Assumptions of geometric optics
The description of the propagation of light with rays is
applicable if the wavelength of the light ! is much less that
the size of optical apertures d encountered by the light.
If ! becomes comparable or smaller

! << d

than d then the wave character of
light comes into play and the incident
wave diffracts at the aperture.
For now we assume ! << d and rays
in a given optical medium travel
in straight lines.

!>d
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reflection and refraction
medium 1 (say air)
reflected ray

incident ray

medium 2 (say glass)

How are the
angles related?

refracted ray
How are the

intensities related?April 12, 2006

2

Law of Reflection
Spectral reflection occurs from
surfaces that are “flat” meaning

!1

!‘1

the size of imperfections on the
surface are small compared to
the wavelength of the light.
Diffuse reflection occurs from
“rough” surfaces.

Law of reflection
!1 = !‘1
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Velocity of light in a
transparent medium
Refraction occurs when light passes through a boundary
between two media having different light propagation
velocities.
In a vacuum the velocity of light is c = 3.00x108 m/s.
In a transparent medium such as glass light is absorbed
and re-emitted by atoms/molecules of the material causing
a slowing of its propagation velocity.
material

velocity of light/c

water

0.75

typical glass

0.64

diamond

0.41
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Definition of the
index of refraction
Define n = index of refraction of a material to be n = c/v
For a vacuum n is identically 1 and for most gases under
standard conditions n is nearly one (nair = 1.0003).
For transparent liquids and solids the index of refraction
varies between about 1.3 and 2.4
material

index of refraction

water

1.333

typical glass

~ 1.5

diamond

2.419
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Light propagation in
transparent media
As light passes into a material
with index of refraction n:
! The velocity changes:
vmaterial = cvacuum/n

! The frequency does not change

n2 > n1

! Therefore the wavelength
does change:
!material = vmaterial/f = cvacuum/fn = !vacuum/n
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Law of refraction = Snell’s Law
The relationship between
the angle of the incident

index
index of
of
refraction
refraction n
n11

and reflected ray is given
by a law first deduced from
experiment in ~ 1600.

n1 sin!1 = n2 sin!2
index of
refraction n2
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Properties of the
index of refraction
The velocity of light in a medium (not a vacuum) depends
slightly on the frequency of the light.
Therefore the index
of fraction n depends on frequency
As a consequence the angle
of bending of light from refraction
will depend on frequency.
! in vacuum
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Dispersion of light
White light entering a medium (say glass) from air
(n ~ 1.0, incident angle !1) will be separated into colors
since ng = ng(f).

sin!2(f) = [sin!1]/ ng(f)

dispersed

incident

colors in glasss

white light
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Overview
There are obviously a tremendous range of applications of the
laws of geometric optics. We will proceed as follows:
1. Reflection and refraction from flat surfaces
2. Other properties of light propagation (polarization, etc.)
3. Reflection from a curved surface (mirrors)
4. Refraction from curved surfaces (lenses)
5. Combinations of mirrors and lenses to form optical
instruments:
! the eye
! magnifiers, microscopes
! telescopes
April 12, 2006
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Reflection from flat surfaces
For a single flat reflecting surface (plane mirror)
! The reflected light forms an image behind the mirror.
! The image distance = the object distance
! The size of the image = that of the object

h’= h

q=-p

April 12, 2006
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Retro reflection from
a corner cube
If two flat mirrors are placed at right angles, any incident light
will be reflected back along the incident direction.
Using a reflecting corner cube
the light from any direction
is reflected back upon itself.
Used in highway to mark road
divisions from reflected headlights
and as part of car/bicycle
rear red reflectors.
April 12, 2006
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Refraction through a
flat surface
Snell’s Law applies at each
refracting surface.

n1 sin!1 = n2 sin!2
In the case of light traveling from
say glass (ng) to air (n =1), the

refracted light intensity will be zero
when

ng sin!c = sin 90o

For ! > !c there is total internal reflection
and the surface acts as a perfect mirror

April 12, 2006
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Total internal reflection
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Intensity sharing at an
optical boundary
When light enters an optical surface the intensity is shared
between the reflected and refracted beams. The intensity
sharing depends both on the angle of incidence and the
polarization of the light (more below).
Consider light emerging from glass to air.

Io
glass n1
air n2

I

!1 = !‘1

!1 !1‘
!2

n1 sin!1 = n2 sin!2

Io - I
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Intensity sharing at an
optical boundary
For the case n1 > n2 (light from glass into air e.g.) the intensity
of the light in the reflected beam (I) varies with the angle of
incidence (!1) as follows (for unpolarized incident light).

I

Io

100% reflected

Imin

minimum reflected
0

!c

!1

As discussed previously the angle for total internal reflection is
given by: !c = sin-1(n2/n1)
April 14, 2006
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Intensity sharing at an
optical boundary
The reflected light has minimum intensity (maximum
transmitted) when the light strikes perpendicular to the surface
(angle of incidence = !1 = 0).

Io
glass n1
air n2

Imin

Io - Imin

At normal incidence the intensity of the reflected beam is:
Imin = [(n1 - n2 )]/(n1 + n2 )]2 Io
April 14, 2006
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Polarization of light
In unpolarized light there is no preferred direction of E field
oscillation in the plane perpendicular to the light propagation.

Linearly polarized light is light prepared so that the electric
field vector oscillation is aligned in some direction, say along the
y axis.

April 14, 2006
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Polarization of light
Linearly polarized light can be produced in a variety of ways.
The most direct is to use a material that selectively absorbs
light with E field oscillations along a specific axis.
The light emerging from this material is linearly polarized
perpendicular to the absorption axis.
Materials (polaroid film) produced with long hydrocarbon chains
aligned along an axis, can be treated to make the material
conducting along this axis.
Electric field oscillations along the conducting axis are
absorbed, and the perpendicular oscillations transmitted.
April 14, 2006
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Linear polarization
using polaroid sheets
Io

Io/2

transmission axis

Eo

Io = Eo2/(2c µo)

I(!) = (Eocos!)2/(2c µo) = Iocos2!
!

Eocos!

hydrocarbon axis (E absorbed)

averaging over !: <cos2!> = 1/2
Itransmitted = Io/2
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Linear polarization
using polaroid sheets
Using two polaroid sheets, the intensity of light can be
continuously varied by rotating the second sheet with respect to
the first.
y

Io/2

Iocos2!/2

unpolarized

polarized

Polarized light with E

light

light with E along y

Io

Polaroid sheet 1
with transmission
along y axis

rotated by an angle !

Polaroid sheet 2
with transmission axis at an angle !
with respect to y axis
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Polarization by
reflection
Another way to produce polarized light is by reflection from a
boundary between two optical media (say air and glass).

.

E field components parallel
and perpendicular (

)

to the plane of incidence

.

The E field vectors parallel

to the surface boundary ( )
are preferentially reflected
April 14, 2006
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Polarization by
reflection
At a certain angle, the reflected light beam is 100% linearly
polarized parallel to the surface.
This occurs when the angle between the reflected and
refracted rays is 90o as shown in the figure.

n1sin!p = n2sin!2 = n2 sin( 90o- !p )
n1sin!p = n2 cos!p
=> tan !p = n2 / n1
The polarizing angle !P is referred
to as Brewster’s angle.
April 14, 2006
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Polarization by
reflection
The fact that light reflected at an angle near Brewster’s angle
is ~100% polarized can be used to reduce glare with polaroid sun
glasses.
Orientate the transmission axis of the polaroid to be vertical,
thus blocking the horizontally polarized reflection

tan !p = n2 / n1
air -> glass

!p = 56o

air -> water

!p = 53o

Transmission
axis of
sun glasses

April 14, 2006
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Polarization by
scattering
A third way to create polarized light is by scattering off molecules in a
gas or liquid.
The horizontal component of the E field
oscillations excite a horizontal oscillation
of the charges in the molecules.
This radiates (as in a dipole antenna)
preferentially perpendicular to the
oscillations => vertically downward.
This light has two characteristics:
1. It is linearly polarized as shown

Sees a blue sky

2. The intensity ~ !4 ~ 1/"4 , therefore blue
(shorter ") is scattered more than red light.
April 14, 2006

25

Preview
We will obtain the equations that describe the images formed
by spherical mirrors and thin lenses.
s = object distance

Principal axis

s’ = image distance

s

s’

This is done under the assumption that all rays make a small
angle with respect to the principal axis of the mirror/lens:
! < ~ 0.1 radian => sin! ~ tan! ~ ! ( paraxial rays )
April 14, 2006
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Preview and notation
The location and character of images can then be calculated
form the laws of reflection and refraction.
We will use the following notation:
s = object distance

s’ = image distance

y = the object height

y’ = the image height

f = the focal length of the mirror or lens
R = the radius of curvature of the spherical surface
Then for a mirror or a thin lens, for paraxial rays:
1/s + 1/s’ = 1/f

and M = the magnification = y’/y = -s’/s

The sign convention is important as we will discuss.
April 14, 2006
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Preview and terminology
The image formed by an object has two important
characteristics.
1. The transverse size of the image relative to the object
M = the magnification = y’/y (upright or inverted)
2. The image formed can be real or virtual
light rays pass through a real image
extrapolation of light rays pass through a virtual image
s

s’

y

s’

Y’
April 14, 2006
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A plane mirror
A plane (flat) mirror forms an image on the back side of the
mirror.
light direction

front side

s

y

back side

s’

y’

Sign convention:
s and s’ are
+ on the front side
- on the back side

For an object on the front side the image is always virtual and
upright:
s’ = - s
M = y’/y = +1
April 14, 2006
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Plane mirrors
Multiple images of an object are formed by two plane mirrors.
Consider two at right angles as shown. There will be three
virtual images of a single object.

observer sees
3 images
object
image I1 formed
in mirror 1

image I2 formed
in mirror 2
image I3
of I2 in mirror 1
and I1April
in 14,
mirror
2
2006

30

Spherical mirrors:
the basics
This analysis will use only “ !1 = !1’ “ and will be valid for paraxial
rays forming the image.
The mirror is described by a single parameter:
R = the radius of curvature of the mirror surface
The sign convention is the following:
s, s’ and R are + (-) on the front (back) side of the mirror
y and y’ are + (-) if upright (inverted)
The problem is the following:
Given R (the mirror) and s and y (the object description)
what are s’ and y’ (the image description)?
Note that the image is real (virtual) for q positive (negative)
April 14, 2006

31

Spherical mirrors:
examples
Concave mirror:
real, inverted image

Concave mirror:
virtual, upright image
Convex mirror:
virtual, upright image
April 14, 2006
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Spherical mirrors:
the details
light direction

tan! = y/s = - y’/s’

front side

Magnification M = y’/y = - s’/s

y

tan" = y/(s-R) = - y’/(R- s’)

y’

- y’/y = (R- s’)/(s-R)

s
In this example:

Substitute y’/y = - s’/s
=> s’/s = (R- s)/(s-R)
Solve to obtain:
1/s + 1/s’ = 2/R

Valid for
any paraxial
ray

s’

s and s’ are +
y is + and y’ is April 14, 2006
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Spherical mirrors:
the details
The derivation was done for the special case of a concave mirror
with a real object and image.
It is not difficult to show that the result is completely general:
M = y’/y = -s’/s and 1/s + 1/s’ = 2/R
for any object and image combination for concave and convex
mirrors (using the sign convention defined above).
Note also that if the object is at infinity (parallel rays hitting
the mirror) then the image is formed at R/2

Define R/2 = f = focal length of the mirror
Then 1/s + 1/s’ = 1/f
April 17, 2006
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Summary:
the mirror equation for paraxial rays
For spherical mirrors with radius R:

1/s + 1/s’ = 1/f
M = transverse magnification = y ‘/y = - s’/s
where

s (s’) = object (image) distance
y (y’) = object (image) height
f = focal length = R/2

The sign convention is:
s, s’, R are + (-) on the front (back) side of the mirror
y and y’ are + (-) if upright (inverted)
April 17, 2006

35

Ray diagrams
for mirrors
It is often useful to use some simple rays to geometrically
reconstruct the location and character of an image.
Ray 1: a ray entering parallel to the axis will be reflected to pass
through the focal point of the mirror
Ray 2: a ray passing through the focal point will be reflected
parallel to the principal axis
Ray 3: a ray passing through the center of curvature will be
reflected back upon itself.

April 17, 2006
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Image reconstruction
using simple rays

Convex mirror:
virtual, upright
reduced, image

April 17, 2006
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Thin lenses:
the basics
The terminology and conventions applied to mirrors will be used
for images formed by lenses.
In this case the light from an object passes through two
refracting surfaces to form the image.
We assume the rays are paraxial so that we can use sin! ~ ! and
therefore Snell’s law is n1 !1 ~ n2 !2 at each surface.
light direction

April 17, 2006
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Refraction from one
spherical surface
First the sign convention.
light direction

back side

front side

s

s’
s is + (-) on the front (back) side
y and y’ are + (-) if upright (inverted)

same as
for mirrors

s’ is + (-) on the back (front)side of the surface

opposite

R is + (-) on the back (front) side of the surface to mirrors

April 17, 2006
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Refraction from one
spherical surface
Now calculate the image distance s’
light direction

front side

back side

s
Substitute for !1 and !2:

n1 !1 = n2 !2
!1 = " + #
!2 = # $ %

s’

n1 (" + #) = n2 (# $ % )
n1 " + n2 % = (n2 -n1) #

For paraxial rays: tan" = " = d/s; tan#= # = d/R; tan% = % = d/s’

n1/s + n2/s’ = (n2 -n1)/R

April 17, 2006
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A thin lens:
two refracting surfaces
A lens forms an image as the result of refraction from two
surfaces.
There are six different basic
lenses as shown
For paraxial rays and thin
lenses (see derivation below):

1/s + 1/s’ = 1/f
M = - s’/s
April 17, 2006
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A thin lens:
two refracting surfaces
Surface 1

n

light direction

1/s + n/s1’ = (n-1)/R1
Surface 2
n/s2 + 1/s’ = (1-n)/R2

t

R2

Add above 2 equations
1/s + 1/s’ + [n/s1’ + n/s2] = (n-1)[1/R1-1/R2]

surface 1

R1

surface 2

s

s’

Also s2 = t - s1’ ; for a thin lens t~ 0 and s2 = - s1’
1/s + 1/s’ = (n-1)[1/R1- 1/R2]

The thin lens equation
April 17, 2006
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Images formed
by a thin lens
As for a mirror we define f as the point where parallel rays are
focused. f can be + or - depending on
the shape of the lens.

+

+

+

1/f = (n-1)[1/R1 - 1/R2]
Positive f => converging lens
Negative f => diverging lens
The thin lens equation becomes

-

-

1/s + 1/s’ = 1/f
April 17, 2006
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Ray diagrams
for lenses
As for mirrors a few simple light rays can be used to
reconstruct the location and character of an image.
Ray 1: a ray entering parallel to the axis will be refracted to
pass through the focal point of the lens.
Ray 2: a ray passing through the center of the lenses will be
undeflected.
Ray 3: a ray passing through the focal point will be refracted
parallel to the axis.
M = y’/y = -s’/s

y

s

S’

y’

April 17, 2006
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Converging and Diverging
Lenses
Converging or
Positive lens (f +)
Diverging or
Negative lens (f -)

April 19, 2006
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Ray diagrams
for lenses
As for mirrors a few simple light rays can be used to
reconstruct the location and character of an image.
Ray 1: a ray entering parallel to the axis will be refracted to
pass through the focal point of the lens.
Ray 2: a ray passing through the center of the lenses will be
undeflected.
Ray 3: a ray passing through the focal point will be refracted
parallel to the axis.
M = y’/y = -s’/s

y

s

S’

y’

April 19, 2006
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Images formed by
multiple optical elements
Optical instruments generally use multiple lenses and/or mirrors
to improve the quality of the image.
The determination of the location and character of the image
formed involves repeated application of the basic mirror and
thin lens equations.
We will start with some simple examples, and then move on to
specific optical instruments (microscopes, telescopes, etc.)

April 19, 2006
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Images formed by
multiple optical elements
The approach is the following:
1. Starting with the object, calculate the location and
magnification of the image formed by the first lens/mirror.
2. Take this image as the object for the second lens/mirror.
Redefine the sign convention relative to this second lens/mirror.
3. Calculate the image formed by the second lens/mirror.
4. Repeat for any additional optical elements.
Example:
compound
microscope

April 19, 2006
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Why optical instruments?
The purpose of optical instruments is to improve the viewing
of objects beyond that possible with your unaided eye.
The image is enhanced in 3 ways:
1. Make the image sharper: Often the lens of the unaided eye
forms a blurred image on the retina. Glasses, contacts or a
lens replacement can fix this.
2. Make the object viewed “bigger” so that finer details can be
observed.
3. Make the object brighter. The eye has an aperture of about
5mm, and therefore can collect a limited amount of light.
April 21, 2006
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The Camera
A camera forms the image of an object on film or a chargedcoupled device (CCD) to permanently record the image.
A camera has the following basic parts:
! a converging lens (focal length f)
to form a real image of an object
! a device to move the position of the lens
relative to the film so that the real image
is formed on the film (focusing the camera)
! a variable aperture (D) to control
the light intensity
! a shutter that rapidly opens and closes
to “freeze” an object in motion

April 21, 2006
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The Camera
When taking a picture with a camera you adjust (either manually
or using internal electronic processing logic):
! The lens - film separation: depends on object distance
! The shutter speed say 1/30, 1/60, … 1/500s: depends on the
motion of the object
! The aperture D: depends on the intensity of the light source
! The “f-number” is defined to be f/D: the intensity of the
light on the film is proportional to 1/(f-number)2
Standard f-numbers for cameras are 2.8, 4, 5.6, 8, 11, 16.
April 21, 2006
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The operation of the
amazing human eye
Our eyes are the biological optical transducers that take light
signals and transform them to electrical impulses that are
processed and interpreted by our brain.
There is some analogy to
a camera with a digital
CCD read out.
But the eye + brain’s

~1.7cm

ability to detect and analyze
light signals is truly amazing.
April 21, 2006
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The eye
The intensity of light entering the eye is controlled by a variable
aperture called the iris. Intensities from bright sun to few photons
can be detected.
Ciliary muscles are used to modify the shape the lens and change
its focus length to form an image on the back readout surface.
This process is called accommodation. An eye can focus objects at
distances from a far point (usually infinity) to a near point as close
as about 25 cm for young eyes.
The retina is the back surface of the eye. It is composed of read
out sensors (rods and cones) that transform the light signals to
electrical pulses that are sent via the optic nerve to the
brain.
April 21, 2006
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The eye
The cones do the high resolution readout and are located near
the center of the of retina. Three different types of cones
respond to different wavelength ranges of the light spectrum.
This is the information we use to construct the concept of color.
Spectral response

The rods located on the periphery

of three types of cones

of the retina, are less dense and
do not differentiate colors.
There are on the order of a 100 million cones/rods used for
readout.
April 21, 2006
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Imperfections
of the eye
A common imperfection, especially as people age, is a reduction
of the flexibility of the ciliary -lens system. This limits the
accommodation of the eye to focus on distant and close objects.
Farsighted person: can focus on distant objects but not those
nearby. Their near point is beyond the “normal” 25 cm.
This can be corrected by placing a converging lens in front of
the eye.
Can not focus
on this nearby object

Correct with

a converging lens

April 21, 2006
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Improvement of the eye’s
performance
Let’s assume you have normal eyes, or they are corrected to be
normal using glasses:
far point is at infinity
near point is at ~ 25 cm
As discussed this “normal” eye is a marvelous instrument to
convert light signals to electrical signals for you brain to
process and you to “see”.
However it has limitations in recording details of very small
objects (say a bacteria) and very distant objects (say craters on
the moon).
Microscopes allow you to see very small objects.
Telescopes allow you to see very distant objects

April 21, 2006
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The simple magnifier
The simplest enhancement to viewing small, close objects is a
magnifying glass -- a short focal length converging lens.
Consider viewing a small object with your unaided eye, with the
object brought as close to the eye as possible = the near point
of the eye of 25 cm.
Here !o = h/25

Physics 42

April 24, 2006
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The simple magnifier
Now view the object through a converging lens ( the magnifier) with
the object placed within the focal point of the lens. The observer then
views a virtual image of the object.
Adjust the object distance so that the virtual image is now at the near
point of the eye as shown below (s’ = -25cm)
From the figure:

1/s + 1/-25 = 1/f or s =25f/(25+f)

Therefore ! = h/s = h(25+f)/25f and using m = !/!o with !o = h/25
m = angular magnification
= 1 + 25/f(cm)
(for the image at the eye’s
virtual image

s

near point)
Physics 42
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Operation of a
compound microscope
The objective lens forms a real image of the object.
small object
of height h
!

s1

s’1

angular size of image when
viewed through the
compound microscope

The eyepiece views this real image and provides a
virtual image to the eye.

Physics 42
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Magnification of a
compound microscope
We want to calculate angular magnification = m = !/ !o
where as defined above !o = angular size of the object when
viewed with the unaided eye and ! = the angular size when
viewed through the microscope.

Step 1: find !o
Using an unaided eye
with the object place at the near point of the eye:
!o = h/25 cm (assuming a near point of 25 cm)
Physics 42
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Magnification of a
compound microscope
Step 2: find the angular size of the final image = ! . Do this
for the case of a relaxed eye => final image at infinity.

h

"

fe

L

fo

"

h’

!

!

objective
eyepiece adjusted so that
1. " = h’/L = h/fo
and h’ = L h/fo

2. ! = h’/fe

image of h’ is at infinity

and h’ = ! fe

3. Therefore L h/fo = ! fe and ! = L h/(fofe)

Physics 42
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Magnification of a
compound microscope
From Step 1:

!o = h/25 cm

From Step 2:

! = L h/(fofe)

And finally angular magnification m = !/ !o is:
Compound microscope
m = - L 25/(fofe)

adjusted for relaxed eye viewing
by an eye with a near point at 25 cm

insert - sign since image inverted
Physics 42
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