1-Interacting with Octave: Variables and Operators
Open Octave (on a Macintosh) by clicking on the Octave icon
The window(s) below appears:

Commands are entered in the right window at the >> prompt.
Left window(top) indicates active directory and files contained in it.

on the dock

Simple numerical variables

In the following, we shall see how to instantiate simple variables.
By simple variables, we mean scalars, vectors, and matrices.
First, a scalar variable with name a is assigned the value 1 by the command:
>> a=1

[command prompt] [command]

a= 1

[result displayed]

Let us move on and create an array of numbers:
> > b = [1 2 3]
b=
1 2

> > b = [1, 2, 3]
b=

or

3

1 2

3

To create a column vector you can use: :
>> c = [1;2;3]
c=
1
2

>> c = [1 2 3]´
c=
1

or

3

>> c = [1,2,3]´
c=

or

1

2

2

3

3

We now move on and create a array(matrix) with two rows and three columns (a 2 x 3 matrix) using the
following command: : >> A = [1 2 3; 4 5 6]
A=
1 2 3
4 5 6

Notice that I use uppercase letters for matrix variables and lowercase letters for scalars and vectors, but
this is, of course, a matter of preference, and Octave has no guidelines in this respect.
It is important to note, however, that in Octave there is a difference between upper and lowercase letters.
If we had used a lowercase a in last command above, Octave would have overwritten the already existing
variable instantiated in the first command.
Whenever you assign a new value to an existing variable, the old value is no longer accessible, so be
very careful whenever reassigning new values to variables.
Variable names can be composed of characters, underscores, and numbers.
A variable name cannot begin with a number.
For example, a_1 is accepted as a valid variable name, but 1_a is not.
Accessing and changing array elements
To access the second element in the row vector b, we use parenthesis:
>> b(2)
ans = 2

That is, the array indices start from 1.
The ans response is an abbreviation for "answer" and is a variable in itself with a value, which is 2 in the
above example.
For the matrix variable A, we use, for example:
>> A(2,3)
ans = 6

to access the element in the second row and the third column.

You can access entire rows and columns by using a colon:
>> A(:,2)
ans =
2
5
>> A(1,:)
ans =
1 2 3

Now that we know how to access the elements in vectors and matrices, we can change the values of
these elements as well.
To set the element A(2,3) to -10.1:
>> A(2,3) = -10.1
A=
1.0000
2.0000
4.0000

5.0000

3.0000
-10.1000

Since one of the elements in A is now a non-integer number, all elements are shown in floating point
format.
The number of displayed digits can change depending on the default value, but for Octave's interpreter
there is no difference—it always uses double precision for all calculations unless you explicitly tell it not
to.
You can change the displayed format using format short or format long.
The default is format short.

It is also possible to change the values of all the elements in an entire row by using the colon operator.
For example, to substitute the second row in the matrix A with the vector b, we use:
>> A(2, :) = b
A=
1

2 3

1

2 3

This substitution is valid because the vector b has the same number of elements as the rows in A.
Let us try to mess things up on purpose and replace the second column in A with b:
>> A(:, 2) = b
error: =: nonconformant arguments (op1 is 2x1, op2 is 1x3)

Here Octave prints an error message telling us that the dimensions do not match because we wanted to
substitute three numbers into an array with just two elements.
Furthermore, b is a row vector, and we cannot replace a column with a row.
Always read the error messages that Octave prints out.
Usually they are very helpful.
There is an exception to the dimension mismatch shown above.
You can always replace elements, entire rows, and columns with a scalar like this:
>> A(:, 2) = 42
A=
1 42
3
1

42

3

More examples
It is possible to delete elements, entire rows, and columns, extend existing arrays, and much more.
Time for action - manipulating arrays
(a) To delete the second column in A, we use:
>> A(:, 2) = []
A=
1 3
1

3

(b) We can extend an existing array, for example:
>> b = [b 4 5]
b=
1 2 3 4

5

(c) Finally, try the following commands:
>> d = [2 4 6 8 10 12 14 16 18 20]
d=
2 4 6 8 10 12 14 16 18 20
>> d(1:2:9)
ans =
2 6 10

14

18

>> d(3:3:12) = -1
d=
2 4 -1 8 10 -1 14 16 -1 20 0 -1

What just happened?
In (a), Octave interprets [] as an empty column vector and column 2 in A is then deleted in the command.
Instead of deleting a column, we could have deleted a row, for example as an empty column vector and
column 2 in A is then deleted in the command.
>> A(2,:)=[]

On the right-hand side of the equal sign in (b), we have constructed a new vector given by [b 4 5], that is,
if we write out b, we get [1 2 3 4 5] since b=[1 2 3].
Because of the equal sign, we assign the variable b to this vector and delete the existing value of b.
Of course, we cannot extend b using b=[b; 4; 5] since this attempts to augment a column vector onto a
row vector.
Octave first evaluates the right-hand side of the equal sign and then assigns that result to the variable on
the left-hand side.
The right-hand side is named an expression.
In (c), we created a row vector d, and then we accessed the elements with indices 1,3,5,7, and 9, that is,
every second element starting from 1.
The last command could have made you a bit concerned!
d is a row vector with 10 elements, but the command instructs Octave to enter the value -1 into elements
3, 6, 9 and 12, that is, into an element that does not exist.
In such cases, Octave automatically extends the vector (or array in general) and sets the value of the
added elements to zero unless you instruct it to set a specific value.

In that command, we only instructed Octave to set element 12 to -1, and the value of element 11 will
therefore be given the default value 0 as seen from the output.
As you can see, Octave is designed to work in a vectorized manner.
It is therefore often referred to as a vectorized programming language.
Complex variables
Octave also supports calculations with complex numbers.
As you may recall, a complex number can be written as z = a + bi, where a is the real part, b is the
imaginary part, and i is the imaginary unit defined from i2 = –1.
To create a complex variable, say z = 1 + 2i, you can type:
>> z = 1 + 2I
z = 1 + 2i

When Octave starts, the variables i, j, I, and J are all imaginary units, so you can use either one of them.
I prefer using I for the imaginary unit, since i and j are often used as indices and J is not usually used to
symbolize i.
To retrieve the real and imaginary parts of a complex number, you use:
>> real(z)
ans = 1
>>imag(z)
ans = 2

You can also create complex vectors and matrices, for example:

>> Z = [1 -2.3I; 4I 5+6.7I]
Z=
1.0000 + 0.0000i

0.0000 – 2.3000i

0.0000 + 4.0000i

5.0000 + 6.7000i

Be careful!
If an array element has non-zero real and imaginary parts, do leave any blanks (space characters)
between the two parts.
For example, had we used Z=[1 -2.3I; 4I 5 + 6.7I] in the last command, the last element would be
interpreted as two separate elements (5 and 6.7i).
This would lead to dimension mismatch.
The elements in complex arrays can be accessed in the same way as we have done for arrays composed
of real numbers.
You can use real(Z) and imag(Z) to print the real and imaginary parts of the complex array Z.
Text variables
Even though Octave is primarily a computational tool, you can also work with text variables.
In later sections, you will see why this is very convenient.
A letter (or character), a word, a sentence, a paragraph, and so on, are all named text strings.
To create a text string variable you can use:

>> t = "Hello"
t = Hello

Instead of the double quotation marks, you can use single quotation marks.
I prefer double quotation marks for strings, because this follows the syntax used by most other
programming languages, and differs from the transpose operator we shall learn about later in this section.
You can think of a text string variable as an array of characters, just like a vector is an array of numbers.
To access the characters in the string, we simply write:
>> t(2)
ans = e
>> t(2:4)
ans = ell

just as we did for numerical arrays.
We can also extend existing strings (notice the blank space after the first quotation mark):
>> t = [t " World"]
t = Hello World

You can instantiate a variable with string elements as follows:

T=
Hello
George

The string variable T behaves just like a matrix (a two dimensional array) with character elements.
You can now access these characters just like elements in a numerical matrix:
>> T(2,1)
ans = G

But wait!
The number of characters in the string "Hello" is 5, while the string "George" has 6 characters.
Should Octave not complain about the different number of characters?
The answer is no.
In a situation where the two string lengths do not match,
Octave simply adds space characters to the end of the strings.
In the example above, the string "Hello" is changed to "Hello ".
It is important to stress that this procedure only works for strings.
The command:
>> A = [1 2; 3 4 5]
error: number of columns must match (3 != 2)

leads to an error with a clear message stating the problem.

Higher-dimensional arrays
Octave also supports higher-dimensional arrays. These can be created like any other array, for example:
>> B(2, 2, 2)=1
B=
ans(:, :, 1) =
0

0

0

0

ans(:, :, 2) =
0

0

0

1

The previous command instantiates a three-dimensional array B with size 2 x 2 x 2, that is, 23 = 8
elements, by assigning the element B(2, 2, 2) the value 1. Recall that Octave assigns all non-specified
elements the value 0.
Octave displays the three dimensional array as two two-dimensional arrays (or slices). We can now
access the individual elements and assigned values like we would expect:
>> B(1, 2, 1) = 42
B=
ans(:, :, 1) =
0

42

0

0

ans(:, :, 2) =
0

0

0

1

Getting information
In this section, we will learn how to obtain information about the variables that have been created.
This is particularly useful when you have forgotten the names, sizes, or when you have loaded data from
files.
Time for action - using whos
We are working with quite a few variables now. We can list them all with whos:
>>whos

Size, rows, columns, and length
Rather than listing all available information about a variable, you can get information about its number
of rows and columns.
We will use this extensively throughout these notes.
The size of A is retrieved by:

>> size(A)
ans =
2

2

since A is a 2 x 2 matrix.
In general, size returns the number of rows and columns.
You can retrieve these individually if you prefer:
>> rows(A)
ans = 2
>> columns(A)
ans = 2

In Octave, you can also retrieve the length of a variable. We need to understand what that means exactly.
If the variable is a vector or text string, the length is the number of elements in the array.
If the variable is a higher-dimension array, the length is defined as the maximum number of elements in
any of the dimensions.
Let us see two examples:
>> length(c)
ans = 3
o
>> length(T)
ans = 6

The output from Command 53 is the number of columns in the text array. This is returned
rather than the number of rows since the variable T has 6 columns but only 2 rows.

Deleting variables from the workspace
You can delete variables using the clear command.
For example, if you wish to delete the variable A:
>> clear A

You can also use the wildcard *, for example, to delete the variables projectile and projectiles, and any
other variable name beginning with p, you can use:
>> clear p*

If you do not specify any variables, the clear command will delete all the variables, so be very
cautious when using the command, because there is no way to retrieve the variables once you have
cleared them from the memory (unless you have saved them somewhere else, of course).
Use whos (or who) to see if the variables were cleared.
A few things that make life easier
Imagine that you wish to generate a sequence of numbers in the interval -2.1 to 0.5 (including -2.1 and
0.5) with an incremental spacing of 0.2.
This is rather tedious to do by hand and is very error prone, because it involves typing a lot of digits.
Fortunately, Octave provides you with a very convenient way to do this (note that we now assign the
variable b a new value):

>> b = [-2.1:0.2:0.5]
b=
Columns 1 through 7
-2.1000

-1.9000

-1.7000

-1.5000

-1.3000

-1.1000

-0.9000

-0.3000

-0.1000

0.1000

0.3000

0.5000

Columns 8 through 14
-0.7000

-0.5000

>> size(b)
ans =
1

14

You can also use negative increments if the interval starting value is larger than the end value.
If you do not provide an incremental value, Octave assumes 1.
An important point is that if we have chosen an increment of, say 0.4, in the above command, Octave
will give us a number sequence starting from -2.1, but ending at 0.4.
Often you will find yourself in situations where you need to generate a certain sequence of numbers in a
given interval without knowing the increment.
You can of course calculate this, but Octave has a functionality to do just that.
Let us generate a sequence of 7 numbers in the interval above (that is, from -2.1 to 0.5):
>> b = linspace(-2.1, 0.5, 7)
b=
-2.1000 -1.6667
-1.2333

-0.8000

-0.3667

0.0667

0.5000

Octave calculates the increment needed, also ensuring that both points in the interval are included.

As we shall see later, the functions ones and zeros are very helpful in cases where you want to generate
an array composed of elements with a certain value.
For example, to create a 2 x 3 matrix with elements all equal to 1, use:
>> ones(2,3)
ans =
1 1 1
1 1 1

Likewise, to create an array (row vector in this case) with zero elements:
>> zeros(1, 4)
ans =
0 0 0 0

You can just as easily create a diagonal matrix with eye:
>> eye(4)
ans =
Diagonal Matrix
1

0

0

0

0

1

0

0

0

0

1

0

0

0

0

1

Notice that we need not specify both the number of rows and the number of columns in the last
command, because a diagonal matrix is only defined for square matrices.

Basic arithmetic
Addition and subtraction
Let us start afresh and clear all variables first:
>> clear

Now, we define four variables in a single command line(!)
>> a = 2; b=[1 2 3]; c=[1; 2; 3]; A=[1 2 3; 4 5 6];

Note that there is an important difference between the variables b and c; namely, b is a row vector,
whereas c is a column vector.
Let us jump into it and try to add the different variables.
This is done using the + character:
>> a+a
ans = 4
>> a+b
ans =
3
4

5

>> b+b
ans =
2 4

6

>> b+c
error: operator +: nonconformant arguments (op1 is 1x3, op2 is 3x1)

It is often convenient to enter multiple commands on the same line. Try to test the difference in
separating the commands with commas and semicolons.

From the above examples, we see that adding a scalar to a vector or a matrix is a special case.
It is allowed even though the dimensions do not match!
When adding and subtracting vectors and matrices, the sizes must be the same.
Not surprisingly, subtraction is done using the - operator.
The same rules apply here, for example:
>> b-b
ans =
0

0

0

is fine, but:
>> b-c
error: operator -: nonconformant arguments (op1 is 1x3, op2 is 2x3)

produces an error.
Matrix multiplication
The * operator is used for matrix multiplication.
Recall from linear algebra that we cannot multiply any two matrices.
Furthermore, matrix multiplication is not commutative.
For example, consider the two matrices:

The matrix product AB is defined, but BA is not.
If A is size n x k and B has size k x m, the matrix product AB will be a matrix with size n x m.
From this, we know that the number of columns of the "left" matrix must match the number of rows of
the "right" matrix.
We may think of this as (n x k)(k x m) = n x m.
In the example above, the matrix product AB therefore results in a 2 x 3 matrix:

Let us try to perform some of the same operations for multiplication as we did for addition:
>> a*a
ans = 4
>> a*b
ans =
2 4

6

>> b*b
error: operator *: nonconformant arguments (op1 is 1x3, op2 is 1x3)
>> b*c
ans = 14

From these examples, we see that * multiplies two scalar variables just like standard multiplication.
In agreement with linear algebra, we can also multiply a scalar by each element in a vector as shown.

The error—recall that b is a row vector which Octave also interprets as a 1 x 3 matrix, so we try to
perform the matrix multiplication (1 x 3)(1 x 3), which is not valid.
In the last example, on the other hand, we have (1 x 3)(3 x 1) since c is a column vector yielding a matrix
with size 1 x 1, that is, a scalar.
This is, of course, just the dot product between b and c.
Let us try an additional example and perform the matrix multiplication between A and B discussed
above.
First, we need to create the two matrices, and then we multiply them:
>> A=[1 2; 3 4]; B=[1 2 3; 4 5 6];
>> A*B
ans =
9
12
19

26

15
33

>> B*A
error: operator *: nonconformant arguments (op1 is 2x3, op2 is 2x2)

Seems like Octave knows linear algebra!
Element-by-element, power, and transpose operations
If the sizes of two arrays are the same, Octave provides a convenient way to multiply the elements
element-wise.
For example, for B:

>> B.*B
ans =
1

4

9

16 25

36

Notice that the period (full stop) character precedes the multiplication operator.
The period character can also be used in connection with other operators.
For example:

>> B.+B
ans =
2

4

6

8

10

12

which is the same as the command B+B.
If we wish to raise each element in B to the power 2.1, we use the element-wise power operator.^:
>> B.^B
ans =
1

4

27

256

3125

46656

If the power is a real number, you can use ^ instead of .^; that is, you can use:
>>B^2.

Transposing a vector or matrix is done via the ' operator.
To transpose B, we simply type:
>> B'
ans =
1

4

2

5

3

6

Strictly, the ' operator is a complex conjugate transpose operator.
We can see this in the following examples:
>> B = [1 2; 3 4] + I.*eye(2)
B=
1 + 1i

2 + 0i

3 + 0i

4 + 1i

>> B'
ans =
1 - 1i
2 - 0i

3 - 0i
4 - 1i

Note that in the above command, we have used the .* operator to multiply the imaginary unit with all the
elements in the diagonal matrix produced by eye(2).
Finally, note that the command transpose(B)or the operator .' will transpose the matrix, but not complex
conjugate the elements.

Solving linear equation systems: left and right division
You may have wondered why division was not included above.
We know what it means to divide two scalars, but it makes no sense to talk about division in the context
of linear algebra.
Nevertheless, Octave defines two different operators, namely, right and left division, which need to be
explained in some detail.
It is probably easiest to discuss this via a specific example.
Consider a system of linear equations:

We can write this in matrix notation as:

where:

if the coefficient matrix A is invertible (in fact it is), we can solve this linear equation system by
multiplying both sides of the above equation with the inverse of A, denoted A–1:

In Octave, the command A\y is equivalent to A–1y.
Notice the backslash.
This is named left division, and you can probably guess why.
The right division (forward slash) command, A/y, is equivalent to yA–1, which is of course not defined in
this case because the vector y has size 3 x 1 and A has size 3 x 3; that is, the matrix product cannot be
carried out.
We need to create the coefficient matrix A and vector y first:
>> A=[2 1 -3; 4 -2 -2; -1 0.5 -0.5]; y = [1; 3; 1.5];

The solution to the linear equation system is then found directly via the command:
>> A\y
ans =
-1.6250
-2.5000
-2.2500

Easy!
It should be clear what happened.
We created the matrix A and the vector y that define the linear equation system.
We then solved this system using the left division operator.

Let us try the right division operator, even though we know that it will cause problems:
>> A/y
error: operator /: nonconformant arguments (op1 is 3x3, op2 is 3x1)

We see the expected error message.
The right division operator will, however, work in the following command:
>> A/A
ans =
1.0000

-0.0000

-0.0000

0.0000

1.0000

-0.0000

-0.0000

-0.0000

1.0000

This is the 3 x 3 identity matrix I.
This result is easily understood because A/A is equivalent to AA–1.
Notice that due to numerical round-off errors and finite precision, the elements in this matrix are not
exactly 1 on the diagonal and not exactly 0 for the off-diagonal elements, and Octave therefore displays
the elements in floating point format.
The definitions of the left and right division operators also apply for scalar variables.
Recall that the variable a has the value 2:
>> 1/a
ans = 0.5000

This is just the fraction 1/2 with a in the denominator.
Now, the left division operator:

>> 1\a
ans = 2

which is equivalent to the fraction 2/1; that is, a is in the nominator.
We can say that a\1 is equivalent to 1/a.
Above we learned that the . operator can be used in connection with other operators.
This is also true for the left and right division operators:
>> a. /A
ans =
1.0000
0.5000
-2.0000
>> a.\A
ans =
1.0000
2.0000
-0.5000

2.0000
-1.0000
4.0000

-0.6667
-1.0000
-4.0000

0.5000
-1.0000
0.2500

-1.5000
-1.0000
-0.2500

It is very important to stress that when performing element-wise left and right division with a scalar, you
must use the . operator.
This is different from addition, subtraction, and multiplication.
For element-wise matrix division, we can use:
>> A. /A
ans =
1

1

1

1

1

1

1

1

1

Basic arithmetic for complex variables
It is also possible to perform arithmetic operations on complex variables.
In fact, we can regard the operations above for real numbers as special cases of more general operations
for complex variables.
When adding two complex numbers, we add the real parts and imaginary parts.
In Octave, we simply use the + operator:
>> z = 1 + 2I; w = 2 -3I;
>> z + w
ans = 3 – 1i

The same goes for subtraction:
>> z – w
ans = -1 + 5i

Multiplication of z and w is simply:
>> z*w
ans = 8 + 1i

Now, you may recall that when dividing two complex numbers, you multiply the nominator and
denominator with the complex conjugate of the denominator.
In the case of z/w, we get:

To perform this division in Octave, we can simply use the left or right division operator:

>> z/w
ans = -0.30769 + 0.53846i
>> w\z
ans = -0.30769 + 0.53846i

just as we did for real numbers
You can also perform addition, subtraction, and multiplication with complex vectors and matrices.
You can even solve complex linear equation systems with the left division operator like it was done
above for a real equation system.
Comparison operators and precedence rules
In the previous section, we discussed the basic arithmetic operations.
In this section, we will learn how to compare different variables.
Octave (like many other programming languages) uses very intuitive operator characters for this.
They are:

For Octave's comparison operators, true is equivalent to a non-zero value and false is equivalent to 0.
Let us see a few examples:

>> A=[2 1 -3; 4 -2 -2; -1 0.5 -0.5]
A=
2.0000 1.0000 -3.0000
4.0000 -2.0000 -2.0000
-1.0000 0.5000 -0.5000
>> A(2,1) == 1
ans = 1
>>A(2,1) == 2
ans = 0
>> A(2,1) > 0
ans = 1
>> A(2,1) != 4
ans = 1

Instead of using != for "not equal to", you can use ~=.
You may be familiar with these operators from another programming language.
However, in Octave you can compare vectors and matrices.
To compare the first column in A with another column vector, we use:
>> A(:,1) >= [2; 2; 0]
ans =
1
1
0

>> A > ones(3,3)
ans =
1

0

0

1

0

0

0

0

0

that is, the comparison is performed element-wise.
This, of course, means that the array dimensions must match except if one of the variables is a scalar.
You can also compare characters using the comparison operators above.
However, they cannot be used to compare entire strings.
For example:
>> "a"=="a"
ans = 1

compare the character a with a, and:
>> "hello"=="henno"
ans = 1 1 0 0 1

compare all character elements in the string hello with the characters in henno (element-wise).
However, the command "hello"=="helloo" is not valid, because the two strings do not have the same
dimensions.
If you wish to compare the two strings, use strcmp (which is an abbreviation for string compare):
>>strcmp("hello", "helloo")
ans = 0

meaning false, because the two strings are not the same.

As mentioned above, the result of a comparison operation is either true (value 1) or false (value 0).
In computer science, we refer to this as a Boolean type, after the English mathematician George Boole.
Note that because Octave is a vectorized programming language, the resulting Boolean can be an array
with elements that are both true and false.
Octave interprets all non-zero values as true.
Precedence rules
You can do many operations in a single command line, and it is important to know how such a command
is interpreted in Octave.
Let us see an example:
>> A*y + a
ans =

Here, Octave first performs the matrix multiplication between A and y, and then adds a to that result.
We say that multiplication has higher precedence than addition.
Let us try two other examples:

>> A*y.^2
ans =

>> (A*y).^2
ans =

In the first example, because the .^ operator has higher precedence than *, Octave first calculates
element-wise power operation y.^2, and then performs the matrix multiplication.
In the second example, by applying parenthesis, we can perform the matrix multiplication first, and then
do the power operation on the resulting vector.
The precedence rules are given below for the operators that we have discussed

When in doubt, you should always use parenthesis to ensure that Octave performs the computations in
the order that you want.

A few hints
Instead of using the left division operator to solve a linear equation system, you can do it "by hand".
Let us try this using the equation system given earlier with the solution as given.
First we need to calculate the inverse of A (which exists).
This is done via the inv function:
>> A=[2 1 -3; 4 -2 -2; -1 0.5 -0.5]
A=
2.0000 1.0000 -3.0000
4.0000 -2.0000 -2.0000
-1.0000 0.5000 -0.5000
>>inverse_A = inv(A)

We can now simply perform the matrix multiplication A–1y to get the solution:
>>inverse_A*y
ans =
-1.6250
-2.5000
-2.2500

This output is similar to the output from earlier.
Now, when Octave performs the left division operation, it does not first invert A and then multiply that
result with y.
Octave has many different algorithms it can use for this operation, depending on the specific nature of
the matrix.
The results from these algorithms are usually more precise and much quicker than performing the
individual steps.
In this particular example, it does not really make a big difference, because the problem is so simple.
In general, do not break your calculations up into individual steps if Octave already has an in-built
operator or functionality that does the same in one single step.
It is highly likely that the single operation is faster and more precise.

2-Working with Octave: Functions and Plotting
Octave functions
You can think of an Octave function as a kind of general mathematical function—it takes inputs, does
something with them and returns outputs.
For example, we used Octave's real function.
We gave it the complex scalar input variable z and it returned the real part of z.
Octave functions can in general take multiple inputs (also called arguments or input arguments) and
return multiple outputs.
The general syntax for a function is:

The inputs to and the outputs from a function can be scalars, multidimensional arrays, structures, and so
on.
Note that the outputs need not to be separated with commas.
Since Octave does not operate with type specifiers, the functions must be able to deal with all kind of
inputs, either by performing the operations differently (and thereby likely also to return different
outputs), or by reporting an error.
Sometimes we will use function interface instead of function syntax, but it refers to the same thing.
I prefer to divide Octave functions into three categories:

1. Mathematical functions (for example, exponential and trigonometric functions).
2. Helper functions (for example, the real function).
3. Operational functions (for example, the inv function).
In Octave, there is no such categorization of course.
Hopefully, they are all helper functions in some sense.
However, it may help to understand what the differences between them are.
It is probably easiest to illustrate how to use Octave functions via the mathematical functions, so let us
start with them.
Mathematical functions
Octave provides you with all elementary mathematical functions.
Let us go through a few examples.
Using the cos function
In order to calculate cosine of a number, say π, we simply type:
>> cos(pi)
ans = -1

pi is the input argument, cos is the Octave function and -1 is the output from cos.
When we use a function we often say that we call that function.

What if we use a vector as input?
Well, why not just try.
We know how to create a vector:
>> x = [0:pi/2:2*pi]
ans =
0.0000 1.5708 3.1416

4.7124

6.2832

Cosine of x is then:
>>cos(x)
ans =
1.0000e+000 6.1230e-017 -1.0000e+000 -1.8369e-016

1.0000e+000

that is, Octave calculates the cosine of each element in the vector.
In the last command, we created a row vector, and the result of following command is therefore also a
row vector.
If we use a column vector as input to cos:
>>cos(x')
ans =
1.0000e+000
6.1230e-017
-1.0000e+000
-1.8369e-016
1.0000e+000

it returns a column vector.

We used pi as the input argument to the cos function.
Now, strictly speaking, pi is a function itself.
If we call pi without any arguments or no parenthesis, it simply returns the number π.
The output is not exactly zero at cos (π/2) and cos (3π/2) as we might expect.
This is due to the finite numerical precision of a computer calculation.
However, from the result, we see that the values are very close to zero.
We saw that cos returned a row vector, because the argument was a row vector.
In general, if we had called cos with an n x m matrix (or higher dimensional array), it would simply take
the cosine of each element in the matrix and return the output with that same size.
That is, it will work in an element-wise manner.
This is true for most of Octave's mathematical functions and is worth noting.
The results highlight another important point—any operations or function acting on the input
argument(s) will be carried out before the function is called.
When we used pi, the function pi is called, and the output from that function is used as input to cos.
In another command, the vector x is first transposed, and that result is used as input to the function cos.
This is true for all Octave functions.
The table below lists the basic mathematical functions that come with Octave.
are all called in the same manner as cos .

In addition to the table above, all the trigonometric functions have their inverse and hyperbolic cousins
defined.
For example, the inverse of sine is called asin and the inverse hyperbolic of sine is asinh.
The following commands yield the same result:
>> exp(I*pi)
ans = -1.0000e+000

-

1.2246e-16i

-

1.2246e-16i

-

1.2246e-16i

>> power(e,I*pi)
ans = -1.0000e+000
>> e.^(I*pi)
ans = -1.0000e+000

So Octave is also able to handle complex input arguments to mathematical functions!

Polynomials in Octave
Octave has a special way of handling polynomials.
As an example, consider the third order polynomial f which is a function of x

We can represent this polynomial via a vector containing the coefficients:

such that the first element is the coefficient for the term with the highest exponent and the last element is
the constant term.
There is no first order term in the polynomial, which is indicated by the 0 in the coefficient vector c.
We can now evaluate the function range or value for x = 0 by using polyval:
>> c=[2 10.1 0 6];
>> polyval(c, 0)
ans = 6

Also, we can calculate the range using a vector as input, for example, the vector variable x:
>> x = [0:pi/2:2*pi]
ans =
0.0000 1.5708 3.1416
>>polyval(c, x)
ans =
6.0000 38.6723

4.7124

6.2832

167.6959 439.5791

900.8324

Earlier we learned about operators in Octave, so you could alternatively use:

>> 2*x.^3 + 10.1*x.^2 + 6
ans =
6.0000

38.6723

167.6959

439.5791

900.8324

More complicated mathematical functions
Octave provides you with much more than the basic mathematical functions, for example, Bessel
functions of different kinds.
Since you know about the different arithmetic operators, you can also put together your own
mathematical functions using the simple functions as building blocks.
Putting together mathematical functions
Let us try to calculate the range of the function:
>> x = 0.5;
>> f = exp(-5*sqrt(x))*sin(2*pi*x)
f = 3.5689e-018

In a more useful vector form:
>> x = [0:0.1:1];
>> f = exp(-5*sqrt(x)).*sin(2*pi*x)
f=
Columns 1 through 7:
0.00000

0.12093 0.10165 0.01650 0.02488 0.00000 -0.01222

Columns 8 through 11:
-0.01450 -0.01086 -0.00512 -0.00000

In the above, we must use the element-wise .* operator.
Had we not done so, Octave would try to perform a matrix multiplication between the vectors given by
exp(-5*sqrt(x)) and sin(2*pi*x), which is not defined, and not what we want either.
Whenever possible, always make generalized versions of your commands such that they work on both
array and scalar variables.
The function above is a scalar function that maps a real number into a real number.
Functions can also map two real numbers into a real number.
Let us try
and "build" that in Octave's interpreter:
>> x = 1; y = sqrt(pi);
>> f = x.^2 – y.^2
f = -2.1416

The two mathematical functions above are examples of scalar functions.
You can, of course, also calculate the range of vector-valued functions.
Take, for example, the function:
In Octave we may find the range like this:
>> x = pi;

>> f = [cos(x), sin(x), exp(-0.5*x)]
f=
1
0
4.8105

We will return to the last two functions when we learn how to plot graphs of these types of functions.
Helper functions
Earlier, we used quite a few helper functions. ismatrix,
examples.

real,

eye,

ones are some

Helper functions work differently from Octave's mathematical functions; for example, it is not
meaningful to call eye with a non-integer number — try it to see what happens if you do.
Rather than embarking on a very long road explaining the entire set of helper functions, we will go
through what I think are some of the most important ones, and from these examples, explain the general
behavior.
Generating random numbers
Recall that the ones and zero functions could help us in creating arrays where all elements had the values
1 or 0, respectively.
The function rand does the same, except that the elements are uniformly distributed random numbers
between 0 and 1 (both excluded).
To create a 3 x 5 matrix array with random distributed elements, we can use:
>> A = rand(3,5)
A =
0.014178
0.536433
0.534326

0.797944
0.767102
0.775244

0.280252
0.344194
0.526684

0.911365
0.720177
0.992410

0.857568
0.487812
0.986479

just as we did with the function zeros and ones.
If rand is called without any arguments (same as having no parenthesis at all), it returns a single
random number.
Often you will need random numbers from a different distribution.
Beside uniformly distributed numbers, Octave can generate:

randn, randq, and rande are called with the same arguments as rand; that is, the output array
dimensions.
For randp, you will need to specify the mean as the first argument.
Type helprandp if you have any doubts.
The pi function we used above is also a helper function.
It works pretty much like rand, for example:
>>pi(2,2)
ans =
3.1416

3.1416

3.1416

3.1416

generates a 2 x 2 two-dimensional array with elements having value π.

min and max
Octave provides you with a function that returns the minimum of a one dimensional array.
However it can also be called using A above as argument, for example:
>> min(A)
ans =
0.15474

0.43170

0.28600

0.03529

0.04975

That is, min calculates the minimum of each column in A.
If we apply min to a vector array, for example, using the output we just obtained:
>> min(ans)
ans = 0.03529

Thus, the minimum of the array is given by ans.
This is the same as the minimum of A.
We could combine the two commands to find the minimum of A directly:
>> min(min(A))
ans = 0.03529

The max function finds the maximum of an array and works just like min.
Octave functions that perform vector operations work (as default) in a column-wise manner if the
argument is a matrix.

Sorting arrays
Let us see another example of a useful Octave function, namely, sort.
This function will sort array elements for you. sort is an example of an Octave function that can be called
with different number of input and output arguments, depending on what exactly you want sort to do and
what information you wish to retrieve from it.
The simplest way to call sort is to give the function a single variable, say the matrix A, as input.
Each column in A will then be sorted according to the rule above:
>> sort(A)

Rather than sorting A in ascending order, we can sort the elements in a descending order using the mode
input argument "descend"(or 'descend').
You can also sort the array elements row-wise, and you can even ask sort to return an array with the
original indices in the new sorted array.
Let us see an example of this:
>> [S i] = sort(A, 2, "descend")

The second input argument tells sort to sort the elements in A row-wise.
If you wish to sort column-wise, you can leave out the second argument or use the value 1.
In total sort can be called in 12 different ways—many of which are practically the same.
In general sort is called as:
[S i] = sort(A, dir, opt)

If we compare that with the general syntax format, we see that S and i are outputs and A, dir, and opt are
input arguments.
If sort is called with zero or one output argument, it will always return the first in the list, in this case the
sorted array.
This is true for most Octave functions, but not all as we shall see later.
Again, you can see how to call a function by using the help command.
find, any, and all
I use find quite often and believe it is worth showing you this helper function as well.
It is particularly powerful when used together with the different operators we learned about earlier.
find returns the indices of non-zero elements in an array.
For example:

>> [i j] = find([0 0; 1 0])
i= 2
j= 1

that is, the element in the second row (indicated via i) and the first column (as indicated via j) is a
non-zero element.
Let us try to use find for something useful—what elements in A are less than 0.5?
A =
0.014178
0.536433
0.534326

0.797944
0.767102
0.775244

0.280252
0.344194
0.526684

0.911365
0.720177
0.992410

0.857568
0.487812
0.986479

>> [i, j] = find(A<0.5);

Notice that I have stored(via final ;) the output in the variable i and j and suppressed the output to the
screen to save space.
Now, from earlier, we know that the argument to find, A < 0.5, returns a matrix with 0 (for false) and 1
(for true). find then simply returns the matrix indices for the elements with value of 1.
Let us check if we get what we would expect, for example:
>> i(1), j(1)
ans = 1
ans = 1

Inspecting the matrix variable A above, we see that the element in row 1, column 1 is less than 0.5.
Like sort above, find can be called in different ways. Type help find to see how.

The functions any and all are related to find.
The difference is that any returns true if any element in an array is non-zero, and all returns true if all
elements are non-zero.
The two functions work in a column-wise manner if the argument is a matrix.
Let us illustrate this:
>> any([0 0; 1 0])
ans = 10

>> all([0 0; 1 0])
ans = 00

In the first command, the input matrix is composed of two columns.
The first column has a nonzero element, but the other does not.
any therefore returns a 1 and a 0.
On the other hand, all returns two zeros, because both columns have at least one zero element.
floor, ceil, round, and fix
It is perhaps easiest to illustrate these four functions by a few simple examples.

The floor function:
>> floor(1.9)
ans = 1

The ceil function:
>> ceil(1.1)
ans = 2

The round function:
>> round(1.9)
ans = 2

The fix function:
>> fix(pi)
ans = 3

We see that floor returns the largest integer which is smaller than the input argument, ceil the smallest
integer that is larger than the input, round simply rounds towards to the nearest integer, and fix returns
the integer part of a real number.
With these definitions, we have:
>> floor(-1.9)
ans = -2

The four functions will work in an element-wise fashion if the input is an array with arbitrary
dimensions.

sum and prod
The functions sum and prod are also very useful.
Basically they sum or multiply the elements in an array.
Let us see two simple examples:
>> sum([1 2; 3 4])
ans = 46

>> prod([1 2 3 4])
ans = 24

You can also perform accumulated sum and product calculations with cumsum and cumprod :
>>cumsum([1 2 3 4])
ans = 1

3

6

10

>>cumprod([1 2 3 4])
ans = 1

2

6

24

It operates down the columns,
Absolute values
Octave has a function called abs that can calculate the absolute value.

p
Recall that for a complex number z = x + iy the absolute value is given by |z| = x2 + y 2 according
to Pythagoras' theorem.
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Let us see a few examples of calculating the absolute value:
>> abs(2.3)
ans = 2.3
>> abs(-2.3)
ans = 2.3
>> abs(2 + 2i)
ans = 2.8284
>> abs(-2-2i)
ans = 2.8284

abs will work in an element-wise manner if the input argument is an array.

Operator functions
Operator functions carry out more complex operations on its arguments.
To do this, Octave uses highly optimized algorithms and existing libraries like LAPACK or FFTW.
Of course, the helper function sort is also based on rather complicated algorithms, but the operation
itself (sorting an array) is relatively simple.
Linear algebra
Earlier, we learned how to solve linear equation systems using the left division operator.
Also, we learned how to calculate the inverse of a matrix.
Octave can do much more linear algebra some of which we will discuss in the following.
It is easy to calculate the determinant of a 2 x 2 matrix, but for a 3 x 3 matrix, the calculation becomes
tedious, not to mention larger size matrices.
Octave has a function det that can do this for you:
>> A=[2 1 -3; 4 -2 -2; -1 0.5 -0.5]
A=
2.0000 1.0000 -3.0000
4.0000 -2.0000 -2.0000
-1.0000 0.5000 -0.5000
>>det(A)
ans = 8

The determinant is only defined for a square n x n matrix.

The eigenvalues of an n x n matrix are given by the equation:

To calculate the eigenvalues in Octave, we can use the eig function:
>> A = [1 2; 3 4];
>> eig(A)
ans =
-0.3722
5.3722

eig can also return the eigenvectors.
However, given two outputs, the output sequence changes such that the first output is the eigenvectors
and the second is the eigenvalues.
In Octave, you type:
>> [V, L] = eig(A)
V=
-0.8245

-0.4159

0.5657

-0.9093

L=
Diagonal Matrix
-0.3722
0

0
5.3722

The eigenvectors are given by the columns in V, and the eigenvalues are the diagonal elements in L.

Polynomials
Above, we learned how to represent polynomials in Octave by the polynomial coefficients.
Here, we will go through three functions that can help us to find the roots and the coefficients of the
polynomial's integral and derivative.
We assume the array c = [2 10.1 0 6] represents the polynomial given below.
To find the roots of this polynomial we use:
octave:56> roots(c)
ans =
-5.1625 + 0.0000i
0.0563 + 0.7602i
0.0563 - 0.7602i

that is, the graph crosses the axis once.
The indefinite integral (or antiderivative) of f is given by:

plus a constant of integration. The derivative is:

Notice that these results are themselves polynomials which is represented via their coefficient.
In Octave, we can easily find the indefinite integral and derivative:

>> polyinteg(c)
ans =
0.5000

3.3667

0.0000

6.0000

0.0000

>> polyderive(c)
ans =
6.0000

20.2000

0.0000

which agree with the calculus above.
3-Two-dimensional plotting
We now discuss how you can make plots with Octave.
Making your first plot
Let us try to plot the polynomial, f, given earlier in the interval x ∈ [–5.5; 1]:
>> c = [2 10.1 0 6] ;
>> x = [-5.5:0.1:1];
>> f = polyval(c,x);
>> plot(x, f)

You should now see a plot looking somewhat like the one below:

The first input argument to plot is the x variable which is used as the x axis values.
The second is f and is used as the y axis values.
Note that these two variables must have the same length.
You can also call plot with a single input argument.
In this case, the input variable is plotted against its indices(integers).
When we plot the graph of f, we actually connect the discrete values given by the vector f with straight
lines.
Thus, you need enough points in order for the figure to represent the graph well.

plot and set
There are some things that might not look quite satisfactory in the figure above:

We can fix all that!
In fact, there are different ways of doing this, and we will use the most flexible approach.
To do so, we need to:

The general syntax for plot is:
plot(x, y, fmt, property, value, ...)

We have already discussed the two first input arguments.
The input argument fmt is the plotting format or style.
If you leave this out, Octave will use the default blue line.
The fourth argument property is a property of the graph (for example, the color or linewidth) and value
is the property value.
The dots indicate that you can specify several property and property value pairs.

In general, set is called as:
set(handle, property, value, ...)

where handle is a graphic object handle (for example, a handle to an axis), property is a property of
the graphical object (say range of an axis) and value is its value (for example, the interval from -5.5
to 1).
Let us try to change the plot of the graph above.
First:
>> plot(x, f, "linewidth", 5);

This command will create the same plot as above, but here we specify the graph property linewidth to
have the value 5 rather than 1.

To set the correct limits on the axis, we use set:
>> set(gca, "xlim", [-5.5 1])

We can also use set to set the line width of the window box and the font size of the numbers on the axes:
>> set(gca, "linewidth", 2)
>> set(gca, "fontsize", 20)

The axes labels are also set by the set function.
Here the properties are "xlabel" and "ylabel", and the property value is set using the text function:
>> set(gca, "xlabel", text("string", "x", "fontsize", 20))
>> set(gca, "ylabel", text("string", "f(x)","fontsize", 20))

The figure should now look something like the
figure at right:

Many prefer to use single quotation marks around the property label, for example,'xlim'.
Use whatever you prefer but be consistent.
In the commands, the handle input argument gca is actually a function and is an abbreviation for 'get
current axis'.
The property "xlim" stands for x axis limits , which we set to values -5.5 and 1.
You can also set and change the axes labels by using the functions xlabel and
specify the axes limits with the axis function.

ylabel , and you can

However, set is more flexible and once you get used to it, you will find it easy with which to work.
As you can see from the interface, set can be called with a series of properties and property value
pairs.
Thus, all commands can be merged into a single call to set
>> set(gca, "xlim", [-5.5 1], "linewidth", 2, "fontsize", 20,"xlabel", text("string", "x", "fontsize", 20), "ylabel",
text("string", "f(x)", "fontsize", 20))

Adding lines and text to your plot
You can also add lines and text to your figure in order to highlight things.
For example, you may want to point to the root of the polynomial.
To add lines, we use the line function:
>> line([-5.16 -4], [-2 -20], "linewidth", 2)

Here, the line will go from the point (x, y)=(-5.16, -2) to (x, y)=(-4, -20) and have a width of 2.

It would also be informative to have a text string stating to what the line actually points.
For this we can use the function text we saw above:
>> text(-3.9, -23, "root", "fontsize", 20);

The two numbers (x, y) give the point where the string "root" begins.
Let us add a bit more information, namely:
>> line([0 0], [5 -20], "linewidth", 2)
>> text(-1.0, -22, "local minimum", "fontsize", 20)

The figure below shows how the plot looks after adding lines and text:

Plot styles and colors
Recall from the function syntax that you can specify to plot the format with which the graph should be
plotted.
For example, to plot using circles instead of lines, you can use:
>> plot(x, f, "o")

The existing graph is deleted just as the axes limits and axes labels can change or disappear.
You may find the points too large or too small.
The property

markersize can help you to set the size of the points:

>> plot(x,f, "o", "markersize", 4);

You can experiment with the marker size value.
Other point formats are *, +, x, ., and ^, which can be combined with - to connect the points with a line.
You can also specify to Octave the color you want the graph to be plotted with via the property color.
Let us re-plot the graph of the polynomial, using points connected with lines in the color red:
>> plot(x, f, "o-", "markersize", 4, "linewidth", 2, "color","red")

>> set(gca, "xlim", [-5.5 1], "ylim", [-40 60], "linewidth", 2,"fontsize", 25, "xlabel", text("string", "x", "fontsize",
25),"ylabel", text("string", "f(x)", "fontsize", 25))

Notice, that because we re-plot the graph, we need to specify the axes properties again,.
Title and legends
The figure can also be fitted with a title and the graph with a legend.
The latter is especially relevant when you have several graphs in the same figure.
To add a legend stating that the graph is the range of f you use:
>> legend("f(x)")

and to add a title you can use the set function:
>> set(gca, "title", text("string", "My favorite polynomial","fontsize", 30))

Notice that title is a valid property of the axes object handle, but legend is not.

Ticks
You can control the axes tick marks.
For example, you may want the numbers -40, -20, ... 60 to be displayed on the y axis.
Again, we can use set:
>> set(gca, "ytick", [-40:20:60])

ytick is the property and the array is the corresponding value.
You can also set the x axis ticks with the property xtick .
It is important to note that the array need not be evenly spaced. You could also use [-40 -30 40 55 60].
>> set(gca, "ytick", [-40 -30 40 55 60])

Grids
Sometimes it can be helpful to have a grid to guide the eye.
To turn on the grid, use:
>> grid on

To turn the grid off again, simply type:
>> grid off

The grid will connect the tick marks, so if you have unevenly spaced tick marks, the grid will also be
unevenly spaced.
The figure below show the final plot after title, legend, ticks and grid have been set.

fplot
Many Octave users also use fplot.
This function can be used to plot graphs of mathematical functions, hence the prefix f.
This is different from plot that plots two data arrays against each other.
To plot a sine function in the interval from 0 to 2π with fplot using 50 points, you type:
>> fplot("sin", [0 2*pi], 50)

Notice that we need not to specify what to plot on the x and y axes.
fplot figures that out.

Clear the figure window
Just as you can delete or clear variables from the workspace, you can also delete figures.
The command:
>> clf

will do so.
Notice that the graphic window remains, but that the content is deleted.
Moving on
Octave enables you to do much more than simply plot a single graph.
In this section, you will learn how you can plot multiple graphs in single figure window, how you can
have several plotting windows, and how to use subplots.
To show how you can plot multiple graphs in a single window, we plot two polynomials:

in the same figure window.
Notice that f1 is the same polynomial as earlier.
We start by defining the domain and the coefficients representing the polynomial:
>> x = [-5.5:0.1:2]; c_1 = [2 10.1 0 6];c_2 = [2 10.1 -10.1 6];

We then calculate the ranges of f1 and f2
>> f_1 = polyval(c_1, x); f_2=polyval(c_2, x);

And plot the graphs:
>> plot(x, f_1, "linewidth", 5, x, f_2, "linewidth", 5, "color", "red")

From the command, we see that plot can plot many graphs in a single call, and that you can even specify
the properties and values of each graph.
Alternatively, you can use the command hold on to force Octave to not delete the existing graph(s); that
is, you can use:
>> plot(x, f_1, "linewidth", 5);
>> hold on
>> plot(x, f_2, "linewidth", 5, "color", "red")

When you want Octave to stop "holding on", you simply type:
>> hold off

You may wonder how the subscripts are made.
Easy!
Just use an underscore to indicate that the next character is a subscript, i.e., “f_1(x)".

In Octave, you can also work with several figure windows at once.
If you have already drawn a figure, then that would be figure window 1.
To change to or to create a figure window 2, for example, you type:
>> figure(2)

The next time you use plot, the graph will be shown in window 2.
You can go back and work with figure 1 by:
>> figure(1)

If you have opened many figure windows and have lost track of which figure is the current one, you can
click in a window and use gcf:
>> gcf
ans = 1

This answer means that the current figure is 1.
Subplots
Rather than opening several figure windows, you can have multiple subplots in the same window.
If you want to make subplots, you need to instruct Octave to divide the window into a two-dimensional
array of n rows and m columns.
For example, to start a figure window with dimensions 2 x 3, that is, with six plots, you use the
command:
>> subplot(2,3,1)

The first two arguments to subplot set the window dimensions, and the third tells Octave to plot in the
subplot window with index 1.

The indices run in a row-wise manner, as illustrated in the figure below.
The figure shows an example of a window with six subplots arranged on a 2 by 3 grid where we have
only plotted subplot 1.
>> x=0:.1:1
>> y=(x-.5).^2
>> plot(x,y)

To change to subplot 6, you simply type:
>> subplot(2,3,6)
>> y=(x-.3).^2
>> plot(x,y)

The figure shows an example of a window with six subplots arranged on a 2 by 3 grid where each
subplot is plotting something random.

The subplot functionality becomes particular useful whenever you want to have insets; for example, if
you want to zoom in on a particular part of the graph.
Let us say you want to plot the graphs of the two functions f1 and f2, from earlier.
Instead of plotting them in the same window, we can plot f2 as an inset.

First we type the command:
>> subplot(1,1,1)

which will open the main plotting window and allow you to make subplots.
Now, to plot the graph of f1 with line width 1, we use:
>> plot(x, f_1, "linewidth", 1)

Set the axis limits to ensure space for the inset:
>> set(gca, "xlim", [-6 2.5], "ylim", [-50 70])

When we insert the smaller inset window, we specify the location of the lower-left corner of the inset and
the length and height.
We do so in fractions of the main plotting window (including the axis ticks).
For example:
>> axes("position",[0.3 0.2 0.3 0.3])

To plot in the inset, we simply use the basic plot function:
>> plot(x, f_2, “color, ”red”, "linewidth", 1)

In the commands, the function axes

is used to control the axes properties.

The first argument is the axes property "position", and the second argument is the corresponding
value.
Unfortunately, you cannot (currently) control this via set.
Now, the value specifies that the lower-left corner of the inset window is located a fraction 0.3 inside the
main window in the x direction and a fraction 0.2 inside the main window in the y direction.
The size of the inset is given by the last two elements in the array.
You can now change the axes and text property of the inset as you wish using set.
The figure above shows the final outcome of our efforts:

You can add more insets via axes.
However, you cannot go back to the main window or other insets and make changes.
It can therefore take a bit of trial and error before the figure looks just like you want it to.
We end this section by summarizing the different properties and corresponding values discussed here for
plot and set:

Saving your plot
You can save (or rather print) your plot to a file via the print function.
For example:
>> print("polynom.png", "-dpng");

will print the current window to the file "polynom.png" in png (Portable Network Graphics) format.
Notice the -d before the format specification.
This is an abbreviation for "device".
print supports most of the common formats:

Type help print to see the extensive list of options.

4-Three-dimensional
plotting
The equations below define two mathematical functions that are more complicated to visualize and plot
compared to the simple polynomials in the previous section.
The first is a scalar function that depends on two variables.
The graph of such a function can be visualized via a surface plot.
The second is a vector valued function and can be plotted as a parametric curve in a three-dimensional
space.
In this section, we shall see how to do this.

Surface plot
Let us start by making a surface plot of the graph of the first equation in the interval x ∈ [–2; 2] and y ∈
[–2; 2].
Since we work with discrete points,we need to evaluate the range of f for all different combinations
(x1y1), (x2y1),...(xnyn).
To do this in an easy way in Octave, we generate two mesh grids such that all combinations can be
included when we calculate the graph of f.

First we define the domain:
>> x = [-2:0.1:2]; y = x;

Then we generate the mesh grids:
>> [X Y] = meshgrid(x,y);

We can now calculate the range of f for all combinations of x and y values in accordance with the first
equation:
>> Z = X.^2 - Y.^2;

To make a surface plot of the graph we use:
>> surface(X,Y, Z)

By default, Octave is looking down the z axis, so you will need to click (upper bar of plot) on

and rotate the surface (see below).
I will show you how to get the view correct(without need for rotation) shortly.

In the first command, X is simply a matrix, where the rows are copies of x, and Y is a matrix where the
columns are copies of the elements in y.
From X and Y, we can then calculate the range as done in the second command.
We see that Z is a matrix.
Also, notice that surface uses the mesh grids and the resulting Z matrix as inputs.
You can, of course, change the different properties—just like we did for two-dimensional plotting.
For example:
>> surface(X,Y,Z, "linewidth", 4)
>> set(gca, "linewidth", 2, "fontsize", 20, "xlim", [-2 2])
>> set(gca, "xlabel", text("string", "x", "fontsize", 30))
>> set(gca, "ylabel", text("string", "y", "fontsize", 30))

You can also add text strings and lines to your three-dimensional plot:
>> text(-3.2, 1, 3, "f(x,y)", "fontsize", 30)
>> line([0 0], [0 1], [0 2], "linewidth", 5, "color", “red")
>> text(-0.5, 1.5, 1.8, "Saddle point", "fontsize", 25)

Notice that you need to specify three coordinate points to text and line because we work in a three
dimensional space.
You can try these commands..

view and colormap
You can change the position of the viewer looking at the plot.
This is done by the view function.
The arguments to view are the azimuth and elevation angles φ and θ.
See the illustration below:

To set the view to (φ, θ)=(35,30), use:
>> view(35, 30)

You can change the surface color using colormap.

>> colormap("jet");

You can also use the function mesh.
This works just like surface, except that it does not fill out the mesh grid with a color.
>> mesh(X,Y, Z)
>> colormap("jet");

Contour plots
It can be difficult to see the fine details in a surface plot.
Here contour plots may help.
In Octave, you can use one of three functions to do contour plots: contour , contourf , and
They are called like surface, for example, contourf(X,Y,Z) and

contour3(X,Y,Z).

You can specify to the functions how many contour levels you want (fourth argument).
The default is 10.
Also, you can control the properties.
Let us see two examples:
>> contourf(X,Y,Z, 20);
>> colormap("jet");

contour3.

>> contour3(X,Y,Z, "linewidth", 6);
>> colormap("jet");

Three-dimensional parametric plots
Finally, let us plot the graph of the function given by the second equarion.
As mentioned above, this is a parameterized curve in space.
First, we need to instantiate the variable x, for example:
>> x = linspace(0, 10*pi, 500)';

Then, we calculate the range of f:
>> f = [cos(x), sin(x), exp(-0.5*x)];

Just check that we got the right size:
>> size(f)
ans =
500

3

We can now plot the curve using plot3:
>> plot3(f(:,1), f(:,2), f(:,3), "linewidth", 2)
>> grid

To set the right properties, we can use:
>> set(gca, "linewidth", 2, "fontsize", 20);
>> set(gca, "xlabel", text("string", "x","fontsize", 30));
>> set(gca, "ylabel", text("string", "y","fontsize", 30));
>> set(gca, "zlabel", text("string", "z","fontsize", 30));
>> set(gca, "zlim", [0 1.2])
>> text(0.9, -0.25, 0.9, "t=0", "fontsize", 30)
>> view(20,30)

Phew! The final figure.

5-Rationalizing: Octave Scripts
Often you will need to execute a sequence of commands.
Instead of typing these commands directly into Octave's command prompt, you can write them in a text
file and then execute that file from the prompt.
This enables you to make any necessary changes later and then execute (or run) the file again without
having to go through the tedious labour of rewriting every single command.
A file composed of a single command or a sequence of commands is referred to as a script file or just a
script.
Now you will learn how to write both simple scripts and scripts that include more complicated program
flows.
Sometimes it is useful to save your work, that is, to save the variables that contain the main results of
your efforts.
We will also go through how you can do this in Octave, and show how you can load the variables back
into Octave's workspace.
To summarize, in this chapter you will learn:

Writing and executing your first script
We will start with something very simple.
Earlier, we discussed how to retrieve the minimum value of an array.
Let us try to do the same thing, but this time using a script.
You can script in any text editor or in Octave - this is my method.
You just put the command in the file and save it as filename.m
In the Octave interactive environment and open the editor:
>> edit

Write the following commands in the editor
A = rand(3,5);
min(min(A))

Save the file as script41.m (notice the extension .m) under the current directory or anywhere in the
Octave search path directory.
Now executing the commands in the script file is done by simply typing:
>> script41
ans = 0.1201

text file looks like:

In the first command, we opened the editor and we then wrote two Octave commands.
When we ask Octave to execute the text file in next command, it will execute each command in the file.
Since we did not add a semicolon at the end of line 2, the command returns the result in ans which is
then displayed.
The file extension .m is needed for compatibility with MATLAB.
However, you do not actually need it in order to execute the script.
To ensure that the script is executed no matter what the extension is, you can use source("file name"),
where file name is replaced with the actual name of the file.
Scripts may not begin with the keyword function since this makes Octave interpret the file as a function
file rather than a script.
We will come back to the function keyword and its meaning in the next chapter.
Improving your script: input and disp
It is possible to interact with the user.
This can be done by using the input and disp functions.
input is in general called using:
a = input(prompt string, "s")

where prompt string is a text string and "s"is an optional argument that must be included if the input is a
string.
Following are a few examples using the Octave command prompt as testing ground:

>> a = input("Enter a number: “);
Enter a number: 42
>> a
a = 42
>> s = input("Enter a string: " );
Enter a string: Hello World
error: 'Hello' undefined near line 4 column 1
>> s = input("Enter a string: " , "s");
Enter a string: Hello World
>> ischar(s)
ans = 1

Notice that ischar returns true (1) if the argument is a character or character array.
Octave issues an error in one command because it tries to assign s the value of a variable named Hello.
In order to specify that s should be assigned the string Hello World, we need to include the optional
argument "s"in the input function as shown in the following command.
input can only assign a value to a single variable
input does, however, accept array inputs, for example:

>> A = input("Enter matrix elements: “)
[1 2; 3 4]
A=
1 2
3 4

You can print text and variable values to the screen using disp:
>> disp("a has the value"), disp(a)
a has the value
42

Notice that when given a variable as input, disp works as if you had typed the variable name without a
trailing semicolon.
disp can also display structures and cell arrays.
We can use input and disp to interact with the user of the script.
Create a new file and write the following commands into it or use the octave editor:

Save it as script42.m.
Note the red characters are just a characteristic of my text editor - not necessary.
Executing script42.m, we get:

Comments
When your script becomes larger and more complicated, it is useful to have comments explaining what
the commands do.
This is particularly useful if you or any other person will use or make changes to the script later.
Any line beginning with a hash mark # or percentage sign % will be ignored by the interpreter.
Let us add a few comments to script42.m and flush the stdout stream(some systems buffer the screen
output):

script43.m

If you want to be able to execute your scripts in MATLAB, use the % character when you write
comments.
Very long commands
Sometimes you need to write a very long command.
For example, we saw earlier that the function set can be called with many arguments.
To break a command into several lines, you can use three full stops (periods) ... or back slash \.
For example, line 5 in script45.m
nr = input("Enter the number of rows in the matrix: ");

can be broken into two lines by:
nr = input("Enter the number of rows ...
in the matrix: ");
nr = input("Enter the number of rows \
in the matrix: ");

or

The backslash is traditionally used in Unix type systems to indicate that the line continues.
The three full stops are used for compatibility with MATLAB.
Workspace
Whenever you execute an Octave script from the Octave command prompt, the variables created in the
script are stored in the current workspace and are accessible after the script has finished executing.
Let us illustrate this with an example:
>> clear
>> who
>> script41
ans = 0.62299
>> who
Variables in the current scope:
A ans

It is important to keep track of what variables you have created, including variables created in the scripts.
Assume that we have happily forgotten that A was created through an earlier command and we now type
the following command:
>> A(:,1) = [0:10]
error: A(I,J,...) = X: dimension mismatch.

Now Octave complains about the dimension mismatch because we cannot change the length of one of
the columns in A.
Had A not been created previously, this command would be perfectly valid.
To avoid this (as well as other problems), I often call clear at the beginning of the script.
This will clear all variables you have created, so be careful when doing this!

Statements
In the previous section, we learned how to write a very simple script and we saw that a script is just a
sequence of commands.
In this section, you will learn how to use statements in order to control the behavior of a script.
This enables you to code scripts that can perform different and much more complicated tasks.
Prime numbers
We will discuss the different type of statements: if , for , while , and so on by evaluating whether a
number is a prime number or not.
As you know, a prime number (or just a prime) x is a natural positive number that has exactly two
divisors—1 and itself.
A divisor y is a natural positive number larger than 1 such that the division x/y has no remainder.
From the definition of a prime, we may write a simple program flow chart as shown below.
Notice that if 2 is a divisor, then we need not check for any other even number.
The algorithm is of course extremely naive and there are much more efficient ways of evaluating
whether a number is a prime number or not.

Decision making – the if statement
From the program flow chart, it is seen that we can decide if a number is not a prime by evaluating
whether the number is smaller than 2 or if the remainder of the division x/2 is zero.
To do so in Octave, you can use the if
In general the syntax is:

and

elseif

statements.

if condition 1
do something (body)
elseif condition 2
do something else (body)
...
else
do something if no conditions are met (body)
endif

If condition 1 is true (nonzero), the if statement body is executed.
If condition 1 is false and condition 2 is true, the elseif body is executed.
The elseif and else statements are optional.
Let us illustrate the usage by a small code snippet that checks if the two first conditions in the flow chart
are met:
if ( x<2 )
disp("x not a prime");
elseif ( rem(x,2)==0 )
disp("x not a prime");
else
disp("x could be a prime number");
endif

The rem function returns the remainder of x/2.
It is important to underline that if the first if statement body is executed, meaning that if the comparison
operation x < 2 evaluates to true, the elseif and else statements are not evaluated.

The Octave interpreter simply jumps to the line after the endif statement.
Likewise, if rem(x,2) == 0 is true, the else statement is not executed.
This happens only if both the conditions to if and elseif are false.
You can have statements in Octave's command prompt as well.
It is always a good idea to do simple tests there.
Interlude: Boolean operators
In the code snippet above, we wrote two lines that were identical.
Every line of code is error-prone and repeating code should be avoided if possible unless there is a
particular reason not to.
Octave provides you with a set of so-called Boolean operators (the third type of operator that you will
learn in these notes).
They enable you to include several comparisons within a single statement such that you can avoid
repeating code.
Octave's Boolean operators are divided into element-wise and short-circuit operators.
Element-wise Boolean operators
There are three element-wise Boolean operators, namely, & , | , and ! .
Perhaps it is easiest to discuss how they are used through a couple of examples from the Octave prompt:
>> A=eye(2); B=[1 2;3 4];

>> A==eye(2) & B==eye(2)
ans =
1

0

0

0

The first command is trivial.
In the second command, we use the & operator between two Booleans given via the comparison
operators A==eye(2) (left Boolean) and B==eye(2) (right Boolean).
Recall from earlier that the comparison operators == evaluates to Boolean types.
Now, the left Boolean is a 2 x 2 matrix where all the elements are true because == compares elementwise and evaluates to true for all matrix elements.
For the same reason, the right Boolean gives a 2 x 2 matrix where all the elements have value false
except for the element at row 1 column 1.
The & operator then simply evaluates if the elements in the left Boolean and the right Boolean are both
true.
If so, the result of the Boolean operation is true.
This is illustrated in the below figure.
Note if both values are false, the & operator evaluates to false:

Unlike the & operator, the | operator evaluates to true if the left Boolean is true or if the right
Boolean is true.
For example:
>> A==eye(2) | B==eye(2)
ans =
1

1

1

1

since A is simply equal to eye(2).
The Boolean operator ! negates.
This means that if a Boolean a is true, !a is false.
For example, since A is the 2 x 2 identity matrix, it can be thought of as a Boolean, where the diagonal
components have values true and off-diagonal components have value false.
The negation of A is:

>> !A
ans =
0

1

1

0

Boolean operators have lower precedence than comparison operators
Short-circuit Boolean operators
The & and | operators go through the Booleans element-wise, meaning that the operator evaluates
the Boolean value for all pairs in the variables.
Sometimes you may just want to know if, say A is equal to eye(2) and if B is equal to eye(2), without
caring about the individual elements.
For this purpose you can use short-circuit Boolean operator &&
>> A==eye(2) && B==eye(2)
ans = 0

This tells you that this is not the case.
Likewise we can use the the short-circuit operator || to check if A or B is equal to eye(2):
>> A==eye(2) || B==eye(2)
ans = 1

This is because when A was created, it was set to eye(2).
The table below summarizes the output from the Boolean operators & , &&, | and || :

The Boolean operators are commutative; such that true & false is equivalent to false & true.
Using Boolean operators with an if statement
Instead of using the if and elseif statement construction in the previous code snippet, we can now
apply both conditions to the same if statement:
if ( x<2 | rem(x,2)==0 )
disp("x is not a prime");
else
disp("x could be a prime");
endif

If x is, for example, 2, then the comparison operation x<2 evaluates to false and rem(x,2)==0 evaluates
to true, so the | Boolean operator evaluates to true according to the table and the condition in the if
statement is met.
On the other hand, if x is 9, then the comparison operations x<2 and rem(x,2)==0 evaluate to false and
the if statement body is not executed.
In this example, you could also use the short-circuit Boolean operator || because x is a simple scalar.

Nested statements
Like other programming languages, you can have if statement constructions within an if ,
else statement.
For example:
if ( x<2 | rem(x,2)==0 )
disp("x is not a prime");
else
if ( x>3 & rem(x,3)==0 )
disp("x not a prime");
else
disp("x could be a prime");
endif
endif

The switch statement
Some programmers prefer to use the switch statement construction over if statements.
This is often possible and can help to significantly improve the readability of the code.
The general syntax is:
switch option
case option
do something (body)
case option
do something else (body)
...
otherwise
do something default (body)
endswitch

elseif , or

The use of the switch statement can be illustrated by rewriting the previous code snippet:
switch ( x<2 | rem(x,2)== 0 )
case 1
disp("x not a prime”);
otherwise
disp("x could be a prime");
endswitch

It should be clear what the program flow is.
Loops
From the program flow chart shown above, it can be seen that we need to calculate the remainder of the
division x/y for all values of y that are smaller than x, so if x is large, we need to call rem many times.
In Octave, we can do so using the for , while , or do statements.
The for statement
The syntax is simple:
for condition
do something (body)
endfor

The for statement and the corresponding endfor construct a so-called for-loop.
A for-loop is executed as long as condition is true.
Let us see a code snippet:
for y=3:x-1
if ( rem(x, y)==0 )
disp("x not a prime");
endif
endfor

The first time Octave executes the for loop, y is set to 3 before the rest of the loop is executed.
The second time, y is set to 4, and so on.
We say that y is incremented with 1.
When y equals x, the condition is not met because y runs from 3 to and including x-1, as specified in line
1 and the loop stops executing.
From our definition of prime numbers, we know that we need not calculate the remainder of all the even
numbers.
We can skip the even numbers by letting y have the values 3, 5, 7, and so on.
This is done by starting at y=3 and then incrementing y by 2, which is done by replacing line 1 in the
code snippet with the following:
for y=3:2:x-1

In this way, we carry out only half the computations.
Also, in the code snippet above, the remainder is calculated for all y < x, even though we know that if it
equals 0 for just one single y, x is not a prime.
It would therefore be convenient to break out of the loop whenever this condition is met—not only do
we decrease the number of computations, but we also get rid of a text string repeatedly telling us that x is
not a prime.
To this end, Octave has a break command (or keyword) which will make Octave to break out of the loop,
but continue executing any code after the loop.
The updated version of the code is:

for y=3:2:x-1
if ( rem(x,y)==0 )
disp("x is not a prime");
break;
endif
endfor

Instead of breaking out of a loop if some condition is met, you may want the loop to continue.
You can tell Octave to continue looping via the continue keyword.
In a moment, you will also see that this keyword should be used with some care.
The while and do statements
As an alternative to for loops, you can use while and do statements.
The syntax for the while construction is:
while condition
do something (body)
endwhile

The reimplementation of the code snippet above is straight forward:
y=3;
while y < x
if ( rem(x,y)==0 )
disp("x is not a prime");
break;
endif
y = y + 2;
endwhile

In line 1, we initialize the value of y to 3 before we enter the while loop.
Code lines 3-6 check if x is not a prime, and in line 7, y is incremented with 2.
Note that break can also be used to break out of a while loop.
Instead of ending the statement bodies with endif , endfor , and so forth, you can simply use end.
This is compatible with MATLAB's syntax.
We could perhaps be tempted to use the continue keyword instead, for example:
(Leads to an infinite loop)
y=3;
while y<x
if ( rem(x,y)!=0 )
continue;
else
disp("x is not a prime");
endif
y = y + 2;
endwhile

However, this leads to an infinite loop because continue will make the interpreter skip all the commands
inside the loop body including the line y = y + 2, meaning that y is never incremented and the
comparison operation y < x is always true.
You can force Octave to execute a loop once and then continue that loop if a certain condition is met.
The syntax is:
do
something (body)
until condition

Again, the code snippet can be changed to illustrate this construction:
y=3;
do
if ( rem(x,y)==0 )
disp("x is not a prime");
break;
endif
y = y + 2;
until y >= x

Note that we have to use the comparison y>=x (and not y<x) here.
Nested loops
Like the if statement, you can have nested loops.
For example, if you wish to sum up all elements in a matrix variable A with nr rows and nc columns, you
can use the code snippet:
sum=0;
A=rand(nr,nc);
for n=1:nr
for m=1:nc
sum = sum + A(n,m);
endfor
endfor

6-Saving your work
Suppose that you created a script that computes a very long sequence of primes, it would probably be a
good idea to save the variable prime_sequence to avoid calculating the sequence again.
Saving variables in Octave is easy.
Simply use:
>> save primes.mat prime_sequence

to save prime_sequence in a file called primes.mat.
If you want to save more than one variable, you just write all the variable names after the file name.
The general syntax is:
save –option1 –option2 filename variable1 variable2 ...

where –option1 –option2 specifies the file format, filename is the name of the file (for example,
primes.mat in the above command) and variable1 variable2 ... is the list of variables that you wish to
save.
You can use wildcards to save all variables with a specific pattern, for example, if variable1 is given as
primes*, all variables with prefix primes will be saved.
If you do not specify any variables, all variables in the current workspace are saved.
In the command, I have used the extension .mat, but you can use any filename you wish with or without
the file extension.
You can tell Octave to change the output format such that it can be read by other programs.

This is specified via the options listed below.

For example, to save primes_sequence in simple ascii format, use:
>> save –ascii primes.dat prime_sequence

Loading your work
Let us see how one can load the variable(s) stored in a file.
First, we clear the workspace to be sure that we actually load the variable prime_sequence stored in the
file primes.mat:

>> clear; whos
>> load primes.mat
>> whos

Notice that Octave treats the numbers as doubles, since we have not explicitly told it otherwise.
The general syntax for load is:
load –option1 –option2 filename

where the options are the same as above for the save command.
For example, to load the data stored in the ascii file primes.dat, we can use:
>> load –ascii primes.dat
>> whos

7-Extensions: Write Your Own Octave Functions
Your first Octave function
In general, the syntax for a function is:
function [output1, output2, ...] = functionname(input1, input2,...)
do something (body)
endfunction

where output1, output2, ... are the output variables generated by the function and input1, input2, ... are
inputs to the function and are also referred to as input arguments.
The function has a name specified by functioname.
The commas separating the outputs are optional.
Both output and input arguments are optional and can be scalars, matrices, cell arrays, text strings,
and so forth.
Let us first discuss a simple example.
Our first function will perform a simple task; it will evaluate the minimum and maximum values of a
vector array.
We design the function such that the user enters an array and the function then returns the minimum and
maximum values.
Recall that the maximum and minimum values of an array can be obtained through the Octave functions
max and min.

Programmimg the minmax function
function [minx, maxx] = minmax(x)
maxx = max(x);
minx = min(x);
endfunction

Save the code as minmax.m under the current directory.
To execute the function type the following commands at the Octave command prompt:
>> a = rand(1, 5)
a=
0.573584 0.588720

0.112184

0.052960

0.555401

>> [mina, maxa] = minmax(a)
mina = 0.052960
maxa = 0.588720

as we would expect.
A very important point is that the variables created inside the function body (for example maxx and
minx) are not a part of the workspace.
In general, the variables created inside the function are hidden from the calling workspace.

Scripts versus functions
For this particular simple example, you may as well have used a script.
However, there are at least three reasons to make functions rather than scripts:

Derivatives, Finding Roots, Interpolating and Integration
Doing Numerical Derivatives
Although taking derivatives is a very easy operation for all of you, there are situations where it must be
done numerically.
For example, suppose you are given experimental data points, rather than a known mathematical
function.
Or, suppose you have a complicated mathematical function (a Bessel function, or the like) where you
don’t know the derivative formula or it is too difficult to work out.
An algorithm is the specific procedure you follow to calculate a desired result, i.e., when you find the
roots x1 and x2 of
by calculating

you are using an algorithm.
Using guesswork and intuition to put the equation in the form
would be a different algorithm.
The word comes from a book by a great Persian mathematician of the 9th century, Abu al-Khwarizmi;
we also get the word "algebra" from him.

Imagine that you have an experiment that produces some discrete values of the position of a particle.
So there is some unknown function x(t) for which you have only numerical values at a discrete set of
points.
You would, however, like to calculate the speed of the particle v(t) - this means that you need to do
a numerical derivative.
Suppose that we are interested in the derivative at x = 0, x'(0), of some function x(t) and also suppose
that, as stated above. we only know the function x(t) on an equally spaced lattice of t-values.
We begin by using a Taylor series to expand the function x(t) in the neighborhood of t = 0.
We then have

where O(h4) means terms of order h4 or higher (h small) have been neglected.

We then have
which is called a 2-point formula for the derivative at t = 0.
It is also called the forward difference algorithm.
Alternatively we have
Using these two results we can derive a more accurate 3-point formula or central difference
algorithm.

or
In a similar manner, it is possible to improve on the 3-point formula by relating x'(0) to grid points
further removed from x = 0.
The 5-point formula is
Formulas for higher derivatives can be constructed by taking appropriate combinations, for example,

Finally, we give a table of higher-order derivatives (5-point formulas using central-difference formulas):

Derivatives at other values of t ( other than t = 0) are obtained by translation:

function y = fp(x)
y= sin(x)*exp(x);
endfunction
% fivepoint derivatives
h=input('Enter stepsize - (0 < h < 0.1): ' );
x = 2;
d1 = (fp(x-2*h)-8*fp(x-h)+8*fp(x+h)-fp(x+2*h))/(12*h);
d2 = (-fp(x-2*h)+16*fp(x-h)-30*fp(x)+16.0*fp(x+h) ...
-fp(x+2*h))/(12*h^2);
d3 = (fp(x-3*h)-8*fp(x-2*h)+13*fp(x-h)-13*fp(x+h) ...
+8*fp(x+2*h)-fp(x+3*h))/(8*h^3);
d4 = (-fp(x-3*h)+12*fp(x-2*h)-39*fp(x-h)+56*fp(x) ...
-39*fp(x+h)+12*fp(x+2*h)-fp(x+3*h))/(6*h^4);
[d1,d2,d3,d4]

Clearly we are seeing convergence.
The exact answers are:
3.6439 -6.1499 -19.5876 -26.8754

Finding Zeroes or Roots
The solution of an arbitrary equation f(x) = 0 is commonly called the “root” or "zero" of the function
f(x).
More specifically, if f(x) is continuous on an interval [a, b] and the signs of f(a) and f(b) differ, then for
some x in [a, b], say x = z, f(z) = 0 and z is the root of the function.
There are a variety of iterative methods for finding roots of functions and we shall illustrate a few of
them below:
Crude Home-In Method (CHIM)
In this method we need to know an approximate value of the root.
The procedure then is:

If we can compute(analytically) the derivative f ´(x), then another technique is used.

Newton - Raphson Tangent Method (NRTM)
This method generates a sequence of values xi converging to xroot.
Using the diagram below

the NRTM uses the equation
or

Any value x0 can be used to start the process.
A second version does not require an analytic formula for the derivative.

Newton - Raphson Secant Method (NRSM)
This method generates a sequence of values xi converging to xroot.
Using the diagram below, NRSM uses

Any two values x1 and x2 can be used to start the process.
When the function is badly behaved near its root, i.e., there is an inflection point or several nearby roots,
the NR methods can fail to converge at all or converge to the wrong answer depending on your starting
point.
A safe procedure is to use the CHIM method to get close and then us one of the NR methods to get the
exact result.
Interpolating Data
Lagrange Interpolation
The method of Lagrange Interpolation can be used to approximate a function everywhere even if values
of the function are only known at a finite set of points.
We derive Lagrange’s three-point interpolating polynomial p(x) from a Taylor series by expressing the
function at x1 and x2 in terms of the function and its derivatives:

We would like to truncate the series and retain only the firsttwo terms. But in doing so, the equality
would be destroyed.
We can, however, introduce approximations to the function and its derivatives such that the equality is
retained.
Consider the relations

where we must then have

Some algebra then gives

which is a linear function of x.
This function is the equation of the line passing through the points (x1, f (x1)),(x2 , f (x2)).
Note how the weighting factors emphasize each term at different places.
Higher approximations (non-linear) are obtained by keeping and approximating more terms in the
Taylor series.
Thus, if we know the function at three points,

Truncating these equations(as above) and solving we get

These results can be generalized to give a general n-point interpolating polynomial of order (n-1) as

where

where

Sample Code for Lagrange Interpolation
% interpolating
t = [94.0, 205.0, 371.0];
rho = [929.0, 902.0, 860.0];
x = 251.0;
p1 = ((x-t(2))*(x-t(3))*rho(1))/((t(1)-t(2))*(t(1)-t(3)));
p2 = ((x-t(1))*(x-t(3))*rho(2))/((t(2)-t(1))*(t(2)-t(3)));
p3 = ((x-t(1))*(x-t(2))*rho(3))/((t(3)-t(1))*(t(3)-t(2)));
dens=p1 + p2 + p3

Numerically Doing Integrals
Now we are interested in numerically calculating the definite integral of a function f(x) between two
limits a < b.
We define
such that N = an even integer and h = step size.
Alternately, we can choose N(even) and compute the corresponding step size h.
Now we can write (by breaking up the range of integration into
many smaller ranges)

Therefore we need only calculate the integral

and the general formula can be calculated from this result using the relation

which follows from translation and gives

The basic idea here(this is the so-called Newton-Cotes method) is to approximate f(x) between -h and h
by a function that can be integrated exactly so we can evaluate g(0) exactly and then use that exact result
to generate an approximation for the entire integral.
For example, the simplest approximation is given by considering the intervals [-h,0] and [0,h] separately
and assuming that the function f(x) is constant in each region of these intervals.
In this case we have

which is the well-known "rectangle" rule because we are summing rectangular areas.
This gives for the entire integral

or

The next simplest approximation can be had by considering the intervals [-h,0] and [0,h] separately and
assuming that the function f(x) is linear in each region of these intervals.
The approximate integral is then

which is the well-known “trapezoidal” rule because we are summing trapezoidal areas.
This gives

or

An even better approximation can be had by realizing that a Taylor series can provide an improved
interpolation of the function f(x).

We have
which gives

This is "Simpson’s" Rule.
It is accurate to two orders higher than the trapezoid rule.
It corresponds to approximating f(x) by a parabola.
Using this result we get

or

Remember, the number of intervals must be even(or the number points is odd).

Sample Codes to Implement Rectangle Rule
% rectangle rule using a for loop
n=100;b=2;a=0;h=(b-a)/n;intrect=0;
for x=0:h:(n-1)*h
intrect=intrect+tfofx(x)*h;
end
intrect
% rectangle rule - no loops (vectorized)
n=100;b=2;a=0;h=(b-a)/n;x=h*(0:n-1);
f=tfofx(x);
intrect=h*sum(f);
intrect

Vectorized Trapezoid and Simpson Rule(two wsys) Codes
% Numerical Integration
n=100;
b=2;
a=0;
h=(b-a)/n;
x=h*(0:n);
f=tfofx(x);
% trapezoid rule
wtrap=[1,2*ones(1,n-1),1];
inttrap=(h/2)*sum(wtrap.*f);
% simpson rule
w2=2*ones(1,n+1);
w2(1:2:n+1)=zeros(1,n/2+1);
wsimp=[1,2*ones(1,n-1),1]+w2;
intsimp=(h/3)*sum(wsimp.*f);
[inttrap,intsimp]

% Numerical Integration
n=1000;
b=2;
a=0;
h=(b-a)/n;
x=h*(0:n);
f=tfofx(x);
%trapezoid rule
wtrap=[1,2*ones(1,n-1),1];
inttrap=(h/2)*sum(wtrap.*f);
% simpson rule
wsimp=[1,reshape((ones(1,(n-2)/2)'*[4,2])',1,n-2),4,1];
intsimp=(h/3)*sum(wsimp.*f);
[inttrap,intsimp]

Random Numbers and Monte Carlo Methods
Random Number Methods
The integration methods discussed so far all are based upon making a polynomial approximations to the
integrand.
Another class of numerical methods relies upon using random numbers.
These methods have come to be known under the general rubric Monte Carlo methods, after the
famous gambling casino.
Before discussing Monte Carlo integration, we must digress to learn about random numbers.
Random Number Generators
Any standard random number generator produces a set of uniformly distributed (equal probability)
numbers on some interval.
For the interval [a,b] we define

For this probability idea to make sense we must have

In the case of a uniform distribution, P(r) = constant and hence

All such numerical random number generators give a sequence of numbers with a large repeat cycle on
some interval.
A good generator will have a very large repeat cycle (108 − 109 non- repeating numbers).
In OCTAVE, the rand(n,m) function generates uniformly distributed pseudo-random numbers.
We illustrate the uniform distribution of 100,000 random numbers below:
>> hist(rand (1,100000),20,"facecolor","r","edgecolor","b");

which obviously shows the uniform distribution on the interval [0,1].
OCTAVE also generate normally (Gaussian) distributed random numbers using the randn function.

>> hist(randn (1,100000),20,"facecolor","r","edgecolor","b");

which is obviously a normal or gaussian distribution.
These two methods are examples of "simple sampling" techniques.
In many problems we need to use probability distributions that reflect the appropriate physics of the
system under study.
In this case we use a different technique called "importance sampling".
The algorithm for generating random numbers with a specified distribution(not uniform) goes this way.
Suppose that we have a set of uniformly distributed numbers (as above) in the interval [0,1].
Then the rule

will generate a set of numbers {xi} distributed according to the rule w(x).
For example, suppose w(x) = e-x ,0 ≤ x ≤ 4.
Then we obtain
which is the desired result.
This is illustrated in the plot below:
>> hist((-log(1-rand(1,100000))),20,"facecolor","r","edgecolor","b")

Integration using Importance Sampling (Monte Carlo Method)
Now consider a function to be integrated, as shown below:

The integral is just the area under the curve.
The width of the interval (b-a) times the average value of the function is also the value of the integral,
that is,

So if we had some independent way of calculating the average value of the integrand, then we could
evaluate the integral.
That is where we can use random numbers.
Imagine that we have a list of random numbers, xj, uniformly distributed between a and b.

To calculate the function average, we simply evaluate f(x) at each of the randomly selected points, and
divide by the number of points:

As the number of points used in calculating the average increases, < f >N approaches the true average
value, < f >.
Therefore, as a numerical approximation we can write

Alternatively, we can look at this so-called Monte Carlo integration method in the following way:
To integrate the function f(x) over the interval [a , b] we

The estimated probability of success is then

where the rectangle used is shown in the figure below:

After a number of trials, the value of the integral can be calculated from the above formula

Think about throwing darts and counting the number of darts that land in the area representing the
integral.
The program above only works if the integrand is greater than or equal to zero everywhere over the
range of integration.
Suppose, in fact, that the function f(x) was not always greater than zero in the interval [a,b] as shown
below.

We can modify the Monte Carlo integration method to handle such cases, i.e., fix the problem with f(x)
possibly being less than zero as follows.
To integrate the function f(x) over the interval [a,b] we

The estimated probability of success is then

This must now be corrected for the fact that the line y = -R has been used as the baseline for the integral
instead of the line y = 0.
This is accomplished by subtracting the rectangular area R(b-a).
The final integral is then

The Metropolis Algorithm
Suppose that we want to generate a set of points in some, possibly multidimensional, space of variables
X distributed with probability density w(X) (not necessarily uniform).
The Metropolis algorithm generates a set of points X0 , X1 , X2 ,........ as those visited successively by a
random walker moving through theX space.
As the walk becomes longer and longer, the points it connects will approximate closely the desired
distribution.

The rules for the random walk are as follows:

This latter step is conveniently accomplished by comparing r with a random number η uniformly
distributed in the interval and accepting the step if η < r .
If the trial step is not accepted, then it is rejected, and we put Xn +1 = Xn .
This generates Xn +1 , and we may proceed to generate Xn +2 by the same process.
Any arbitrary point Xn can be used to start this random walk.
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A Octave code to use the Metropolis algorithm for the case w(X) = e

0.2X 2

looks like:

x=[];
X0=0;
delta=4;
naccept=0;
n=0;
while (naccept < 5000)
n=n+1;
XT = X0 + delta*(2*rand(1,1)-1);
ratio=exp(0.5*(X0^2-XT^2));
if (ratio > rand)
x=[x,XT];
X0=XT;
naccept=naccept+1;
end
end
hist(x,40,"facecolor","r","edgecolor","b")

which clearly reflects the proposed Gaussian distribution.
A good rule is to choose δ so that about 1/3 of the trials is accepted and to choose X0 such that w(X) is
near a maximum.
Because successive points in this distribution are not statistically independent of each other, some care
must be taken when choosing a set of points to use from a larger set that has been generated earlier.
Generally, the accepted method is to choose points separated by some interval, say every kth point, where
k is such that any correlations are washed out.

A simple Metropolis method function is :
function z=metropolis(input)
% must have another funct.m file defined
x=input(1);
delta=input(2);
xtrial=x+delta*(2*rand(1)-1);
w=funct(xtrial)/funct(x);
if (rand < w)
z=xtrial;
else
z= x;
end
function out=funct(x)
out=exp(-0.2*x^2);
endfunction

The code below tests this function for w( X ) =
zz=[];
z=metropolis([0.0,4.0]);
for j=1:100000
z=metropolis([z,4.0]);
zz=[zz,z];
end
hist(zz,40,"facecolor","r","edgecolor","b");

Again this clearly reflects the correct distribution.
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:

Simple Simulation Example Using Random Numbers
Another example of using random numbers to simulate particles in a box with two distinct sides.
Suppose a particle can be at only two positions XR and XL and that

that is, the probability of being on a given side of the box is given by the ratio of the number of particles
on that side of the box to the total number of particles.
Consider the program below.
We have N = 1000 particles in a box.
We start with a random fraction of the N particles on the LHS of the box.
If all particles on the LHS, then we send one to the RHS.
In all other cases, we then use the Metropolis algorithm to decide whether we decrease the number of
particles on the LHS by 1 (increase the number on the RHS by 1) or vice versa.
The ratio r in this case is the probability of being on the LHS.

Consider the program below:

% Metropoplis simulation
N=1000;
tmax=10000;
nl=;
t=0;
n=1;
t_rec(1)=t;nl_rec(1)=nl;
while (t <= tmax)
n=n+1;
t=t+1;
ratio=nl/N;
if (ratio >= 1)
nl=nl-1;
else
if (rand <= ratio)
nl=nl-1;
else
nl=nl+1;
end
end
t_rec(n)=t;nl_rec(n)=nl;
end
plot(t_rec,nl_rec,'.b');
axis([0,tmax,0,N]);

The result is:

When we run this simulation, we always end up with approximately 1/2 of the particles on each
side(the equilibrium configuration) and the simulation accurately represents the fluctuations
present at equilibrium.
This example illustrates how chance or random motion can generate deterministic behavior.

Solving Ordinary Differential Equations
The study of the dynamic behavior of systems is fundamental to all areas of science.
An equation that involves one or more ordinary derivatives of some unknown function is called an
ordinary differential equation (ODE).
The order of the equation = order of highest derivative.
ODEs are commonly used for mathematical modeling in many diverse fields.
Often there is no known analytic solution to the equation and numerical approximations are required.
A good way to express the actual real world situation with differential equations is
"all interesting equations are either trivial,
or impossibly difficult to solve analytically"
Traditional analysis solves the trivial cases, and can yield invaluable insight into the solution of the
difficult ones.
But the bottom line is that the difficult cases usually must be treated numerically.
We will mostly study ODEs in the time domain (the solutions give the system behavior in time).
These ODEs are initial-value problems, where all the specified system conditions are given at
some initial time, say t = t0 .

First-Order ODEs
Imagine we have a problem where we seek y(t), where y(t) is described by a first order ODE:

You probably know a lot about equations like this already from
class, i.e., if they are linear, we know how to arrive at an analytical solution.
Even if the equation is nonlinear, if it is inspired by a real physical situation, we expect it will have
a unique solution.
Since it is first order, it requires one initial condition in order to specify that solution, i.e., y(t0) = y0.
The most basic algorithm for solving these equations is Euler’s method.
Whenever we approximate a derivative by a difference equation, as we did in the laboratory on
numerical differentiation, we say we are using a finite-difference method.
Euler’s method is of this type, and it uses the 2-point approximation for the derivative.
Let us call our time step h, and let us use the notation

We set out to find a set of lattice points {(tn , yn)} which are an approximate solution for the function y(t).
Thus, we have the approximation

and the Euler method gives us:

For first-order equations that’s it!
The method is said to be self-starting, all you need is the initial condition y0 in order to start to iterate the
equation and thus build up your solution at successively later times.
Let us use Euler’s method to solve the ODE for the for the following example:
A skydiver of mass M kg jumps into the air from an airplane at t = 0.
We assume the initial vertical velocity of the sky diver is zero at t = 0 and that the skydiver falls
vertically.
We assume that the aerodynamic drag is given by

We can then use Newton's 2nd law to derive the ODE governing this physical system:

In terms of our earlier notation this is:

Let us use M = 70 kg, C = 0.27 kg/m and h = 0.1 second and solve the ODE for 0 ≤ t ≤ 20 seconds.
Sample OCTAVE script prog1.m :
clear;clf;hold off;
t=0;n=0;v=0;
C=0.27; M=70; g=9.8;h=0.1;
t_rec(1)=t;v_rec(1)=v;
while t <= 20
n=n+1;
v=v+h*(-C*v*v/M + g);
t=t+h;
v_rec(n+1)=v;
t_rec(n+1)=t;
end
plot(t_rec,v_rec)
xlabel('time (seconds)')
ylabel('velocity (m/s)')
title('Skydiver Model')

Alternative script - prog1alt.m:
clear;clf;hold off;
t=0;v=0;tmin=0;tmax=20;
C=0.27; M=70; g=9.8;h=0.1;
V=[];T=[];
V=[V,v];
T=[T,t];
n=(tmax-tmin)/h;
for k=1:n
t=t+h;
v=v+h*fnv(g,M,C,v,t);
V=[V,v];
T=[T,t];
end
plot(T,V)
xlabel('time (seconds)')
ylabel('velocity (m/s)')
title('Skydiver Model’)
function z=fnv(g,M,C,v,t)
z=-C*v*v/M + g;
endfunction

Warnings : Although the forward Euler method is simple, it has to be used carefully because of two
kinds of possible errors.
The first kind of error is a truncation error that arises due to the finite size of h and hence inaccuracy in
the approximation for the derivative.
This error can be dealt with by making h very small, but this causes compute time to become longer.
The second kind of error is due to instability.
The linear approximations built into the Euler method lead to erratic large time behavior (not
representative of the real equation) that is very sensitive to parameter values.

Second-Order Euler Methods
We have now learned about Euler’s method for solving a first-order ODE.
In that method, you began with initial values and integrated (iterated) to find an unknown function.
We now see how Euler’s method can be generalized to solve higher-order ODE’s.
In practice, people never use Euler’s method for actual research, because this simplest-of-all-schemes
rarely does well with complicated equations.
In particular, in an effort to reduce approximation error, one might reduce h.
But this leads to roundoff error in the computer, and can produce instabilities that grow and ruin your
solution.
In this lab, we will introduce one improved scheme, and use it to follow the motions of some
oscillators.
We now consider 2nd order ODEs of the form

This equation might result from using Newton's second law (where for simplicity we have set m = 1).
This 2nd-order ODE can be converted into two 1st-order ODEs and then we can use the Euler method we
just devised.

We define
and then we have

In the Euler method we then have the equations

with initial conditions x0 = x(t0) , v0 = v(t0) given.
Consider the example of a harmonic oscillator where
Sample OCTAVE script prog2.m
clear;clf;hold off;
t=0;v=0;,x=10;n=1;k=20;h=0.001;
t_rec(1)=t;v_rec(1)=v;
while t<=10
n=n+1;
t=t+h;
xold=x;
x=x+v*h;
v=v+h*fho(k,xold);
v_rec(n+1)=v;
t_rec(n+1)=t;
end
plot(t_rec,v_rec)
axis([0,10,-15,15]);
xlabel('time (sec)')
ylabel('Position (m)')
title('Oscillator - Euler')

function z=fho(k,x)
z=-k*x;
endfunction

Clearly, Euler methods have a problem with oscillatory systems the energy is not conserved (amplitude is increasing).
We can see this problem in another way by plotting the time development of the system in "phase space",
which is position versus velocity (instead of time).
clear;clf;hold off;
t=0;v=0;,x=10;n=0; k=20;h=0.001;
t_rec(1)=t;x_rec(1)=x; v_rec(1)=v;
while t<=10
n=n+1;
t=t+h;
xold=x;
x=x+v*h;
v=v+h*fho(k,xold);
x_rec(n+1)=x;
v_rec(n+1)=v;
t_rec(n+1)=t;
end
plot(x_rec,v_rec)
axis([-15,15,-50,50]);
xlabel('Position (m)')
ylabel('Velocity (m/sec)')
title('Oscillator - Euler')

If energy were conserved, then this phase-space curve would be a closed curve(circle or ellipse).
Clearly, energy is not conserved.
Phase-space plots will be very useful in later work.
A slight modification turns the Euler method into the Euler-Cromer method.

Rather than letting the old values of position and velocity determine the new ones, we let the new value
of position help determine the new value of velocity.
While this little change makes no difference for some types of problems, it dramatically improves
performance on problems involving oscillatory motion, because it is much better at conserving energy
over a cycle of oscillation.
Further, it is an example of a "leapfrog algorithm” (imagine the new velocity leaping over the back of
the new position).
There are several research-quality algorithms of this type in use today.
clear;clf;hold off;
t=0;v=0;,x=10;n=0; k=20;h=0.001;
t_rec(1)=t;x_rec(1)=x; v_rec(1)=v;
while t<=10
n=n+1;
t=t+h;
x=x+v*h;
v=v+h*fho(k,x);
x_rec(n+1)=x;
v_rec(n+1)=v;
t_rec(n+1)=t;
end
plot(x_rec,v_rec)
axis([-15,15,-50,50]);
xlabel('Position (m)')
ylabel('Velocity (m/sec)')
title('Oscillator - Euler')

Clearly, the energy conservation problem is gone.

Another method of the "leapfrog" type is the Verlet method.
We start with
Using the central difference formula for the first and second derivatives we have

Rearranging terms we have

These equation may look strange at first, but they are easy to use.
Suppose that we know x0 and x1.
Then using the above equations we get x2.
Knowing x1 and x2 we can then compute x3 and v2 and so on.
The Verlet method has the disadvantage that it is not "self-starting".
Usually we have initial conditions
This is the price we pay for central difference schemes.
To get this method started we have a variety of options.
The Euler-Cromer method takes vaverage (0 → h) = v1 which is simple but not very accurate when the
velocity is changing rapidly.

An alternative is to use another scheme to get things started, for example, we could use

The Verlet method has several advantages.
The approximation errors are much smaller, energy is conserved in oscillatory systems and if the force
is only a function of position, and if we care only about the trajectory of the particle and not its
velocity (celestial mechanics), we can completely skip the velocity calculation.
It is especially popular for many-particle systems.
clear;clf;hold off;
t=0;v=0;,x1=10;n=0;k=20;h=0.001;
x0=x1-h*v+0.5*h*h*fho(k,x1);
xold=x0;
x=x1;
t_rec(1)=t;x_rec(1)=x; v_rec(1)=v;
while t<=10
n=n+1;
t=t+h;
xnew=2*x-xold+h*h*fho(k,x);
v=(xnew-xold)/(2*h);
xold=x;
x=xnew;
t_rec(n)=t;x_rec(n)=x; v_rec(n)=v;
end
plot(x_rec,v_rec)
axis([-15,15,-50,50]);
axis([-15,15,-50,50]);
xlabel('Velocity (m/sec)')
ylabel('Position (m)')
title('Oscillator - Verlet')

No calculation of velocity:
t=0;v=0;,x1=10;n=0;k=20;h=0.001;
axis([0,10,-15,15]);
xlabel('Velocity (m/sec)')
ylabel('Position (m)')
title('Oscillator - Verlet')
x0=x1-h*v+0.5*h*h*fho(k,x1);
xold=x0;
x=x1;
t_rec(1)=t;x_rec(1)=x;
while t<=10
n=n+1;
t=t+h;
xnew=2*x-xold+h*h*fho(k,x);
xold=x;
x=xnew;
t_rec(n)=t;x_rec(n)=x;
end
plot(t_rec,x_rec)
axis([0,10,-15,15]);
xlabel('Velocity (m/sec)')
ylabel('Position (m)')
title('Oscillator - Verlet')

Runge-Kutta Methods
In these methods, the accuracy and stability of the approximations is increased by using higher order
numerical integration methods instead approximations for the derivatives.
Consider the ODE
In order to calculate yn+1 with a known value of yn we integrate in the interval tn ≤ t ≤ tn+1 to get

The Runge-Kutta methods are now derived by approximating the RHS integral.
We will derive the second-, third-, and fourth-order Runge-Kutta formulas.
Second Order
In this case, we use the trapezoidal rule to evaluate the integral.

nd

In this equation, yn+1 is not known, so that the 2 term is further approximated by f ( ȳn+1 , tn+1) where
<latexit sha1_base64="7nKUoRA1DD4JVa30eOV67uQZHbY=">AAACCHicbVDLSsNAFJ3UV62vqks3wSIIQklEtMuCG5cV7APaUCbT23boZBJnboQQ8gP+gFv9A3fi1r/wB/wOp20WtvXAhcM593Iux48E1+g431ZhbX1jc6u4XdrZ3ds/KB8etXQYKwZNFopQdXyqQXAJTeQooBMpoIEvoO1Pbqd++wmU5qF8wCQCL6AjyYecUTSS1/OpSpOsn8oLN+uXK07VmcFeJW5OKiRHo1/+6Q1CFgcgkQmqddd1IvRSqpAzAVmpF2uIKJvQEXQNlTQA7aWzpzP7zCgDexgqMxLtmfr3IqWB1kngm82A4lgve1PxP68b47DmpVxGMYJk86BhLGwM7WkD9oArYCgSQyhT3PxqszFVlKHpaSHFV3QCmJVMMe5yDaukdVl1r6vu/VWlXssrKpITckrOiUtuSJ3ckQZpEkYeyQt5JW/Ws/VufVif89WCld8ckwVYX79JPZqD</latexit>

or in more standard form the second-order Runge-Kutta equations are:

Third Order
The third-order Runge Kutta method is derived using a higher order numerical integration scheme to
evaluate the integral.
Using the Simpson 1/3 rule we get (as before):

where
The estimate

and

are estimates because yn+1/2 and yn+1 are unknown.
is obtained by the forward Euler method as

The estimate

may be obtained by

or

or a linear combination of both

Here θ is an undetermined parameter, which is determined to maximize the accuracy of this numerical
method.
If we apply the method to a problem with a known solution, then it is determined that the optimum value
is θ = −1.
The 3rd order Runge Kutta formulas then become in standard form:
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k1 = hf (yn , tn )
k2 = hf (yn + 12 k1 , tn+1/2 )
<latexit sha1_base64="4NyJ9pckWagQEgANNxAaMMtdGJE="></latexit>
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k3 = hf (yn

k1 + 2k2 , tn+1 )

yn+1 = yn + 16 (k1 + 4k2 + k3 )
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Fourth Order
Derivation of the 4th-order Runge Kutta method is similar to that of the 3rd order formulas.
The first version is based on the Simpson 1/3 rule and gives:

The second version is based on the Simpson 3/8 rule and gives:

Runge-Kutta Codes in 1-, 2- and 3-Dimensions
1-Dimensional Motion - Damped Driven Oscillator
clear
x=10;
vx=0;
h=.01;
n=1;
t=0;
t_rec(1)=t;x_rec(1)=x;
count=1;
while (count < 10000)
n=n+1;
count=count+1;
t=count*h;
fx1=vx;
gx1=accel1x(x,vx,count*h);
fx2=vx+h*gx1/2;
gx2=accel1x(x+h*fx1/2,vx+h*gx1/2,(count+0.5)*h);
fx3=vx+h*gx2/2;
gx3=accel1x(x+h*fx2/2,vx+h*gx2/2,(count+0.5)*h);
fx4=vx+h*gx3;
gx4=accel1x(x+h*fx3,vx+h*gx3,(count+1)*h);
x=x+h*(fx1+2*fx2+2*fx3+fx4)/6;
vx=vx+h*(gx1+2*gx2+2*gx3+gx4)/6;
t_rec(n)=t;x_rec(n)=x;
end
figure('Position',[50 50 500 500]);
axis(100*[0 1 -1 1]);
plot(t_rec,x_rec)

function a=accel1x(x,vx,t)
a=-x - .2*vx +10*sin(t);
endfunction

2-Dimensional Motion - Projectile with Air Resistance
clear
x=0;vx=20;y=0;vy=40;h=.01;n=1;
x_rec(1)=x;y_rec(1)=y;
r=sqrt(x*x+y*y);count=-1;
while (count < 1000)
n=n+1;count=count+1;
fx1=vx;
gx1=accel2x(x,y,vx,vy,count*h);
fy1=vy;
gy1=accel2y(x,y,vx,vy,count*h);
fx2=vx+h*gx1/2;
gx2=accel2x(x+h*fx1/2,y+h*fy1/2,vx+h*gx1/2,vy+h*gy1/2, ...
(count+0.5)*h);
fy2=vy+h*gy1/2;
gy2=accel2y(x+h*fx1/2,y+h*fy1/2,vx+h*gx1/2,vy+h*gy1/2, ...
(count+0.5)*h);
fx3=vx+h*gx2/2;
gx3=accel2x(x+h*fx2/2,y+h*fy2/2,vx+h*gx2/2,vy+h*gy2/2, ...
(count+0.5)*h);
fy3=vy+h*gy2/2;
gy3=accel2y(x+h*fx2/2,y+h*fy2/2,vx+h*gx2/2,vy+h*gy2/2, ...
(count+0.5)*h);
fx4=vx+h*gx3;
gx4=accel2x(x+h*fx3,y+h*fy3,vx+h*gx3,vy+h*gy3,(count+1)*h);
fy4=vy+h*gy3;
gy4=accel2y(x+h*fx3,y+h*fy3,vx+h*gx3,vy+h*gy3,(count+1)*h);
x=x+h*(fx1+2*fx2+2*fx3+fx4)/6;
vx=vx+h*(gx1+2*gx2+2*gx3+gx4)/6;
y=y+h*(fy1+2*fy2+2*fy3+fy4)/6;
vy=vy+h*(gy1+2*gy2+2*gy3+gy4)/6;
r=sqrt(x*x+y*y);
x_rec(n)=x;y_rec(n)=y;
end
figure('Position',[50 50 500 500]);
axis(100*[0 1 -1 1]);
plot(x_rec,y_rec)

function a=accel1x(x,vx,t)
a=-x - .2*vx +10*sin(t);
endfunction
function a=accel2x(x,y,vx,vy,t)
a=-0.2*vx;
endfunction

Orbits Around a Planet in 2-Dimensions
clear
re=6.4*(10^6);
gm=4*10^14;
x=3*re;
vx=0;
y=0;
vy=0.7*sqrt(gm/x);
h=60;
n=1;
x_rec(1)=x;y_rec(1)=y;
xs=[];
ys=[];
for th=0:.01*pi:2*pi;
xs=[xs,re*cos(th)];
ys=[ys,re*sin(th)];
end
figure('Position',[50 50 500 500]);
plot(xs,ys,'g');
hold on
fill(xs,ys,'g')
axis(5*re*[-1 1 -1 1]);
r=sqrt(x*x+y*y);
count=-1;
while (count < 1000)
n=n+1;
count=count+1;
fx1=vx;
gx1=accele2dx(x,y,vx,vy,count*h);
fy1=vy;
gy1=accele2dy(x,y,vx,vy,count*h);
fx2=vx+h*gx1/2;
gx2=accele2dx(x+h*fx1/2,y+h*fy1/2,vx+h*gx1/2,vy+h*gy1/2, ...
(count+0.5)*h);
fy2=vy+h*gy1/2;
gy2=accele2dy(x+h*fx1/2,y+h*fy1/2,vx+h*gx1/2,vy+h*gy1/2, ...
(count+0.5)*h);

fx3=vx+h*gx2/2;
gx3=accele2dx(x+h*fx2/2,y+h*fy2/2,vx+h*gx2/2,vy+h*gy2/2, ...
(count+0.5)*h);
fy3=vy+h*gy2/2;
gy3=accele2dy(x+h*fx2/2,y+h*fy2/2,vx+h*gx2/2,vy+h*gy2/2, ...
(count+0.5)*h);
fx4=vx+h*gx3;
gx4=accele2dx(x+h*fx3,y+h*fy3,vx+h*gx3,vy+h*gy3,(count+1)*h);
fy4=vy+h*gy3;
gy4=accele2dy(x+h*fx3,y+h*fy3,vx+h*gx3,vy+h*gy3,(count+1)*h);
x=x+h*(fx1+2*fx2+2*fx3+fx4)/6;
vx=vx+h*(gx1+2*gx2+2*gx3+gx4)/6;
y=y+h*(fy1+2*fy2+2*fy3+fy4)/6;
vy=vy+h*(gy1+2*gy2+2*gy3+gy4)/6;
r=sqrt(x*x+y*y);
if (r <= re)
break
end
x_rec(n)=x;y_rec(n)=y;
end
plot(x_rec,y_rec,'.b','MarkerSize',2)

3-Dimensional Motion
Charged Particle in Earth Magnetic Dipole Field - Orbits
function a=accelx(alpha,r,x,y,z,vx,vy,vz)
a=alpha*((2*z*z-x*x-y*y)*vy-3*y*z*vz)/r^5;
endfunction
function a=accely(alpha,r,x,y,z,vx,vy,vz)
a=alpha*(3*x*z*vz-(2*z*z-x*x-y*y)*vx)/r^5;
endfunction
function a=accelz(alpha,r,x,y,z,vx,vy,vz)
a=3*alpha*z*(y*vx-x*vy)/r^5;
endfunction
clear
rand('twister', sum(100*clock));
rearth=6.4*10^6;
x=2*sign((1-2*rand))*rearth+(1-2*rand)*rearth;
vx=(1-2*rand)*10^4;
y=2*sign((1-2*rand))*rearth+(1-2*rand)*rearth;
vy=(1-2*rand)*10^4;
z=2*sign((1-2*rand))*rearth+(1-2*rand)*rearth;
vz=(1-2*rand)*10^4;
h=2;
figure('Position',[50 50 500 500]);
axis(5*rearth*[-1 1 -1 1 -1 1]);
hold on
[X,Y,Z]=sphere(20);
X=rearth*X;Y=rearth*Y;Z=rearth*Z;
surf(X,Y,Z);
shading interp;
colormap(copper);
drawnow
alpha=10^20;
r=sqrt(x*x+y*y+z*z);
count=0;
xx=[];yy=xx;zz=xx;
xx=[xx,x];yy=[yy,y];zz=[zz,z];

while ((r > rearth) && (count < 50000) && (r < 6*rearth))
count=count+1;
if (mod(count,5000) == 0)
count
end
fx1=vx;gx1=accelx(alpha,r,x,y,z,vx,vy,vz);
fy1=vy;gy1=accely(alpha,r,x,y,z,vx,vy,vz);
fz1=vz;gz1=accelz(alpha,r,x,y,z,vx,vy,vz);
fx2=vx+h*gx1/2;
gx2=accelx(alpha,r,x+h*fx1/2,y+h*fy1/2,z+h*fz1/2,vx+h*gx1/2, ...
vy+h*gy1/2,vz+h*gz1/2);
fy2=vy+h*gy1/2;
gy2=accely(alpha,r,x+h*fx1/2,y+h*fy1/2,z+h*fz1/2,vx+h*gx1/2, ...
vy+h*gy1/2,vz+h*gz1/2);
fz2=vz+h*gz1/2;
gz2=accelz(alpha,r,x+h*fx1/2,y+h*fy1/2,z+h*fz1/2,vx+h*gx1/2, ...
vy+h*gy1/2,vz+h*gz1/2);
fx3=vx+h*gx2/2;
gx3=accelx(alpha,r,x+h*fx2/2,y+h*fy2/2,z+h*fz2/2,vx+h*gx2/2, ...
vy+h*gy2/2,vz+h*gz2/2);
fy3=vy+h*gy2/2;
gy3=accely(alpha,r,x+h*fx2/2,y+h*fy2/2,z+h*fz2/2,vx+h*gx2/2, ...
vy+h*gy2/2,vz+h*gz2/2);
fz3=vz+h*gz2/2;
gz3=accelz(alpha,r,x+h*fx2/2,y+h*fy2/2,z+h*fz2/2,vx+h*gx2/2, ...
vy+h*gy2/2,vz+h*gz2/2);
fx4=vx+h*gx3;gx4=accelx(alpha,r,x+h*fx3,y+h*fy3,z+h*fz3,vx+h*gx3,vy+h*gy3,vz+h*gz3);
fy4=vy+h*gy3;gy4=accely(alpha,r,x+h*fx3,y+h*fy3,z+h*fz3,vx+h*gx3,vy+h*gy3,vz+h*gz3);
fz4=vz+h*gz3;gz4=accelz(alpha,r,x+h*fx3,y+h*fy3,z+h*fz3,vx+h*gx3,vy+h*gy3,vz+h*gz3);
x=x+h*(fx1+2*fx2+2*fx3+fx4)/6;vx=vx+h*(gx1+2*gx2+2*gx3+gx4)/6;
y=y+h*(fy1+2*fy2+2*fy3+fy4)/6;vy=vy+h*(gy1+2*gy2+2*gy3+gy4)/6;
z=z+h*(fz1+2*fz2+2*fz3+fz4)/6;vz=vz+h*(gz1+2*gz2+2*gz3+gz4)/6;
r=sqrt(x*x+y*y+z*z);xx=[xx,x]; yy=[yy,y]; zz=[zz,z];
end
plot3(xx,yy,zz,'-k')
view(-60.387,37.237)
grid
hold off

Systems of ODEs
Consider the system of coupled first-order ODEs:

The Runge-Kutta Method is easily applied to these coupled equations(same system as we worked with
earlier for Newton's second law):

where

Predator-Prey Models
An example problem of a system of coupled nonlinear differential equations is the famous predator-prey
problem.
Let x(t) and y(t) denote the population of rabbits and foxes, respectively, at time t.
The predator-prey model asserts that x(t) and y(t) satisfy

Higher-Order ODEs

As we saw in our earlier discussion of Newton's second law type second-order ODEs, we have
equations of the form

As we also saw earlier the second-order differential equation can be reformulated as a system of two
first-order equations if we use the substitution

then

and we get the pair of equations

and then we use Runge-Kutta to solve this pair as described earlier for predator-prey problems.
Boundary-Value Problems
Another type of ODE has the form

with boundary conditions
This is called a boundary-value problem.
The most important thing to check for this type of equation is whether a unique solution even exists.
The conditions that must be satisfied are:

for some constant M > 0 in the entire region of physical interest.
An important special (most of the physical cases fall into this category) is the linear boundary-value
problem.
In this case the function f (t, x, y) takes the form

and
are continuous.
If there exists a constant M > 0 for which q(t) > 0 and p(t) ≤ M, then a unique solution exists.
Finding a solution to the linear boundary value problem is assisted by the linear structure of the equation
and the use of two special initial-value problems(IVPs).
Suppose that u is the unique solution to the IVP
with
Furthermore, suppose that v is the unique solution of the IVP
with
Then, if v(b) ≠ 0, the unique solution to
with
is given by
which clearly has the correct boundary values.

The procedure is to use the fourth-order Runge-Kutta method to construct numerical solutions for u(t)
and v(t) and then construct the solution for x(t) from these two solutions.
This method is called the linear shooting method.
Example: Consider the equation

over the t-interval [1,3] with x(1) = 1 and x(3) = -1.
We need to solve the two equations:

and

and the solution to the original equation is

A sample code is:
function z=ufunct(u,uv,t)
z=-(2/t)*uv+(2/(t^2))*u+10*cos(log(t))/(t^2);
endfunction
function z=vfunct(v,vv,t)
z=-(2/t)*vv+(2/(t^2))*v;
endfunction
clear
% set initial conditions
du=zeros(1,1000);dv=zeros(1,1000);
% set time step
h=.002;
% Runka-Kutta solution for u
u=1;uv=0;t=1;
count = 0;
while (count < 1000)
count=count+1;
t=t+h;
fx1=uv;
gx1=ufunct(u,uv,t);
fx2=uv+h*gx1/2;
gx2=ufunct(u+h*fx1/2,uv+h*gx1/2,t+0.5*h);
fx3=uv+h*gx2/2;
gx3=ufunct(u+h*fx2/2,uv+h*gx2/2,t+0.5*h);
fx4=uv+h*gx3;
gx4=ufunct(u+h*fx3,uv+h*gx3,t+h);
u=u+h*(fx1+2*fx2+2*fx3+fx4)/6;
uv=uv+h*(gx1+2*gx2+2*gx3+gx4)/6;
du(1,count)=u;
end
% Runka-Kutta solution for v
v=0;
vv=1;
t=1;
count = 0;

while (count < 1000)
count=count+1;
t=t+h;
fx1=vv;
gx1=vfunct(v,vv,t);
fx2=vv+h*gx1/2;
gx2=vfunct(v+h*fx1/2,vv+h*gx1/2,t+0.5*h);
fx3=vv+h*gx2/2;
gx3=vfunct(v+h*fx2/2,vv+h*gx2/2,t+0.5*h);
fx4=vv+h*gx3;
gx4=vfunct(v+h*fx3,vv+h*gx3,t+h);
v=v+h*(fx1+2*fx2+2*fx3+fx4)/6;
vv=vv+h*(gx1+2*gx2+2*gx3+gx4)/6;
dv(1,count)=v;
end
x=du-(1+du(1000))*dv/dv(1000);
t=1:h:3;
xth=(4.336-0.336*t.^3-3*(t.^2).*cos(log(t))+ ...
(t.^2).*sin(log(t)))./(t.^2);
xmax=max(x);
xmin=min(x);
xthmax=max(xth);
xthmin=min(xth);
max=max([xmax,xthmax]);
min=min([xmin,xthmin]);
% open window
figure('Position',[50 50 500 500]);
axis([1,3,min,max]);
plot(t,xth,'-r');
hold on;
tt=t(1:20:1000);
x1=[1,x];
xx=x1(1:20:1000);
plot(tt,xx,'ob');
hold off

The red line is the theoretical curve and the blue circles represent the numerical method.
Clearly it works.

Partial Differential Equations
Many problems in applied science, physics and engineering are modeled mathematically with partial
differential equations(PDEs), which are ODEs involving more than one independent variable.
There are three types of PDEs.
First is the 1-dimensional diffusion equation:

The form given above is from the theory of heat transport.
The variable T(x,t) is the temperature at position x at time t.
The constant is the thermal diffusion coefficient.
This is an example of a parabolic equation.
The time-dependent Schrodinger equation is another example of a diffusion equation(imaginary
diffusion constant):

The second type of PDE is the one-dimensional wave equation:

where A(x,t) is the wave amplitude and v is the wave speed.
This is an example of a hyperbolic equation.

The third type of PDE is Poisson’s equation.
In two-dimensions it takes the form:

where Φ(x, y) is the electrostatic potential or its physical equivalent in some system, ρ(x, y) is the charge
density and ε0 is the permittivity of free space.
If ρ(x, y) = 0 then we have Laplace’s equation.
This is an example of an elliptic equation.
Notice that in each of these examples we have two independent variables, either (x , t) or (x , y) .
All the methods we discussare extendible to higher dimensions, but are easier to understand in the
two-dimensional case we discuss first.
Formally, a second-order PDE in two independent variables of the form

is classified as
The diffusion and wave equations are similar in that they are usually solved as initial value problems.
For the diffusion equation, we might be given an initial temperature distribution T(x , t = 0) and want to
find T(x , t) for all t > 0.

Similarly, for the wave equation we could start with an initial amplitude A(x , t) and velocity
dA(x , t = 0)/dt of a wave pulse and be asked to find the shape of the wave pulse, A(x , t) for all t > 0.
Besides initial conditions, we need to specify boundary conditions.
Say our solution is constrained to the region of space between x = −L/2 → x = +L/2 .
Boundary conditions are then imposed at these endpoints.
For the diffusion equation we might fix the temperature at the boundaries (Dirichlet Boundary
conditions),
An alternative would be to fix the flux(normal derivative) at the boundaries (Neumann Boundary
conditions)

A third type of boundary condition is common in numerical simulations.
We equate the function at the two ends (Periodic Boundary conditions)

So we visualize initial value problems on the x-t plane, as shown below.

The interior region is open-ended; we compute T(x , t) or A(x , t) as far into the future as we want.
As with ODEs we discretize time as tn = (n − 1)τ where τ is the time step and n=1,2,3,4, ...
Similarly, we discretize space as xi = (i − 1)h − L / 2 where h is the grid spacing and i= 1,2,3, ...,N and
the grid spacing is h=L/(N-1).
A schematic of an initial value problem in discretized form is shown below.

Our job is to determine the unknown values at the interior points (open circles) given the initial
conditions (gray circles) and the boundary conditions(filled circles).
Initial value problems are often solved using marching methods.
Starting from the initial condition, we compute the solution one time step into the future.
Using this result the solution at the next time step is computed.
The algorithm proceeds in this manner and marches forward in time.
Elliptic equations, such as Poisson’s equation, in electrostatics, are not initial value problems, but strictly
boundary value problems.
For example, we may be told the potential on the four sides of a rectangle,

and be asked to solve for Φ(x, y) at all points inside the rectangle(see figure below).
We discretize space as

where hx and hy are the x and y grid spacings.

Our task is now to determine Φ at the interior points given the constraints specified by the boundary
conditions as in the figure below.

Algorithms for solving boundary value problems are sometimes called jury methods.
The potential at an interior point is influenced by all the boundary points; the solution in the interior is a
weighted result that reconciles all the demands(constraints) imposed by the boundary.
In these notes we will study only one type of partial differential equation, namely, the elliptic equations.
Elliptic Partial Differential Equations (PDEs)
As examples of elliptic PDEs we consider the Laplace, Poisson, and Helmholtz equations.
In Cartesian coordinates, the Laplacian of a function is given by

The three equations are of the form:

It is often the case that the boundary values for the functions g and f are known at all points on the sides
of a rectangular region R in the plane.
In these cases, we can use finite-difference techniques to solve the PDE.
The Laplace Difference Equation
The formula for approximating f'(x) is obtained from

which leads to an approximation for the Laplacian given by

We assume that the rectangle

is subdivided into (n − 1) × (m − 1) squares with side h where a = nh, b = mh as shown below:

To solve Laplace’s equation we impose the condition

which is valid at all interior grid points (x, y) = (xi , yj ) for i = 1,2,3,....,n-1 and j = 2,3,4,....,m-1.

The grid points are uniformly spaced xi+1 = xi + h , yi+1 = yi + h.

We then get the 5-point difference formula for Laplace’s equation:

This formula relates

to its four neighboring values

as shown below:

Rearranging we get the Laplace computational formula (for the relaxation method):

The Iterative Solution Method
Suppose that the boundary values u(x , y) are known at the following grid points:

We can then write our equation in form suitable for iteration as
where
for 2 ≤ i ≤ n-1 and 2 ≤ j ≤ m-1.

Starting values for all interior grid points must be supplied.
A good choice is the average of the (2n+2m+4) boundary values (call it K).
One keeps iterating this equation until the residual term rij is reduced to zero, that is, rij < ε for all
interior grid points.
The speed of convergence for reducing all of the residuals to zero is increased by using the method
called successive over-relaxation (SOR).
The SOR method uses the iteration formula uij = uij + ω rij where the parameter ω lies in the range
1 ≤ ω ≤ 2.
The optimal choice for ω is given by

Poisson’s and Helmholtz’s Equations
The iterative formulas for these two equations are:
where for Poisson:
and for Helmholtz:

In addition, we can develop a 9-point difference formula, which greatly improves the accuracy of the
Laplace computation.

Sample Programs --- Laplace Equation
function z = fla1(x)
z = 20;
endfunction
function z = fla2(x)
z = 180;
endfunction
function z = fla3(x)
z = 80;
endfunction
function z = fla4(x)
z = 0;
endfunction
function U = dirich(a,b,h,tol,max1)
% Dirichlet solution to Laplace's equation.
% f1 is a boundary function, input.
% f2 is a boundary function, input.
% f3 is a boundary function, input.
% f4 is a boundary unction, input.
% a is the width of [0 a], input.
% b is the width of [0 b], input.
% h is the step size, input.
% tol is the tolerance, input.
% max1 is the maximum number of iterations, input.
n = fix(a/h)+1;
m = fix(b/h)+1;
ave = (a*(fla1(0)+fla2(0)) ...
+ b*(fla3(0)+fla4(0)))/(2*a+2*b);

U = ave*ones(n,m);
for jj=1:m
U(1,jj) = fla3(h*(jj-1));
U(n,jj) = fla4(h*(jj-1));
end
for i=1:n
U(i,1) = fla1(h*(i-1));
U(i,m) = fla2(h*(i-1));
end
U(1,1) = (U(1,2) + U(2,1))/2;
U(1,m) = (U(1,m-1) + U(2,m))/2;
U(n,1) = (U(n-1,1) + U(n,2))/2;
U(n,m) = (U(n-1,m) + U(n,m-1))/2;
w = 4/(2+sqrt(4-(cos(pi/(n-1))+cos(pi/(m-1)))^2));
err = 1;
cnt = 0;
while ((err>tol)&&(cnt<=max1))
err = 0;
for jj=2:(m-1)
for i=2:(n-1)
relx=w*(U(i,jj+1)+U(i,jj-1)+U(i+1,jj)+U(i-1,jj)-4*U(i,jj))/4;
U(i,jj) = U(i,jj) + relx;
if (err<=abs(relx))
err=abs(relx);
end
end
end
cnt = cnt+1;
end

%
%
%
%
%
%
%

ELLIPTIC EQUATIONS.
Dirichlet solution for the Laplace equation
with the boundary values:'
u(x,0) = f1(x), u(x,b) = f2(x) for 0 ≤ x ≤ a,
u(0,y) = f3(y), u(a,y) = f4(y) for 0 ≤ y ≤ b,
A numerical approximation is computed over the rectangle
0 ≤ x ≤ a , 0 ≤ y ≤ b.

% function z = f1(x)
% z = 20;
% function z = f2(x)
% z = 180;
% function z = f3(y)
% z = 80;
% function z = f4(y)
% z = 0;
% Place the endpoint of [0,a] in a.
% Place the endpoint of [0,b] in b.
% Place the step size in h.
% Place the tolerance in tol.
% Place the maximum number of iterations in
a = 4.0;
b = 4.0;
h = 0.1;
tol = 0.001;
max1 = 25;
% Proceeding with the iteration.
U = dirich(a,b,h,tol,max1);
pcolor(U);
>> tic,laplsolve,toc
Elapsed time is 1.01011 seconds.

max1

Alternative Program (no functions + matrix shifts)
% set potential array size
p=zeros(41,41);
% set boundary values
p(1,1:41)=80*ones(1,41);
p(41,1:41)=zeros(1,41);
p(1:41,1)=20*ones(41,1);
p(1:41,41)=180*ones(41,1);
% iterate
for i=1:1000
p=0.25*(p(:,[41,[1:40]])+p(:,[[2:41],1])+p([41,[1:40]],:)+ ....
p([[2:41],1],:));
% keep boundaries constant
p(1,1:41)=80*ones(1,41);
p(41,1:41)=zeros(1,41);
p(1:41,1)=20*ones(41,1);
p(1:41,41)=180*ones(41,1);
end
pcolor(p)
>> tic, laplrelax,toc
Elapsed time is 0.204965 seconds
% Octave code for simple relaxation method
% initial potential values
% or boundary values
n=100
p=zeros(n);
% set boundary values
p(1,1:n)=zeros(1,n);
p(n,1:n)=zeros(1,n);
p(1:n,1)=zeros(n,1);
p(1:n,n)=zeros(n,1);
for i=(n/2-15):(n/2+15)
for j=(n/2-15):(n/2+15)
r2=(i-n/2)^2+(j-n/2)^2;
if ((r2 <= n/10) && (r2 >=(n/10-1)))
p(i,j)=100;
end
end
end

p(n/10,n/10)=-100;
% iteration
for i=1:1000
i
p=0.25*(p(:,[n,[1:(n-1)]])+p(:,[[2:n],1])+ ....
p([n,[1:(n-1)]],:)+p([[2:n],1],:));
% reset changed boundaries
% set boundary values
p(1,1:n)=zeros(1,n);
p(n,1:n)=zeros(1,n);
p(1:n,1)=zeros(n,1);
p(1:n,n)=zeros(n,1);
for i=(n/2-15):(n/2+15)
for j=(n/2-15):(n/2+15)
r2=(i-n/2)^2+(j-n/2)^2;
if ((r2 <= 100) && (r2 >=81))
p(i,j)=100;
end
end
end
p(n/10,n/10)=-100;
end
figure('Position',[100 10 400 400])
x=[1:n];
y=[1:n];
pcolor(x,y,p)
hold on
colormap(waves)
shading flat
axis('square')
colorbar
hold off

% octave code for simple relaxation method
% initial potential values
% or boundary values
p=zeros(5,11);
% set boundary values
p(1,1:11)=zeros(1,11);
p(5,1:11)=4*ones(1,11);
p(2,1)=1;
p(3,1)=3;
p(4,1)=1 ;
p(2,11)=3;
p(3,11)=7;
p(4,11)=7;
% iteration
for i=1:100
i
p=0.25*(p(:,[11,[1:10]])+p(:,[[2:11],1])+ ....
p([5,[1:4]],:)+p([[2:5],1],:));
% reset changed boundaries
% set boundary values
p(1,1:11)=zeros(1,11);
p(5,1:11)=4*ones(1,11);
p(2,1)=1;
p(3,1)=3;
p(4,1)=1 ;
p(2,11)=3;
p(3,11)=7;
p(4,11)=7;
end
figure('Position',[100 10 440 200])
x=[1:11];
y=[1:5];
pcolor(x,y,p)
hold on
colormap(hsv)
shading flat
contour(x,y,p,20,'w')
colorbar
hold off
pause

% interpolate 5x11 --> 100x220
tx=1:.05:11;
ty=1:.05:5;
[X,Y] = meshgrid(tx,ty);
pot=interp2(x,y,p,X,Y);
% colormap image
figure('Position',[100 250 440 200])
pcolor(tx,ty,pot)
hold on
colormap(hsv)
shading flat
contour(tx,ty,pot,20,'w')
colorbar

% octave code for simple relaxation method
% relax3.m
% initial potential values
p=zeros(20);
% boundary values
p(1,1:20)=zeros(1,20);
p(20,1:20)=zeros(1,20);
p(1:20,1)=zeros(20,1);
p(1:20,20)=zeros(20,1);
p(12,5:15)=15*ones(1,11);
p(8,5:15)=-15*ones(1,11);
% iteration
for i=1:1000
i
p=0.25*(p(:,[20,[1:19]])+p(:,[[2:20],1])+ ....
p([20,[1:19]],:)+p([[2:20],1],:));
% reset changed boundaries
p(1,1:20)=zeros(1,20);
p(20,1:20)=zeros(1,20);
p(1:20,1)=zeros(20,1);
p(1:20,20)=zeros(20,1);
p(12,5:15)=15*ones(1,11);
p(8,5:15)=-15*ones(1,11);
end
% interpolate 20x20 --> 200x200
x=[1:20];
y=[1:20];
t=1:.1:20;
[X,Y] = meshgrid(t,t);
pot=interp2(x,y,p,X,Y);
% colormap image
pcolor(pot)
colormap(waves)
shading flat

% octave code for simple relaxation method
% relax31cmct.m
% initial potential values
p=zeros(20);
% boundary values
p(1,1:20)=zeros(1,20);
p(20,1:20)=zeros(1,20);
p(1:20,1)=zeros(20,1);
p(1:20,20)=zeros(20,1);
p(8,10)=3; p(12,10)=-1;
% iteration
for i=1:1000
i
p=0.25*(p(:,[20,[1:19]])+p(:,[[2:20],1])+ ....
p([20,[1:19]],:)+p([[2:20],1],:));
% reset changed boundaries
p(1,1:20)=zeros(1,20);
p(20,1:20)=zeros(1,20);
p(1:20,1)=zeros(20,1);
p(1:20,20)=zeros(20,1);
p(8,10)=3 ;
p(12,10)=-1 ;
end
% interpolate 20x20 --> 200x200
x=[1:20];
y=[1:20];
t=1:.1:20;
[X,Y] = meshgrid(t,t);
pot=interp2(x,y,p,X,Y);
% colormap image
pcolor(pot)
colormap(waves)
shading flat

