initial conditions.
Look at system considered earlier, namely, linear, damped oscillator with sinusoidal driving force.
This system satisfies the differential equation

with a = 0.9, b = 1.0, c = 0.5, ω = 0.66666.
If this system is started off with different initial conditions (values of x, dx/dt at t = 0) we observe the
following behavior:
after a time long enough for the transient motion to die out, the
different oscillatory systems will end up with the same motion
Thus, the final motion is independent of the initial conditions
In the Octave simulation below, we plot the motion of two
oscillators with different initial conditions on same diagram (in
phase space where we plot velocity(y-axis) versus position(x-axis)
and different initial conditions correspond to different starting
points in phase space) with each oscillator represented by a
different color.
Final steady-state motion in both cases is clearly an elliptical
path in phase space.

Analytically, final steady-state motion is given by

in agreement with simulated motion.
The simulation illustrates the independence of initial conditions rather dramatically.
Later we shall investigate this system when the linear approximation is not valid, that is, the correct
differential equation is

and linear equation is only valid when
we can make the approximation

If we simulate with the non-linear version
of the equation, then the system exhibits a
dramatic sensitivity to initial conditions,
i.e., the solution for different (even
slightly different) initial conditions bear
no resemblance to each other as shown

or even better……

One of best know examples of poor predictability is weather.
At one time was believed that with large number of atmospheric measurements and powerful computers
to integrate fluid mechanics equations would be possible to make long term weather predictions.
Now realized was naive hope and that weather equations are extremely non-linear and solutions of
weather equations are exponentially sensitive to initial conditions;
This means that an infinitesimal difference in initial conditions will eventually produce completely
different solution to equations, that is, no two solutions will have any relation to each other!!!!
Spring class!
A simple weather model are the three-dimensional Lorenz equations which generate solutions that fall on
a curve in three dimensions called a strange attractor (looks like butterfly wings).
This led to the famous butterfly effect where one could imagine that the perturbation in the weather
system due to a butterfly flapping its wings in Africa would grow exponentially into a great weather front
in North America.
This is illustrated dramatically by the simulation of the Lorenz equations (lorentz0.m)(in class) and video
from (lorentz4n.m)(in class).
Again we observe extreme sensitivity to initial conditions.
Even though motion of complex system cannot be precisely predicted certain features can often still be
relied upon.
For example, exact path of given molecule of water that come out of faucet is certainly not predictable.
We can say, however, with high probability that molecule will fall vertically downward within welldefined cylindrical surface.
It is real challenge to deduce such “robust” features of solutions of nonlinear equations.

Even though motion of complex system cannot be precisely predicted
certain features can often still be relied upon.
For example, exact path of given molecule of water that come out of faucet is certainly not predictable.
We can say, however, with high probability that molecule
will fall vertically downward within well-defined cylindrical surface.
It is real challenge to deduce such “robust” features of solutions of nonlinear equations.
In the Spring 2021 Class I will present weather system models
and show the importance of
chaos, sensitivity to initial conditions, attractors, and so on.
Toward an Understanding of Chaos
In general, non-linear differential equations are difficult to solve either analytically or numerically
Before investigating in detail the properties of the non-linear damped, driven oscillator,
we will look at a simple system that can be easily solved numerically
but still exhibits all the important properties of a chaotic system.
There exists a class of elementary model systems that can give insight into the mechanisms leading to
chaotic behavior.

These are stated in the form of difference equations, rather than differential equations.
A typical difference equation is of the form

where xn refers to the nth value of x, which is always a real number on unit interval [0,1], and μ is a
parameter.
The way to think of this system is the following.
Think of nT as a time, where T is a basic time interval.
Starting from some initial value of x, x0, we can generate a sequence of x values, x1,x2,..........
Function f called a map of interval [0,1] onto itself, since it generates xn+1 from xn.
The function f can be nonlinear in its argument xn.
Difference equations are readily solved by iteration,
and their numerical solution is much less time consuming
than is the case for nonlinear differential equations.

The Quadratic or Logistic Map
The map is
If 0 ≤ λ ≤ 4, then 0 ≤ xn ≤1 implies that 0 ≤ xn+1 ≤1, so that we can always assume that xn is in the
interval [0,1].
A fixed point of a mapping is a point that maps into itself.
If there are points which, after more and more iterations of mapping approach closer and closer to a fixed
point, then fixed point is called an attractor.
If λ < 1, then we can see from map equation that xn+1 < xn for all xn.
This implies that ultimate result of repeated iterations is inevitably x = 0.
Thus, when λ < 1 mapping has one fixed point, which is an attractor.
Fixed points are found for any λ by using fixed point condition

which has solutions

Geometrically, fixed point is intersection of quadratic map function with line xn+1=xn.
Two examples are shown in the figures:

Case on left corresponds to λ = 0.8 and
fixed point is x = 0 (cyan triangle).
As stated earlier, the fixed point will
always be x = 0 when λ ≤ 1.

The case on right corresponds to λ = 2.8 and
fixed point is x = 0.643 (cyan triangle).
Since λ > 1 in this case, fixed point satisfies

The next question is whether the fixed points of mapping function are stable, that is, are they attractors.
To settle this question start with point near fixed point and see if result of repeated mapping converges
to fixed point.
We write xn as
where

x̄

is a fixed point and δn is (at least initially) small in magnitude.

Substituting into the map equation and retaining only terms linear in δn (since δn is small), we find that

where we have used the definition of the fixed point

x̄ = x̄(1

x̄) and dropped

the small λ(δn)2 term. If ∣δn+1∣ < ∣δn∣, then with repeated mappings the point
moves closer and closer to x̄

with increasing n and so this fixed point is called stable or attracting.

On the other hand, if ∣δn+1∣ > ∣δn∣, then the point moves away from x̄
unstable or repelling.

and the fixed point is called

For the logistic map, setting xn+1 = λ xn (1 − xn) = F(xn), we have
so that the criterion for stability becomes

stability criterion

We note that this result is general for all maps of the form xn+1 = F(xn)
✓
◆
dF
Also note that
is the slope of the mapping function in the neighborhood of the fixed point.
dx x=x̄
A simple but informative geometrical construction of iteration process near fixed point is shown in
figures below (after derivation) for two stable fixed point cases previously discussed.

In construction plot two curves, magenta curve is f(x) = x and yellow curve is g(x) = λx(1 − x).
The fixed point is intersection where f(x) = g(x).

The axes are xn+1 versus xn.

The iteration starts from a point(near the fixed point) on the horizontal axis and proceeds as follows.

The plot is called a return map.

This figure above shows the stable
fixed point ( x̄ = 0.643 ) for λ = 2.8.

This figure above shows the stable
fixed point ( x̄ = 0 ) for λ = 0.8.

According to stability criterion equation the fixed point x̄ = 0 is stable (it is an attractor) when
1
0 < λ < 1, while the fixed point x̄ = 1
is stable for 1<λ<3.
Now that we have established the stability of the fixed points when 0 < λ < 3, we venture into the region
3<λ<4
According to stability criterion equation there are no stable fixed points (simple attractors) for λ > 3.
We then look for points with higher periodicity points which return to their original value after some
number of mappings.
For instance, period-2 points satisfy xn+2 = xn.

They are fixed points of the once iterated mapping
double map function

Before seeing how to make a plot which
uses this equation to find periodic points,
we show the return map plot for λ = 3.3,
which should be an unstable fixed point.
Clearly, do not have a period-1 fixed point.
We might have some periodic points
indicated by the plot repeating the same
path (large dark red rectangle) but it is
hard to determine what is happening.

Now using the double map function, we plot, the double map function, the single map function (the
original map function) and the line xn+1 = xn.

For λ = 2.8 all three curves should
intersect in the same point (fixed point at
0.643) since already found period-1 fixed
point in this case. This is shown above.

Now looking in the region λ > 3, for λ = 3.2
get plot above
There are three fixed points in this case.

The middle one is the unstable fixed point of the period-1 or single mapping at x = 1−(3.2)-1 = 0.6875
The two remaining fixed points of the double mapping are stable in the range 3 < λ < 3.449...
Note that these two points are a single pair of period-2 points; calling them xA and xB, the mapping
takes one into the other: xB = F(xA) and xA = F(xB) as we can see in the return map.

This transition, as value of λ is raised past critical value (3 in this case), from one stable fixed point to a
pair of stable period-2 points, is known as a bifurcation or period doubling.
We can see this in another way by plotting a time series (logmap1.m)as shown below.

The first plot is for λ = 0.8 and we
clearly see the map iterate to the
stable fixed point at x = 0.

The third plot is for λ = 2.8 and we
clearly see the map iterate to the stable
fixed point at x = 0.64 in agreement
with the earlier result.

The second plot is for λ = 1.8 and we
clearly see the map iterate to the stable
fixed point at x = 0.44.

The fourth plot is for λ = 3.2 and we clearly
see the map iterate to two stable fixed points
at x = 0.52 and x = 0.80 in agreement with
the earlier result. These are period-2 points.

The fifth plot is for λ = 3.5 and we
clearly see the map iterate to four stable
fixed points. These are period-4 points.

The sixth plot is in a chaotic
regime with no periodicity and
no fixed points.

As λ is raised above 3.499 a second bifurcation occurs (see period-4 points for λ = 3.5 above), that is,
the pair of stable period-2 point turns into a quartet of period-4 points.
Such bifurcations occur faster and faster until an infinite number of bifurcations occur at λ =
3.56994...........
We can see the entire structure of the logistic map in the plot of fixed points below

Clearly, we can see the period-1, period-2, period-4, etc regions, the bifurcations or period doublings,
the chaotic regions and so on
If we blowup the region from 3.545 to 3.575 we have

Finally if we blowup the region 3.5680 to 3.5710 we have

Note at this time that plots show that entire original plot seems to repeat itself as we magnify image.
There are similar structures within similar structures and so on. More about this later.

Denoting by λk the critical value of λ at which the bifurcation from a stable period-k set of points to a
stable period-(k + 1) set occurs, it is found that
known as the Feigenbaum number.
Ratio turns out to be universal for any map with a quadratic maximum and is seen in a wide range of
physical problems.
One of conclusions can draw from existence of Feigenbaum number is that each bifurcation looks
similar up to a magnification factor.
This scale invariance or self- similarity plays an important role in the transition to or onset of chaos
and in the structure of the strange attractor that we will discuss shortly.
We note from pictures that above λc = 3.56994.... attractor set for many (but not all) values of λ shows no
periodicity at all.
For these values of λ the quadratic map exhibits chaos and is a strange attractor.
In the region λc < λ < 4 there are “windows” where attractors of small period reappear.
An important property of chaotic motion is extreme sensitivity to initial conditions (as we mentioned
earlier).
To express the sensitivity quantitatively we introduce the Lyapunov exponent.

Consider two points in phase space separated by distance d0 at time t = 0. If the motion is regular
(non-chaotic) these two points will remain relatively close, separating at most according to a power of
time(polynomial behavior).
In chaotic motion the two points separate exponentially (Remember earlier Lorenz butterfly video
example with 4 particles) with time according to
The parameter λL is the Lyapunov exponent.
If λL is positive the motion is chaotic.
A zero or negative coefficient indicates non-chaotic motion.
There are as many Lyapunov exponents for a particular system as there are variables.
Thus, for the logistic map there is one Lyapunov exponent.

For the logistic map a semi-logplot of
the separation of two initially nearby
time series trajectories in a chaotic
region λ = 3.64 gives an approximate
straight line with positive slope
indicating exponential separation with
a positive Lyapunov exponent. See
plot.

Let us try to be more quantitative.
Consider a system with two initial states differing by a small amount;
we call initial states x0 and x0 + ε.

" = d0

We want to investigate eventual values of xn after n iterations from the two initial values.
Lyapunov exponent λL represents coefficient of average exponential growth per unit time between two
states(if it exists).
After n iterations, the difference dn between two xn values is, as stated above, approximately

From this equation, can see that if λL is negative, two orbits will eventually converge, but if positive,
nearby trajectories will diverge and chaos results.
Let us look specifically at a one-dimensional map described by xn+1 = f(xn).
Initial difference between states d0 = ε, and after one iteration, the difference d1 is

where the last result on the right occurs because ε is very small.
After n iterations, the difference dn between two initially nearby states is given by

where we have indicated the nth iterate of the map f(x) by the superscript n.

If we divide by ε and take the logarithm of both sides, we have
ln (en

L

)=n

L

Now, because ε is very small, we have for λL

The value of f n(x0) is obtained by iterating the function f(x0) n times.

We use the derivative chain rule of the nth iterate to obtain

Taking the limit as n → ∞ we finally obtain

where the sum arises from the logarithm of a product.
We plot the Lyapunov exponent as a function of r (the parameter r replaces the logistic parameter λ on
the graph), the logistic parameter, below.

Blue line => λ = 0
Above blue line λ > 0
Below blue line λ < 0
Bifurcations when cross (or
==> chaotic motion
==> non-chaotic motion
touch) blue line
If we put the Lyapunov exponent plot and the logistic map plot of fixed points on the same graph we get

Clearly, the Lyapunov
exponent is negative whenever
the map is stable and positive
whenever the map is chaotic.

The value of λ is zero when
bifurcation occurs because
∣df/dx∣ = 1 and the solution
becomes unstable.

A superstable point occurs
where df/dx = 0 and this
implies that λL = −∞.

Can see clearly from plot that when λL goes above zero, there are windows of stability where λL goes
negative for a while and period orbits occur amid chaotic behavior.
Relatively wide window just above λ = 3.8 is apparent.

Sensitivity to Initial Conditions
Another important feature emerges in chaotic region ... To see it, set λ = 3.99 and
begin at x1 = 0.3 . Next graph shows time series for 48 iterations of logistic map.

logsen0.m

Now suppose alter starting point a bit.
Next figure compares time series for
x1 = 0.3 (open squares) with that for
x1 = 0.301 (solid dots).

Two time series stay close for about 10 iterations. But after that, they are pretty much
on their own - they diverge from each other.
Let us try starting closer together. We next compare starting at 0.3 with starting at
0.3000001....

This time stay close for longer time,
but after 24 iterations they diverge.
To see how independent they become,
next figure provides scatterplots for
two series before and after 24 iterations.

Correlation after 24 iterations (right side), is essentially zero.
Unreliability has replaced reliability.

Having introduced a wide variety of ideas and concepts related to the behavior of nonlinear system that
exhibits chaotic motion, let us now return to a discussion of the nonlinear, damped driven oscillator,
which is a real physical system.
The Nonlinear Damped Driven Oscillator
First we discuss the Simple Pendulum
The simple pendulum is shown.
Using Newton’s laws, we have these equations of motion:

or

Now ṙ = r̈ = 0 , r = L so that we have

The first equation simply determines the tension T .
The 2nd equation is the equation of motion of the pendulum.
If we add damping and a periodic driving force we have the equation of motion

We rewrite this as
First we investigate the motion of this physical system in phase space.
We fixed some of the parameters

We will use as a variable parameter (like λ in the logistic map) the constant a where
driving amplitude.
In particular, we will look at

The plots below are then generated.

a=

m

,γ=

a = 0.90 periodic motion

a = 1.07 periodic doubling

a = 1.15 chaotic motion
5000 points

25000 points

If the simulation were run longer
the area shown would be solid
red since the oscillator never
repeats (strange attractor) the
same point in phase space.

75000 points

a = 1.35 periodic motion

a = 1.45 periodic doubling

a=1.47 periodic doubling

a=1.50 chaotic motion

5000 points

25000 points

If the simulation were run longer
the area shown would be solid
red since the oscillator never
repeats the same point in phase
space (strange attractor).

75000 points

Clearly, the dependence of the system motion on the amplitude is very complex and sensitive to value.
Another way to visualize the behavior of these systems is via Poincare Plots.
The Poincare plot is the same as using a stroboscope on the motion.
In this case we flash the strobe once every cycle of the driving force (frequency = ω).
We thus obtain one point per cycle in the plot.
We generate the plots shown below:

a = 0.90 periodic motion
Since periodic, only one point appears
per cycle and it is the same each time.

a = 1.07 periodic doubling
Since period doubling occurred, two points appear
per cycle and they are the same each time.

a = 1.15 chaotic motion
The point never repeats in phase space.

a = 1.35 periodic motion
Since periodic, only one point appears per
cycle and it is the same each time.

a = 1.45 periodic doubling
Since period doubling occurred, two
points appear per cycle and they are
the same each time.

a = 1.47 periodic doubling
Since another period doubling, occurred four
points appear per cycle and they are the same
each time.

The point never repeats in phase space.
In the two chaotic cases, the Poincare plot is an attractor with an infinite number of points.
It is a fractal curve (more about this later) with non- integer dimension.
The steady state motion of the oscillator in these cases is not periodic at all; the motion is chaotic.
An attractor of this sort is known as a strange attractor.
Its infinity of points are arranged in a strange self-similar (fractal) manner.
Next plot has 10,000,000 points

Finally we can make a bifurcation plot of fixed points for the driven oscillator,
where we plot the strobe values (from the Poincare plot) versus the driving amplitude.

We see same structures as in logistic map bifurcation plot.
Various periodic, period-doubling and chaotic regions are clear. Critical points are also clear.
Thus, two systems, which really do not resemble each other in any way except that they are both
nonlinear systems, exhibit very similar behaviors.
Show movie of calculation in oscpoinbif.mpg

Zooming In
Let us zoom in on a strange attractor.
We consider the Poincare plot for the driven oscillator when a = 1.50.
The strange attractor looks like:

We then start zooming in…..

ZOOM #1 below shows the detail present in the attractor.

ZOOM #2 below shows further detail present in the attractor.

These different magnifications clearly reveal
the self-similar structure caused by the folding
and stretching of the phase volume.
The stretching and folding processes lead to a
cascade of scales: the attractor consists of an
infinite number of layers.
The fine structure resembles the gross structure.

ZOOM #3 Pick another place.......

and zoom again .....
Here we are only limited by the resolution of
the screen and the accuracy of the calculation.

It is clear that there is complex structure in a
strange attractor or fractal at all levels.
The dimension(show meaning later) of this
strange attractor is D = 1.4954.......
The simulations of the chaotic attractor and
its Poincare sections reveal a hierarchical
structure that is uncharacteristic of ordinary
compact geometrical objects.

The chaotic attractor as represented by the Poincare sections are fractals or mathematical sets of
noninteger dimension(strange attractors).

Properties of a strange attractor

A strange attractor is a fractal, and its fractal dimension is less than the dimension of its phase space.
Self-Similarity
An important (defining) property of a fractal is self-similarity, which refers to an infinite nesting of
structure on all scales.
Strict self-similarity refers to a characteristic of a form exhibited when a sub- structure resembles a
superstructure in the same form.
Fractals

If a Euclidean line connects 2 points in 3-dimensions and also stays within a finite volume, then the
length of the line is finite.
A fractal is a line that can stay within a finite volume, but still have an infinite length.

We will adopt a simplified version of the “Hausdorff dimension” called the “box counting” or
“capacity” dimension.
In the box-counting scheme, the dimension of an object is determined by asking how many “boxes” are
needed to cover the object.

Just for fun ——- Complex Maps
To see self-similar nature of fractals even more dramatically study 2-dimensional complex
maps. These images will make our study of fractals more dramatic.
In particular, look at Mandelbrot fractal boundary.
Mandelbrot Sets

zn+1 = zn2 + c

Key mapping is quadratic map given by:
where z are complex numbers and c = complex parameter.
n

Turns out that if |z | > 2 further iteration of this quadratic map is unbounded,
n
i.e., for different values of c, trajectories either stay near origin or escape to infinity.
When calculations are done we stop iteration when this condition is satisfied:
When investigating these maps, one iterates equation as follows:
(a) start with complex value for c inside rectangular boundary
(b) iterate equation until either
or
(1) |zn | > 2
(2) preset number of iterations exceeded
In case (1) color the starting point (c) in red. In case (2) leave the point (c) black.
Boundary between two regions is Mandelbrot fractal as shown below.

Alternately, in case (1) color starting point (c) by number
of iterations it took to escape.
In case (2) leave point (c) a single color (say dark blue).
Boundary between two regions is still Mandelbrot fractal
as shown below left, but wide variety of spectacular
images can be generated by clever choice of colormap.
or choosing different colormap
(no change in information) get

mandelcplxz.m

Run programs for colormaps and zooming. Mandelbrot demos - XaoS, etc
If zoom far enough see entire repeating itself as all fractals do since they are self-similar.

So we now ask what is a fractal?
It is an irregular geometric object with an infinite nesting of structures at all scales.
Why do we care about fractals?
natural objects are fractals
chaotic trajectories (strange attractors) are fractals - pictures we have seen
complex systems that self-organize will have self-similar or fractal behavior at all scales
Strange attractors and hence fractals appear in real world system — the weather!!

