Quantum Mechanics Part 1
Chapter 8

John Boccio



Chapter 8 Time-Independent Perturbation Theory
8.1 Nondegenerate Case

For most physically interesting systems, it is not possible to find
simple, exact formulas for the energy eigenvalues and state
vectors.

In many cases, however, the real system is very similar to
another system that we can solve exactly in closed form.

Our procedure will then be to approximate the real system by
the similar system and approximately calculate corrections to
find the corresponding values for the real system. The
approximation method that is most often used is called
perturbation theory.



8.1.1 Rayleigh-Schrodinger Perturbation Theory

Consider the problem of finding the energies (eigenvalues) and
state vectors (eigenvectors) for a system with a Hamiltonian H
that can be written in the form

H=Hy+V (8.1)
where we have already solved the system described by f[o, ie.,
we know that )

Hy|n) =€, |n) (8.2)
with (m |n) = dp,, (remember that the eigenvectors of a
Hermitian operator always form a complete orthonormal set ...
or we can make them so using the Gram-Schmidt process if
degeneracy exists).

We call this solvable system the unperturbed or zero-order
system.

We then assume that the extra term V is a small correction to
Hj (that is what we mean by similar systems).



This says that the real physical system will have a solution
given by
H|N) = B, |N) (8.3)

where the real physical state vectors |N) are only slightly
different from the unperturbed state vectors |n) and the real
physical energies E,, are only slightly different from the
unperturbed energies €,. Mathematically, we can express this
situation by writing the perturbation in the form

vV =gU (8.4)

where ¢ is some small (< 1) constant factor pulled out of the
correction term V' that characterizes its strength (or effect on
the system described by Hp) of the perturbation.

As g — 0, each eigenvector |N) of H must approach the
corresponding eigenvector |n) of Hy and each energy eigenvalue
E,, of H must approach the corresponding energy eigenvalue ¢,
of Ho.



We can guarantee that this property is true by assuming that
power series expansions in the small parameter g exist for all
physically relevant quantities of the real system, i.e.,

I:I:I:Io—i-‘}:fff()—i-gﬁ (8.5)
IN) = \n)+g‘N(l)>+gz‘N(2)>+... (8.6)
E,=en+gEY +¢?E® 1 .. (8.7)

where the terms ’N (i)> and Er(f) are called the i*"-order
correction to the unperturbed or zero-order solution. This is a
major assumption, that we cannot, in general, prove is true a
priori, i.e., we cannot prove that the power series converge and
therefore make sense.

The usual normalization condition we might impose would be
(N|N) = 1. Since the results of any calculation are
independent of the choice of normalization (remember the
expectation value and density operator definitions all include
the norm in the denominator), we choose instead to use the
normalization condition



(n|Ny=1 (8.8)

which will greatly simplify our derivations and subsequent
calculations.

Substituting the power series expansion into the normalization
condition we get

n|Ny=1= <n!n)+g<n ’ N(1)>+92<n ‘ N(2)>+... (8.9)
But since we already have assumed that (n|n) = 1, we must

have
0=g(n|NW)+g?(n

Now the only way for a power series to be identically zero is for
the coefficient of each power of g to be separately equal to zero.
This gives the result

Nt ... (8.10)

<n(N(i>>:0 L i=1,2,3.4,... (8.11)



as a direct consequence of the normalization condition, i.e., all
corrections to the state vector are orthogonal to the
unperturbed state vector.

We now substitute all of these power series into the original
energy eigenvalue equation for H:

H|N) = E, |N)
(1510 + gU) (\n) +g ’N(1)> +g%+ )N(2)> )

= (sn +9EV + 2EP + ) (Im +g ‘N(1)> +9°+ ’N(2)> )

We now multiply everything out and collect terms in a single
power series in g. We get



0= (I:IO |n) —en ]n>) gO

+ (f]o )N(1)> +Un) — e,

PPt
+ (o [N®) + T WD) — e, | N0
—EW [NED) B ) 6
PPt

Since the power series is equal to zero, the coefficient of each
power of g must be equal to zero. We get (labelling the equation
by the corresponding power of g)

0" —order  Hy|n) = e, |n) (8.12)

which is just our original assumption = unperturbed solution.



kM — order H, ’N(k)> +U ’N(k*1)>

N®Y 4+ B ‘N(k_1)> 4ot E® ‘N(0)>
(8.14)

:gn

where we have used the notation |n) = |[N(©).

Let us consider the 1% — order equation. If we apply the linear
functional (n| we get



(nl Ho |[ND) + (1] O [n) = (n] <,

NW) + (n| B n)  (8.15)

en {n ‘ N+ (0| O |n) = 2 (n ] NDY + BD (n| n) (3.16)
or since <n ‘ N(1)> =0 we get

EWM = (n|U|n) = 1% — order correction to the energy
— diagonal matrix element of U in the |n) (unperturbed) basis
or the expectation value of U in the state |n)

or in the n'" unperturbed state
Therefore, to first order in g we have

E,=¢n+gEY =c,+g(n|U|n)
= e, + (n| V|n) (8.17)

where we have reabsorbed the factor g back into the original
potential energy function.



In the same manner, if we apply the linear functional (n| to the
kth — order equation we get

EW® = (n|U ‘N(k_1)> (8.18)

This says that, if we know the correction to the eigenvector to
order (k — 1), then we can calculate the correction to the energy
eigenvalue to order k (the next order).

Now the k" — order correction to the eigenvector, N(k)> is just
another vector in the space and, hence, we can expand it as a
linear combination of the |n) states (since they are a basis).

’N(’“)> =3 |m) <m ‘ N(k)> (8.19)
mn

The state |n) is not included because (n | N(i)> = 0 by our
choice of normalization.

In order to evaluate this sum, we must find an expression for the
coefficients <m } N(k)>.



This can be done by applying the linear functional (m|, m # n
to the k" — order equation. We get

(m| Hy ‘N(lc)> 1 (m|U ‘N(k—1)>

— (m|en N(’“)> + (m| EW ‘N(k’1)> t ot (m| EW ‘N(O)>
Em <m ‘ N(k)> + (m)| U ‘N(k_1)>
o (m | NO) 4+ ED (m | NCDY 4 BE (m | NO)

If we assume that €, # &, (we have nondegenerate levels) we get
(n|21®)
- (0 N0 B (| MDY

— = EP (m ’ N©) (8.20)




This formula allows us to find the k** — order correction to the
eigenvector in terms of lower order corrections to |N) and E,, as
long as |n) corresponds to a nondegenerate level.

To see how this works, we will calculate the corrections to

second order.

For first order,

(n] )

which gives

)= 5 i 59 = 3

we let £k =1 and get

-t (0 o) -0 )

=L (IO )~ B (m | m)

En —Em

1 .
= (mlU) (8.21)

_gm



Therefore, to first order in g we have

IN) = ) +g [NO) = n)+ 3 [m)

m#n

1

En —Em

(m|V |n) (8.23)

We then use NV to calculate ET(IQ)7 the second order correction

to the energy, using

1

E® — ‘ COANY 5
P =0 |NO) = 0| 3 m) ———— {m| T|n)
m#n
N 2
(] T [m)
m#n n m
Therefore, to second order in g we have
E,=¢n+gEY + g*EP
v W Y ’m>’ 8.25
=en+(n|Vin)+ > P— (8.25)

m#n



We then obtain the second order correction to the state vector
in the same way.

(] 9 =2 (0 ) 0 )
£ 9)
= (mlD (ng - <mn>)
n m kAn n k
- ) ——— {m| T |n)
| O 1K) (<0} (ol O ) ] U )
- gl (en —em)(En —er) (En — €m)?

(8.26)



Therefore,

m| U|k: k:] U |n) n]U\n (m| U |n)
R
(8.27)

and so on.
An Example

We will now do an example where we know the exact answer so
that we can compare it to the perturbation results.

We consider a 1-dimensional system represented by a perturbed
harmonic oscillator where

H=Hy+V (8.28)

with



N 1

Ho = hw(a™a + 5) — harmonic oscillator (8.29)
N 1

Hy|n) =€, |n) = hw(n + 5) |n) (8.30)

In standard operator notation
~9
. 1
Hy = QPTn + §kx2 .k =mw? (8.31)

We now perturb the system with the potential energy term

.1
Vzik’:cQ , kT <<k (8.32)

Therefore,
7o P Lk + ka2 8.33
H=2+= .
oy Tk T k) (8.33)

We still have a harmonic oscillator (with a changed spring
constant). This says that the new energies are given by



E,=ho(n+ Z) (8.34)

vk R [ R [ R
W= =\ 1+k—w 1+k (8.35)

Therefore, the exact energies for the perturbed system are

where

!/

1 k 1

For k' < k, we can expand this as

1 1k 1 [/k"\?
E, = 1+ (= .
hw(n+2)<—|—2k 8<k) + ) (8.37)

which should correspond to the perturbation calculated energy
calculated to 27¢ order in perturbation theory. We now do the
perturbation calculation.



Our earlier derivation gives

A [l V)
E,=¢en+ n|Vin)+
€n — €m
m#n
1 N
IN) = o+ 3 ) ———— (] V' |n)
mn n m
where ) L
o Tt 2 _ - ~+\2
V—2k‘ 4mw(a—|—a )

We need to calculate this matrix element

(8.38)

(8.39)

(8.40)



- 1k'h .
o Vo) = S5 ) 4 )2
1k'n 2 an A a
= (m|a? +aa™ +ata+ (a7)%|n)

_ igjm (Valn =1)In—2) + (n+ 1) |n)
tnln)+ /i D(n+2) o +2))
- ( n(n —1)0mmn_2+ (204 1)dm.n
+/(n+ D) (n+ 2)5m,n+2) (841)
where we have used

(m|aln) =vn{m|n—1) = Vnémn-1 (8.42)
(mlat|n) =vn+1(m|n+1) =vVn+ 10mni (8.43)



Therefore,

4 2’ \2k
and
‘<n|f/\m>‘2 k'R 2 n(n—l) (n+1)(n+2)
m¢nwz<4m> [ 2w (—2hw) ]

1\ [1/E"\?
- 5 1s 3 A4
hw(n+2> 8<k)] (8.45)
which then gives

1 1]€/ 1 k/ 2
- 5 —— == |- 4
E, hw(n+2)<1~l—2k 8<k> + ) (8.46)

in agreement with the exact result (to 2"? order).



To calculate the new state vector to first order we need

%ME —
1k’h\/ P 1k’h\/n+ (n+2) P

T dmw 2hw 4 mw (— 2hw)

(m| V" |n)

(8.47)

which gives

1k'h 1k'h/(n+1)(n+2)
Ny =y MRV D), gy RVt

4mw 4mw

(8 48)
What does the new ground state wave function look like? We

have
N =0 =) - 22 ) (5.49)

and



(@ N=0)=({z|0)— o (z]2) (8.50)
1k'h V2
Uvoofa) = to(e) — S ER V2 ) .51)
Now we found earlier that
1/4 mwz?
(0] 0) =vo(e) = (T5) e (8.42)

and

mw)1/4( mw o

(]2) = ao) = (4o

which gives




Since we are only changing the spring constant we should have

J 1/4 mizzQ 1/4 / 1/8 Mux2 /
wN:O(J?) = (”lh> e_ 2h = (mw> (1 + k) 6_ % \/@
T

h k

(”L;’)”“ (1 N k) s (1)
s
/ /
= (o) () ()
7T
mw\ /4 _ mws? k" mwk’
= (ﬁ) e~ "5 <1+8k— gt :c2> (8.55)

which agrees with the perturbation result to this order.

The perturbation theory we have developed so far breaks down
if there are any states where

En=6m but (m|V|n)#£0 (8.56)

i.e., degenerate states with nonzero matrix elements of the
perturbing potential between them.



8.2 Degenerate Case

We handle this case as follows. Suppose we have a group of k
states

In1) , |n2) , n3) , ..., |ng) (8.57)

that are degenerate states of the unperturbed Hamiltonian Ho,
ie.,

Hy|ng) =en, ng) , i=1,2,3,4,5,...k (8.58)

If (n;|V |n;) # 0 for i # j within this set, the previous
perturbation formulas will fail because the energy denominators
En; —En; — 0.

i

Remember, however, that any linear combination of the
degenerate states

In1) 5 n2) , In3) 5 ...y Ing) (8.59)

is also an eigenstate of Hy with the same energy &y, -



Therefore, if we can choose a different set of basis states (start
off with a new set of zero-order states) within this degenerate
subspace, i.e., choose a new set of k orthogonal states (linear
combinations of the old set of degenerate states)

k
|na> = Z Coi |nz> (860)
=1

such that we have
(na| V |ng) = 0 for a # 8 (8.61)
then we can use the perturbation formulas as derived earlier.

This procedure will work because the terms with zero
denominators will have zero numerators and if one looks at the
derivation, this means that these terms do not even appear in
the final results, i.e., the zero numerators take effect before the
zero denominators appear.



This condition says that the correct choice of zero-order states
within the degenerate subspace (the set of degenerate vectors) for
doing degenerate perturbation theory is that set which
diagonalizes the matrix representation of V within each group of
degenerate states.

The problem of diagonalizing V within a group of k states

[n1) 5 In2) 5 In3) 5 ooy ) (8.62)

that of finding the eigenvectors and eigenvalues of the k x k
matrix

(ni|VIna) (m|Ving) - (ma|V|ng)

(na| V" |na) (8.63)

(| V |} : - (gl V)



We now show that if the coefficients C,; of the new zero-order
states are just the components of the eigenvectors of this
matrix, then it will be diagonalized in the degenerate subspace.

Suppose that we represent the eigenvector by the column vector

Cod
nay = | ©o2 (8.64)

Cak

then the statement that |n,) is an eigenvector of the k x k
submatrix of V with eigenvalues that we write as Ega)

equivalent to writing

is

Vng) = EWY [ng) (8.65)

or



(n1|Vn1) (na|Vina) - (ma|V|ng)\ [Ca Coa1

<TL2’ V ‘TL1> . . . Ca2 _ E,ELI) Ca
(| V) : - (el Vi) \Can Cok
(8.66)
or finally
Z (n;|V |ni) Cai = B Cu (8.67)

i

All of these calculations take place within the k-dimensional
degenerate subspace. We will assume that the eigenvectors are
normalized, which implies that

S [Cail* =1 (8.68)

i.e., vectors are normalized to one.



Now consider another of the new vectors given by

k
Ing) = > Cg; Ins) (8.69)

We then have

(ng| = Z Cj; (nj] (8.70)

Applying the linear functional (ng| to the
eigenvector/eigenvalue equation we get

DO (njlCV Cai i) = B ChiCa (8.71)
Jj ot J

Now, since the eigenvectors of any Hermitian matrix are always
a complete orthonormal set (or can always be made so using the
Gram-Schmidt process), the orthonormality of the new vectors
says that



> C5;Cai = (ng | na) = 8sa (8.72)
J

Therefore the vectors
k
|na> = Z Con' |nz> (8.73)
i=1

satisfy

> (il Ch (Z Cai [ni) ) = EWYG,5 (8.74)

J
<n5’ V |na> = Er(il)(saﬂ (875)
This says that the corresponding eigenvalue E,(li) of one of the

new vectors is the first order energy corrections for the state
|No). The states



na) 5 ng) s [ny) 5 e ) (8.76)

are called the new zeroth-order state vectors.

Thus the group of states

In1) , [na) , |n3) 5 ..oy ) (8.77)

in the presence of the perturbation 1% split(rearrange) into the k
states

|n01> ) ‘nﬂ> ; ’n’y> PRI ‘nn> (878)
which are given to first order by
|m) (m| V" |na)
|Na) = [na) + Z I — (8.79)
m#a,f,..,K ™ m

and the energy shift to second order is



Ep. =en, + (na| V |na) + Z
m#a,B,..,k

(8.80)

where

(na| Vna) = BV (8.81)
is an eigenvalue of the V matrix in the degenerate subspace.

An Example

We now consider a 2—dimensional oscillator that is perturbed
by a potential of the form

V = \ig (8.82)

We then have
H=Hy+V (8.83)

where



~2

A pr Py 1o o

Hy="*2+ ">+ -k 8.84
0= 1+ 2L 4 ket i) (5:34)
As we showed earlier, using the a, and a, operators we get

Hy = hw(ay g + a)ay + 1) (8.85)
Ho [Ny ny) = €y oy [Nz ny) = hw(ng + ny + 1) [ng,ny)  (8.86)
degeneracy =mn, +ny, +1 (8.87)

and
V= Ay (i + af)(ay +a)) (8.88)

The unperturbed ground-state is |0,0) with g9 = Aw. It is a
nondegenerate level, so we can apply the standard perturbation
theory to get

: [(m,nI 710,0)
Ey=eo0+(0,01V[0,0) + Y +——

m#0
n#0

(8.89)

€0,0 — €m,n



Now

- M
(0,01V10,0) = 5——(0,0] (4 + a5 ) (@ + @) [0,0) = 0 (8.90)
and
’ Ah . 7 -t

(m,n|V]0,0) = Dy (m,n| (az + ay )(a, + a, ) 10,0)
Y At act Y
T (m,n|a,a, |0,0) e (m,n|1,1)

M

- %5m,15n,1 (891)

Thus, the correction to first order is zero. Calculating to second
order we get

A \? 1 A2
Bo=hw—|22) — —hw(1- -2 92
0= fw <2mw> 2hw hw( 8m2w4> (8.92)



The next unperturbed level is 2—fold degenerate, i.e.,

nw:0,ny:1—>5071:2hw
nle,ny:0—>5170:2ﬁw

For ease of notation we will sometimes denote
|1,0) = |a) and |0,1) = |b) (8.93)
We now use degenerate perturbation theory.

The procedure is to evaluate the V matrix in the 2 x 2
degenerate subspace, diagonalize it and obtain the first order
corrections.

The 2 x 2 matrix is

(Ve Va \_ [ (alV]a) {alV[b)
V‘(vzm vzb> (<bWa> <b|vwb>> (8.94)



Now

Voo = (1,0[V[1,0) = 0= (0,1| V ]0,1) = Vi (8.95)
A ) Ah o
Vab = Voo = <170’ Vv |Oa 1> = % <170| a;_ay |0’ 1>
_ b (8.96)
2mw

Therefore the 2 x 2 submatrix is

Ao (01
V—%M(lo) (8.97)

This is simple to diagonalize. We get these results

1 1 1 A
N — = — i = _
‘a > = 2(\@) +1b)) 7 ( 1 > — eigenvalue —1—2 "

(8.98)

/ 1 1 1 . A
‘b ) =—=(la) — b)) = 7 ( 1 > — eigenvalue = o
(8.99)

[\



|a’) and |b') are the new zeroth order state vectors (eigenvectors
of the 2 x 2 submatrix) and

A\
+— 8.100
2mw ( )

are the corresponding first order energy corrections.

Thus, the 2—fold degenerate level splits into two nondegenerate
levels as shown in the figure below.

PR e 2mw

Figure: Splitting of a degenerate Level

where



AR

Ey =2hw — — 8.101
a 5 (8.101)
AR
By = 2hw + (8.102)
2mw
s AR
AFE = levelsplitting = — (8.103)
mw

Another Example

Now let us consider a system of two spin—1/2 particles in a
magnetic field. We also assume that there exists a direct
spin-spin interaction so that the Hamiltonian takes the form

I — (aﬁl,op " ﬁS},OP) B +7510p - S0 (8.104)

If we choose B = B2 and v > a, B, then we can write



H=Hy+V (8.105)
ﬁO = 7§1,op : §2,op (8.106)
V = aBSy. + 8BS,. (8.107)

We define
§0p = §1,0p + 5"2,(,}, = total spin angular momentum  (8.108)
and then we have

ggp = §Op : gop - (gl,Op + »5_;2701)) . (§1,op + 5;270;0)
= g%,op + §22,op + 25;1@? ’ 5270p

39: 35 2 2

= Zh% - thl + 251 op - S2.0p (8.109)

or
. R - 3 ..
Ho =51 0p S2.0p = % <§3p — 2h21> (8.110)



Our earlier discussion of the addition of angular momentum says
that when we add two spin—1/2 angular momenta we get the
resultant total angular momentum values 0 and 1, i.e.,

1
®5=0@1 (8.111)

DN |

Each separate spin—1/2 system has the eigenvectors/eigenvalues
—’2 3 = h
ST op 1 E) = Zh‘i> , S |E) = i§ |£) (8.112)
The corresponding direct-product states are
[+4) =) =) =) (8.113)
where the symbols mean
[+=) =1+ [=)2 (8.114)

and so on.



The total angular momentum states are (we derived them
earlier) labeled as |s,m) where

a2 2
Sop |8,m) = h*s(s + 1) |s,m) (8.115)
S, |s,m) = (S12 + Sa2) |s,m) = £mhi|s,m) (8.116)

They are given in terms of the direct product states by

11,1) = [++) = [1) (8.117)
1 1

1,0) =)+ 5 l=H =12 (8.118)

L=1)=]-=)=18) (8.119)
1 1

0,0) = Z51H-) - 5= =14 (8.120)

The total angular momentum states are eigenstates of Hy and
we use them as the unperturbed or zero-order states.



. h2
Hol1,1) = 77 11,1) =& [1,1)

. h2
Hy|1,0) = WT 11,0) = £2]1,0)

. k2

Hol1,—1) = - [1,-1) = 5 [1,-1)
3vh?

13 [0,0) = — =7 10,0) = £4]0.0)

We thus have one nondegenerate level and one 3—fold
degenerate level. Now using

V = aBS&Z + ,BBSQZ

we do perturbation theory on these levels.

(8.121)
(8.122)
(8.123)

(8.124)

(8.125)



Nondegenerate Level

First order:

EM = 4|V 4)

— (\2<+_|+\}§<_+|> (aBSy. + SBS,.) <\}§|+ ) — \fl— >>
=0



Second order:

DY

m#4

‘<++] aBS,, + BBS,, (% [+-) - % ‘_+>> ’2

€4 — Em

€4 — &1

+

‘(Jﬂ* [+ (- +|) aBS,. + SBS,. (%H—)—%'_H)‘

2

Eq4 —E2
’<——| aBS1. + 8BSy (5 14+-) - J51-+)) ‘2

€4 — €3

+




EY

(G5 -1+ s () aBSis + 8BS (5 1+-) - 35 1-+)|

Eq4 — &2
B*(a—p)°
Y

Therefore the energy to second order for the non-degenerate
level is

3vh? B B?(a — j3)?
4 gl

Ey=es+ BV +BY = - (8.126)



Degenerate Level

In this case, the 3 x 3 degenerate submatrix of V is

AT @V ) 1o 0

ey @ve eve | =" 00 o

BVIY BV @V s) o)
1

which is already diagonal. Since the diagonal elements are the
first order energy corrections, we have (to first order)

:LfiQ+(a+ﬁ)hB

E 8.128

=1 et (5,129
h?

By = VT (8.129)
2 LB

[N L G ) (8.130)



Exact Solution

We can, in fact, solve this problem exactly and compare it to
the perturbation result. We do this by choosing a new basis set
(arbitrary choice made to simplify calculations) and rewriting H
in terms of operators appropriate to the basis choice(that is
what is meant by simplify calculations).

We then use the new basis to construct the 4 x 4 H matrix and
then diagonalize the matrix. This method always works for a
system with a small number of states.

Choose the direct product states as a basis

[+ =1, =12, =+ =8, [-=) =4 (8131



Write H as (choose operators appropriate(easy to calculate) to
the basis or the HOME space)

H = aBS,, + 8BSy, + (SleQZ + 81,59, + §1y32y>

N ~ A A 1 /- N N ~
= aBS1, + BSa, +7 <51z52,z + 5 (51+527 + 5152+)>

(8.132)
Construct the 4 x 4 H matrix
AL (U2 (1H[3) (7]4)
@UAN) (22 (IH[3) (27]4) .13
(LA (3[H2) (3H[3) (3 ]4)
(4[H[1) 4[HI[2) @4lH[3) (4[H[4)

using



S, |+) = j:g |+) (8.134)

Syl+)=0=5_|-) (8.135)
Sy|=)=h|+) and S_ |+) = h|-) (8.136)
We get
BT%B) 0 0 0
0 Bfi(ﬁﬁ) w2 0
0 0 o Eers)

il
+4



Diagonalizing to get the eigenvalues we find the exact energies

12 n
B = L4 +Bh(a+p) , Ex= 74 +5 \/ ht +4B2h* (o — f)?
K1 n?
o _—74 — 5\/’y2714+4B2712(04—5)2 , Ba= 74 — Bh(a+ )

To compare to the perturbation calculation we let B — 0 and
we get the approximation

h2 h2 B2 o 2
Ey = 7TJrBh(our,é’) ; E2=74+(O‘75)
3vh?  B?*(a — B)? h2

which agrees with the perturbation results.



8.2.1 More Ideas about Perturbation Methods

The main problem with Rayleigh-Schrodinger perturbation
theory (RSPT) is that the form of the higher order terms
becomes increasingly complex and, hence, the series is difficult
to evaluate.

The Brillouin-Wigner Method

This technique allows us to see the higher order structure of the
perturbation series more clearly.

Consider the energy eigenvalue equation
H|N) = E,|N) = (IS{O +gU) IN) (8.137)

Applying the linear functional (m| we get



(m| H|N) = By, {m | N) = (m| Ho|N) + g (m| U|N)
B (m | N) = & (m | N) + g (m| U |N)
(Bu — &) (m | N) = g (m| U |N) (8.138)

We will use the normalization (n|N) =1 once again.

Now since the |m) states are a complete orthonormal basis we
can always write

N)=3 |m) (m|N)=|n) {n| N)+ ) |m)(m|N)

m#n
=[n)+ > _ |m){m|N) (8.139)
m#n
Using the results above (10.139) we get
Y+ > [m) ———— (m| UI|N) (8.140)

— &
m#n m



We now develop a series expansion of |N) in powers of g as
follows:

0th — order :

IN) = [n)

1%t — order : ( substitute 0" — order result for |N) into general
formula (8.140))

)+ D Im) 5 (m| U|n)

€
m#n m

This is not the same result as in RSPT since the full energy FE,
remains in the denominator.



2" _ order : ( substitute 15! — order result for |N) into general
formula (8.140))

+Z!m <m|U [n) +Z|J (71U |n)

m#n j#n €
g
=rn>+Zrm>E I |0 |n)
metn n m
g g
+ Y S ) L ml O 1) - (1T )
mtn j£n n m n j

and so on.

This is a complex power series in g since the full energy E,
remains in the denominator. If we let |m) = |n) in (8.138) we get



Bu(n | N) = e (n | Ny + g (n] U|N) (8.141)
E, =¢e,+g(n|U|N) (8.142)
This can be expanded to give E, as a series in powers of g, i.e.,
substituting the 0" — order approximation for |N) gives the
1% — order approximation for E,, and substituting the

1%t — order approximation for |N) gives the 2"¢ — order
approximation for F,, and so on.

If we substitute the 15¢ — order approximation for |N) we get

=eu+ gm0 [ In)+ > [m)—T— (m| U |n)
m#n n m
N 2
e | m)
=en+gnlUln)+g Z FoR— (8.143)

m#n



which is the second-order energy.

So the BWPT and the RSPT agree at each order of
perturbation theory, as they must. The structure of the
equations, however, is very different.

A simple example shows the very different properties of the two
methods.

Consider the Hamiltonian given by H = Hy+ V where

v~ (e 0 . (1 (0
Hy = ( 0 ) — eigenvectors |1) = < 0 >and|2> = < 1 )
(

and

<
I
VR
Q* o
o Q
N————
—~
i
—_
i
=



The exact energy eigenvalues are obtained by diagonalizing the
H matrix
= ( cLoa ) (8.146)

to get the characteristic equation

e1—F o
det o ey E :| =0=F?— (51 + EQ)E + (5182 — |a|2)
(8.147)
which has solutions
1 1
_ - - _ 2 2
Bi = 5(e1+e2) + 51/ (61 — )2 + 4ol (8.148)
1 1
By =5 (e1 +e2) = 51/ (e1 — €2)? + 4 af* (8.149)

In the degenerate limit, €1 = €2 = €, we have the exact solutions

Ey=c+|a] and Ey = ¢ — | (8.150)



Now, BWPT gives
E, =en+ (n|V|N)

A [ V7 [m)|
=en+ (n|Vin) + (8.151)
n — Em
m#n
or
E 1V |1 ’<2I‘7!1>’ [of 8.152
1 =en+ (1] |>+T—€27€1+E17—€2 (8.152)
Rearranging we get
E? —(e1+2)F1 + (e162 — |a*) =0 (8.153)

which is the same eigenvalue equation as the exact solution. In
the degenerate limit, €; = €2 = ¢, we have

Ei =¢e¢+|¢f (8.154)

or BWPT gives the exact answer for this simple system, even in
the degenerate case.



On the other hand, RSPT gives to second-order

o

Ey=¢e 4 (1| V1) + (8.155)

€1 — &2

This is equivalent to the exact formula to second order only!

In the degenerate limit we get nonsense since the denominator
vanishes. As we saw earlier, RSPT requires an entirely different
procedure in the degenerate case.

Notice that RSPT is in trouble even if €1 &~ €9 which implies

that )
o

is very large (8.156)
1 — €9

and thus, that the perturbation expansion makes no sense(the

terms are supposed to get smaller!). A clever trick for handling

these almost degenerate cases using RSPT goes as follows.



Almost Degenerate Perturbation Theory

Given H = Hy+V, suppose, as in the last example, we have two
states |n) and |m) of the unperturbed (zero order) Hamiltonian
Hj that have energies that are approximately equal.

This is a troublesome situation for RSPT because it is an
expansion that includes increasing numbers of
1
En —Em

(8.157)

terms. This implies that successive terms in the perturbation
series might decrease slowly or not at all.

To develop a more rapidly converging perturbation expansion
we rearrange the calculation as follows. We use the definition of
the identity operator in terms of projection operators to write

A_ff/f_z; G|V 15) G (8.158)



We then break up V into two parts
V=Vi+V (8.159)
where we separate out the m and n terms into 1
Vi = |m) (m| V [m) {m| + [m) {m| V |n) (n]
+[n) (n| V lm) (m| + |n) (n| V" |n) (n] (8.160)
and 09 = the rest of the terms. We then write
H=Ho+V=Ho+Vi+Va=H)+ Vs (8.161)

This new procedure then finds exact eigenvectors/eigenvalues of
HY, and treats 02 by ordinary perturbation theory.

Since the basis is orthonormal, we have from the definition of

0o, i.e.,

Vo= > [l V1) (il (8.162)
i,j;ﬁm,n

which gives



0= (n|Va|n) = (n| Valm) = (m| Va|n) = (m| Va|m) ~(8.163)

Thus, the closeness of the levels €, and &, will not prevent us
from applying standard perturbation theory to 09, i.e., the
numerators of terms with very small energy denominators,
which might cause the series to diverge, all vanish identically!

Now if |i) is an eigenvector of Hy (not |m) or |n)), then it is also
an eigenvector of H|, since, by the orthonormality condition,

Vili) =0 (8.164)
Neither |m) nor |n) is an eigenvector of Hj) however.

Now, the Hy matrix is diagonal since we are using its
eigenvectors as a basis. The H{) matrix is diagonal also except
for the 2 x 2 submatrix



(| By lm) (] 2} n)
( (n] Hym)  (n] 5} |n) > (8.165)

Therefore, we can finish the solution of the problem of I:I(') by
diagonalizing this 2 x 2 matrix.

Diagonalizing the 2 x 2 matrix is equivalent to finding the linear
combinations (or new zero order eigenvectors)

aln) + B|m) (8.166)
that diagonalize the 2 x 2 matrix.

We must have

1 (|} + Blm)) = (Ho+ Vi) (e |n) + Blm)) = B ([n) + B |m))
(8.167)
Now



Hy|n) = Hon) + Vi In)
= &n [n) + |m) (m| V' [m) (m | n) + [m) (m| V' |n) (n | n)
+ In) (] ¥ [m) (m | n) + |n} (| V |} (| m)
= eu |n) + |m) (m| V' n) + [n) (n] V' n)
= (0 + (I V' [0)) In) + [m) (m| V )
= B [n) + (m| V [n) [m) (8.168)
and similarly
Hym) = B [m) + (n] V [m) |n) (8.169)
Therefore, we get
o (ED n) + (ml V |nh [m) ) + 8 (S [m) + (n] V |m) 1n))
—E'(aln) + Blm))  (8.170)

Since the state vectors |m) and |n) are orthogonal, we must
then have



EWNa+ (n|V|m)B=E'a (8.171)
(m|Vin)a+EVg=E'S (8.172)
These equations have two solutions, namely,

o= (n|V|m) (8.173)

_BY-ED | (B - B
By = 5 5

2 2
) + ‘<n| f/|m>\ (8.174)

which then give the results

B + BD | (Eé? - B
2 2

2
Ey— ) +‘<n|f/|m>‘2 (8.175)

We then know all the eigenvectors/eigenvalues of I;T(’) (we know
all of the unperturbed states) and we can deal with V5 by
perturbation theory.

Finally, let us introduce another interesting idea.



Fake Degenerate Perturbation Theory

Consider the problem of finding the energy elgenvalues and
state vectors for a system with a Hamiltonian H=Hy+V
where we know the solution to the zero-order system

Hy |n) = ey |n) (8.176)
We will assume that the unperturbed states are nondegenerate.

Now define 1
Eaverage = FEo = ﬁ Zgn (8177)
n

and redefine X o
H=F,I+U (8.178)

where

U=Hy— EgWl+V (8.179)



If the energies associated with U are small corrections to E.,,
then we can use degenerate perturbation theory to solve this
problem, i.e., the new unperturbed Hamiltonian is

H) = E,,1 (8.180)
and all of its levels are degenerate in zero order.

The problem is then solved by diagonalizing the U matrix in the
basis of H( states.

8.2.2 Thoughts on Degeneracy and Position
Representation

When we derived the energy spectrum of the hydrogen atom we
found that the states were labeled by three quantum numbers

|Y) = [ndm) (8.181)



where

n = the radial quantum number
£ = orbital angular momentum quantum number

m = z — component of orbital angular momentum quantum number

and we found that

£=0,1,2,......,n — 1 for a given value of n

m=—0,—0+1,.... £ —1,¢ for a given value of ¢

The energy eigenvalues, however, did not depend on ¢ or m. We

found that
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Therefore, each energy level had a degeneracy given by

n—1 £ n—1
- 21 > @e+1) _2Z£+Z1
=0 m=— =0 =0
_onn=l) 1) tn=n (8.183)

The degeneracy with respect to m is understandable since no
direction is explicitly preferred in the Hamiltonian. We expect
that this degeneracy will disappear as soon as a preferred
direction is added to the Hamiltonian, as in the case of external
electric(Stark effect) or magnetic(Zeeman effect) fields.

The degeneracy with respect to £ is a property peculiar to the
pure 1/r Coulomb potential. Since no other atom except
hydrogen has a pure Coulomb potential, we expect this
degeneracy to vanish in other atoms.



Such a degeneracy is called an accidental degeneracy.

Now the electron and proton making up the hydrogen atom also
have spin angular momentum. The presence of these
extra(internal) degrees of freedom should change the
Hamiltonian.

The Schrodinger equation was derived from the eigenvalue
equation for the Hamiltonian

H|¢) = E[y) (8.184)

by re-expressing that equation in the position representation.
The associated Schrodinger wave functions were given by the
scalar product(linear functional) relation

() = (7| ¥) (8.185)



The single particle Schrodinger equation is relevant for problems
where the Hamiltonian contains terms dependent on ordinary
3—dimensional space(for many-particle systems we must use a
multi-dimensional configuration space which bears no simple
relationship to ordinary three-dimensional space). Spin is an
internal degree of freedom that has no representation in the
3—dimensional space of the Schrodinger wave equation.

The Schrodinger picture, however, does not choose a particular
representation and, therefore, we can include spin within the
context of solving the Schrodinger equation in the following ad
hoc manner. A more rigorous treatment requires relativity.

If there are spin-dependent terms in the Hamiltonian, then we
expand the Hilbert space used to solved the problem by
constructing a new basis that is made up of direct product
states of the following type



|wnew> = |77Z}> & |57ms> (8186)

where [¢)) depends on only ordinary 3—dimensional space and
|s,ms) is an eigenvector of Sgp and S,.

The energy eigenvalue equation becomes
H |$new)
= (((3-space operators)) |¢)) @ (((spin-dependent operators)) |s, ms))
and the corresponding wave function is
(7| Ynew) = (7 [ 9) [s,ms) = P(7) [5,ms) (8.187)

where abstract spin vector is stuck onto the wave function in
some way (maybe with superglue).

Let us now investigate what happens in atoms when we add in
spin, some aspects of relativity and external fields. We restrict
our attention to one-electron atoms like hydrogen at this point.



8.3 Spin-Orbit Interaction - Fine Structure

The proton in hydrogen generates an electric field
s e e

=== =T
r2 3

(8.188)
that acts on the moving electron. This result is approximately
true (to first order) in most atoms. Now special relativity says
that an electron moving with a velocity ¥ through an electric
field £ also behaves as if it is interacting with a magnetic field
given by

Bo-

Q=

TxE (8.189)
to first order in v/ec.
This magnetic field interacts with the spin (actually with its

associated magnetic moment) to produce an additional
contribution to the energy of the form

E=—Mn-B (8.190)

where



Mspin = _%g (8191)

Substituting everything in we get

et (ox8) = (7 )
1

[

e
= - L— 8.192
m2c? r ( )
Now
> 1dv °
A Vir)= - potential energy of the electron
r3 rdr r
(8.193)

so that we finally obtain the so-called spin-orbit energy
contribution

1 1dV| = 7
b= |:m202 r d’l“:| S - - Spin—orbit = Eso (8.194)



This corresponds to an additional term in the Hamiltonian of
the form

A 1 14dV]| = =

HSO - |:’)’nzc?rdr:| SO . Lop (8195)
This term couples the orbital and spin angular momentum
degrees of freedom (hence the label spin-orbit energy) and mixes
3—dimensional space with spin space. That is why we had to

expand the Hilbert space as we discussed earlier.

Another way to think about this interaction is that the electron
spin magnetic moment vector (or spin vector) is precessing
about the direction of the magnetic field. The equations for
such a precessional motion are

. I FS - _
Mspin X B = % = QL(armor) x S (8196)
where B
‘QL‘ - (8.197)



Now

- 1 - 1 14V -
=——UxE= —-——1°L 8.198
e emc?r dr ( )
which implies that
- 1 14V |-
G| = —5- | 8.199
‘ L™ meer dr ( )

It turns out that this is exactly a factor of 2 too large. There is
another relativistic effect, which gives another precession (called
Thomas precession) effect, that cancels exactly one-half of this
spin-orbit effect.

8.3.1 Thomas Precession

This is a relativistic kinematic effect. It results from the time
dilation between the rest frames of the electron and the proton.
This causes observers in these two frames to disagree on the
time required for one of the particles to a make a complete
revolution about the other particle.



If an observer on the electron measures a time interval T', then
the observer on the proton measures

1
T' =~T where y = ———— | v = speed of the electron

2
-
(8.200)
We assume uniform circular motion for simplicity.

The orbital angular velocities measured by the observers are

2 2
% and Tl, (8.201)

respectively.

In the rest frame of the electron, the spin angular momentum
vector maintains its direction in space. This implies that an
observer on the proton sees this spin vector precessing at a rate
equal to the difference of the two angular velocities, i.e., the
precessional frequency is



2r 27 2m (T’
QThO’rnas::T,/<1>

T T/ T
2 1
= F = 1
-2
2 2
T—W (”2) (8.202)
But we also have
L 2
2 muv dVv
F = w = 7712 and , = _% (8203)
for circular motion.
Thus, we get
o 1 1 14dV 1)~
QT‘ T o2m2e2r dr L= 2 ‘QL‘ (8.204)




Therefore, the combined precession is reduced by a factor of two
and we get the result

- 1 14dV] 5 =

HSO = |:27’n2027"d7‘:| Sop . Lop (8205)
The energy levels arising from this correction are called the
atomic fine structure.

8.4 Another Relativity Correction
The correct relativistic kinetic energy term is

1
K=(y-1)meé = =1 mc?
_ 2

c2

102 10* 5
= <<1+262—8C4+...> —1>mc

102 10! Z 2




Therefore, we must correct the ;E?,p /2m we have already included

in the Hamiltonian by adding a terms of the form

~ Pop
Hrelativity = _8m3c2

(8.207)

Thus, if no external field are present we have the Hamiltonian

E[ = I:IO + f{relativity + ﬂso

where

_4
I;[relativity = - Pop
8m3c?
- 1 1dV| & 7
= [ } 5,

2m2c2 r dr

(8.208)

(8.209)

(8.210)

(8.211)



8.5 External Fields - Zeeman and Stark Effects;
Hyperfine Structure

8.5.1 Zeeman Effect

If an external magnetic field exists, then it interacts with the
total magnetic moment of the electron, where

- - . e - —
Mtotal = Morbital + Mspin = _T (QEL + gsS> (8212)
mc
as we derived earlier. If we define

h
up = Bohr magneton = o (8.213)
me

and let Beg = B2z, then we have, using g, = 1 and g, = 2, the
result

Ezeeman = —Miotar - gezt = 7(Lz + 2Sz) (8214)



Thus, we must add a term of the form

A B . N
Hzeeman = MBT(LZ + QSz) (8215)

to the Hamiltonian when an external magnetic field is present.

We can see directly how the orbital angular momentum part of
this energy arises. We saw earlier that if we had a Hamiltonian

pop

Hy = o V(o) (8.216)
and we add an electromagnetic field characterized by a vector
potential A, where B = V x A, then the momentum operator

changes to

Fom =P — —A(F) (8.217)

O\@

and the Hamiltonian changes to



2m 2m Top)
— —L@ CA(Fp) + AFop) - P )+62A2(f )
0 2me op op op op 27’)’LC2 op

(8.218)

The magnetic field has to be enormous or the radial quantum
number n very large for the A% term to have any effect, so we
will neglect it for now. Let us look at the term

ﬁop ’ A'(’FO;D) + E(Fop) 'ﬁop (8.219)

For a uniform (constant in magnitude and direction) external
field B, we have

. 1 .

A= —§F>< B (8.220)

I will prove this so we get a chance to see the use of €, in
vector algebra.



Vxﬁz—%Vx<Fx§) Zfzak ('pr) €;

ijk
Zgz]k (Z EkmnTm n) €i
mk
= ——= Z Z (Z 52]k£mnk> ( mB ) €i
ij mn
0
= —— ZZ 6zm53n — 6m(5]m)8 - ( Tm, n) éz
ij mn
1 0 . 0 .
= —5 |:81'J (szj) €; — 871'] ($]Bz) €i:|

1 ox; 0B; 0Oux; 0B;
S ' B. —L — B g 6
Z |: - Tt 8.%']' 8a;j I'] 8.%'j:|e



Now

—— = ¢;; and =0 8.221
6:@ g an a$j ( )
so we get

- 1 .
VxA= —5 Z [(5”.8] — 5jjBi]6i

)

> Bié;—3) _ Bié

—

11> _
- B—3B]:B
2[

1
2

Therefore, we have

T e\ = Lr, " 3 " AN
DPop - A(Top) + A<T0p) *Pop = _5 [pop : <7'0p X B) + (Top X B) : pop}
1 RO 1 A
=5 > kB lpid; + &pi | = —3 > eiji B [225p; — ihdi;)
ijk ijk
= enjiipiBi = (Fop X Fop) - B = Lop - B (8.222)

ijk



which then gives
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A% (7)) (8.223)

N N e - =
H=Hy——VL, B

07 ome P + 2mc?
which accounts for the orbital angular momentum part of the
Zeeman energy.

The spin angular momentum part of the Zeeman energy cannot
be derived from the non-relativistic Schrodinger equation.
When one derives the Dirac relativistic equation for the
electron, the §Op - B term appears naturally.

8.5.2 Stark Effect

If a hydrogen atom is placed in an external electric field & which
is constant is space and time (uniform and static), then an
additional energy appears. It corresponds to an interaction
between and electric dipole made up of the electron and proton
separated by a distance and the external electric field. We
introduce the electric dipole moment operator



—

op = —€Tnp (8.224)

where 7 is the position vector of the electron relative to the
proton. We then write the extra energy term as

Hipote = —dop - € (8.225)

If we choose & = £%, then we have I:[dipole = —ez€. The full
Hamiltonian is then

}AI = ﬁO + F[relativity + f[so + I:—’Zeemtm + I:Idz‘pole (8~226)

where

9

A 1

Hy = Pop _ g2 ( ) (8.227)
2m 7/ op

. 28

Hrelativity = _ﬁ (8228)

A 1 14dV] 5= =

HSO — |:27’n262'r‘dr:| Sop . Lop (8229)

fIZeeman = M?B(Eop + 2§op) : E (8230)



Hipote = —€Fop - € (8.231)
8.5.3 Hyperfine Structure

The nuclear magnetic dipole moment also generates a magnetic
field. If we assume that it is a point dipole M, then the
magnetic field is given by

3(Mv7) 7 iy s
N T -
- | ) (8.232)

B(r) =

where the first two terms are the standard result of the magnetic
field due to a loop of current as seen from very far away
(approximates dipole as a point) and the last term is peculiar to
a point dipole. The last term will give a contribution only for
spherically symmetric states (¢ = 0). The extra energy is then



thperfine = *Me -B

3(MN.F)<J\ZIE.F> Ny - N 8 -

B rd r3 ?MN + Meo(r)
(8.233)
where
- Ze — — e =
My = gn QmNCSN’Op and M, = %Se,op (8234)

This is clearly due to spin-spin interactions between the electron
and the nucleus and gives rise to the so-called hyperfine level
splitting.



8.6 Examples

Now that we have identified all of the relevant corrections to the
Hamiltonian for atoms, let us illustrate the procedures for
calculation of the new energy levels via perturbation theory. We
look at the simplest atom first.

8.6.1 Spin-Orbit, Relativity, Zeeman Effect in Hydrogen
Atom

The Hamiltonian is
FI = FIO + ﬁrelativity + ﬁso + FIZeeman (8235)

where



=~

. 2 1

Ay =Tor _ 2 <) (8.236)
2m 7/ op

2 p

Hrelativity = _877170562 (8237)
- 1 1dv| 5 -

Hgo = [2m2c2rdr] Sop * Lop (8.238)
3 KB

Hzeeman = 7 ( op T 2Sop) (8239)

The first step is to calculate all relevant commutators so that we
can find those operators that have a common eigenbasis.

[JOP,HO} —0= [jz,ﬁo} - [Lop, } [sgp, } (8.240)

[Eg §§} —0= [Lgp,ﬁp} [sgp,ﬁp} (8.241)
(. J| =0= 12, 0.] = |82, /] (8.242)



This says that there exists a common set of eigenvectors in the
unperturbed system for the set of operators

Ho, J2, L2, 52, . (8.243)
We label these states by the corresponding eigenvalues of the
commuting set of observables (these are called good quantum
numbers)

In, £, s, j,mj) (8.244)

We also have
[SZ,ISIO] —0= [ﬁz,ﬁo - [Egp,ﬁo} — [ﬁgp,ﬁo} (8.245)
(22,82 =0=[r2,8.] = [82,8.] = [£3, L.] = [&2,, L.]
(8.246)

which says that there exists another common set of eigenvectors
in the unperturbed system for the operators



Hy, 2,52 L., S, (8.247)

op’ ~op>
We label these states by the corresponding eigenvalues of this
commuting set of observables (again these are called good
quantum numbers)
In, £, s,mg,mg) (8.248)

In this latter basis, the unperturbed or zero-order Hamiltonian
has solutions represented by

I:IO |n7€7m£757m8> = E7(10) |n7€7m€787m8> ) E(O) =

Ze = nucleus charge (Z =1 for hydrogen )
h2

ag = Bohr radius = —

me

wnémesms (7", 97 (b) = <7?| (’nlm€5m8>) = <ﬂ (‘nlm€> ‘Sm8>)
= <7?| nlm£> ‘Sms> = ¢n£mg (7", 0, ¢) |5ms>



and first few unperturbed wave functions are

1 (Z\*? 2
Y100(r, 0, ¢) = NG <ao> e (8.249)
Ya0o(r, 0, ¢) = \/;27 (aZo>3/2 <2 - ij) e % (8.250)
Pa10(r, 0, ¢) = \/?% <QZO>3/2 igeig cos 0 (8.251)
Yo1x1(r, 0, ¢) = \/;47 <CLZ0)3/2 i;qe_z’z“g sin et (8.252)

We also have the relations below for the unperturbed states.



I_;gp In,l,s,j,m;) = h%(f +1)|n,¢,s,5,m;)

SZP In, ¢, s,j,m;) = hQS(S +1)|n, £, s, j,m;)

Top I, €,5,5,my) = hj(G +1) | 6,5, §,my)

jz In, ¢, s,j,m;) = h2mj In,?,s,j,m;)

Egp In, €, s,mg, mg) = R20(0 4 1) |n, £, s, myg, ms)

S_'EP In, €, 5,mg, ms) = h%s(s + 1) |n, £, s, my, ms)

L, |n, 0, s,me, ms) = himyg |n, €, s,mg, ms)

S, |n,€,s,mg, mg) = hmg |n, €, s, mg, my)

J.n, 0, s,me,mg) = (L. + S.) |n, €, s, mg, my)
= h(my + ms) [n, €, s,mg, ms)

= hmj|n,t, s, my, mg)



Since the total angular momentum is given by
Jop = Lop + Sop (8.264)

the rules we developed for the addition of angular momentum
say that

j=l+4s0+s—1, .. |l—s+1,]0—s| (8.265)

and
m;=7,7—1,7—2,...... ,—j+1,—j (8.266)

In the case of hydrogen, where s = 1/2, we have only two
allowed total j values for each ¢ value, namely,

1
j=tEy (8.267)

We can use either of the two sets of basis states (both are an
orthonormal basis)

In, ¢, s,j,m;) or |nlmgsmsg) (8.268)



as the zero-order states for a perturbation theory development
of the energies. The choice depends on the specific
perturbations we are trying to calculate.

Let us start off by using the |n, ¢, s, j, m;) states.

If we use the potential energy function

V(r)=—— (8.269)

for hydrogen, then the spin-orbit correction to the Hamiltonian
becomes

X 1 1dv] sz - 2 1\g =
H,, = { ] Sop L e() Sop - Lop (8.270)

2m2c2 r dr P o9m2e2 \ 3

Now J_;p = Eop + §Op implies that



J2 = L% + 52 4+ 2L, - S,y (8.271)

op op op
L 1 . .
~ Loy Sp =3 (ffp - sgp) (8.272)
and therefore
2 e? 1 2 ) g2
Hgo = I <T’3> (Jop - Ly, — Sop> (8.273)

Therefore,

[jzpyﬁso} =0= {jzaﬁso] - {Egpaﬁso] = {ggpaﬁso} - [ﬁoaﬁso]

(8.274)
which implies that the state vectors |n, /¢, s, j, m;) are also
eigenvectors of H,,. This means that the matrix representation
of Hy, in this basis will be diagonal and we can apply standard
non-degenerate perturbation theory.



Applying our rules for first order perturbation theory we have
Enésjmj = E(O) + (nfsgmﬂ I:Iso |n£8.7m]>
h? 1
T2 (GG +1) —Ll+1)—s(s+1)) (nlsjm;| —- 3 |nlsjm;)

op
(8.275)

We now evaluate

1
<n£sgm]| |n€sym3>

/dg_'/d?’r (ntsjm; | 7) (7 ‘ F} (7| nlsjm;) (8.276)

Now 1 1 1
(7| =% 1) = 5 (7| 7) = 56(7 =) (8.277)

which gives



. 1 . 1 .
(nlsjmj| —- |nlsjm;) = /d3r3 |(7] nﬁsymj)|2
3, r

L1 -
_/d37“r3 }wnésjmj(r)f

Therefore, we can calculate the energy corrections once we know
In, ¢, s, j,m;).

We first consider the trivial case of the n = 1 level in hydrogen.

We have

e2

0 _ _ ¢
B =5 (8.278)

and the corresponding states are shown in Table 8.1 below.

n|l| s | mpy| mg j m;
110(1/2 0 | +1/2|1/2| +1/2
110(1/2 0 | -1/2 |1/2] -1/2

Table: n = 1 level quantum numbers



or

1,0,;,;,;> and 1,0,;,;,—;> (8.279)
jm jm

where we have added the label jm to distinguish them from the
[n, ¢, s,mg, ms) states which we label with myms; = mm. We are
able to specify my and my also in this case because when ¢ =0
we must have my = 0 and j = s which says that m; = m.

This is a two-fold degenerate ground state for the atom in zeroth
order.

Since ¢ = 0, which implies that j = s = 1/2, the expectation
value (Hg) = 0. Thus, there is no spin orbit correction for this
state to first order, In fact, there is no spin orbit correction to

any order for an ¢ = 0 state.

Now in general, we can write

’n7£) S, 7, mj> = Z Anlsjm;mems ‘nu 4, s,my, ms> (8280)

mye,Ms
me+ms=m;



where the ansjm;mem, are the relevant Clebsch-Gordon(CG)
coefficients.

For the n = 1 level we have the simple cases where

1707171a:l:1> =
2272/,

i.e., the CG coefficients are equal to 1,

1 1
1,0,=,0,+= (8.281)
2 2/,

a1t toxl =1 (8.282)
which is always true for the (maximum 7, maximum(minimum)
m;) states. There is always only one such state.

The next level is the n = 2 level of hydrogen and the complexity
of the calculation increases fast. We have

2

0_ _ ¢
By =~ (8.283)



It is always the case that the direct-product states

|n, £, s, mg, ms) are easier to write down. For this level the

In, £, s, j, m;) states need to be constructed from the

|n, £, s, mg, ms) states. Before we proceed, we can enumerate the
states in both schemes. The degeneracy is given by

n—1
degeneracy = 2 Z (2041) = =2m?=38
£=0

n—

ls 1
:Z Z (25 +1)=2> (20+1)

=0 j=|¢— =0

The states are shown in the tables below.



n|f| s | mg| mg ket

2 [11/2] 1 | +1/2| |2,1,1/2,1,1/2),
2 [11/2] 0 | +1/2| |2,1,1/2,0,1/2),
2 [11/2] -1 | +1/2] [2,1,1/2,—1,1/2), -
2 [11/2] 1 | -1/2 | |2,1,1/2,1,-1/2),
211 1/2] 0 | -1/2 12,1,1/2,0,-1/2)
201 1/2)-11-1/2 ||2,1,1/2,-1,-1/2), .
21011/2] 0 1/2 12,0,1/2,0,1/2),...
20 1/2] 0 | -1/2 | [2,0,1/2,0,—1/2),

Table: n = 2 level quantum numbers mymgs states




S ¥ m; ket
1/2{3/2 ] 3/2 12,1,1/2,1,1/2),
1/213/2] 1/2 12,1,1/2,0,1/2),....
1/213/2|-1/2| |2,1,1/2,-1,1/2),
1/213/2|-3/2| |2,1,1/2,1,-1/2)
1/201/2 | 1/2 | |2,1,1/2,0,-1/2), .
1/211/2-1/2 | |2,1,1/2,-1,-1/2),
1/211/2] 1/2 12,0,1/2,0,1/2),...
1/2|1/2|-1/2| |2,0,1/2,0,-1/2), .

N[NNI NN N NS
) Nl N N e N e N e H el N

Table: n = 2 level quantum numbers jm; states

In the first set of states, we could have also included the m;
label since we must have m; = my, + ms.

In order to learn all the intricate details of this type of
calculation, we shall proceed in two ways using the spin-orbit
correction as an example.



In method #1, we will construct the |n,?,s, j, m;) states (the
zero-order state vectors) from the |n, ¢, s,my, ms) and then
calculate the first-order energy corrections. In this basis, the

~

(Hso) matrix will be diagonal.

A~

In method #2, we will construct the (Hj,) matrix using the
easiest states to write down, namely the |n, ¢, s, my, ms) states,
and then diagonalize it to find the correct first order energies
and new zero-order state vectors, which should be the

In, ¢, s, j,m;) states.

Method #1

We start with the state with maximum j and m; values. This
state always has a CG coefficient equal to 1, i.e., there is only
one way to construct it from the other angular momenta.



1 3 3
n:2,€:1,5—,]:,m]:>
2 2 2/ im
2,0=1 ! 1 1>
= nN=4=1Ls=-My=1Mms=7
2 2/ im

where we have shown all the labels explicitly. From now on we
will write such equations as

1 1
> = 271771?>
jm 2 2 mm

We then use the lowering operators to obtain

3
D’

l\.')\r—t
w\oo

215




2,1,

1
2,1,,3,3> :ﬁf(?’ﬂ)ﬁ(?)_l)
2°2°2 im 2\2 2\2
1 1
2a1aa17>
2" 2/
2.1,5.0.5
2 2 mm
1/1 1/1 1 1
thf=(=+1)—=(=-1)]|2,1,2,1,—=
2\ 2 2\ 2 2’0 2/

1 1 1 1
=mn/212,1,-,0,= +hV12,1,=,1,—=
2’72/ 2 2/ mm

21,501 +\/T
22/ T\3

=h/1(1+1)—-1(1—1)

or
2,1,1,3,1> :\F 21,11,
222/, V3 2

131>
222/,

3
2 mm

(8.284)



Notice that we use the total J operators on the left and the L
and S operators on the right.

The result is a linear combination of the |n, ¢, s, my, ms) states
all with m; = 1/2 as we expected.

Continuing this process we have

1 1 1/1

222/, 2 \ 2 2 \ 2
27]-717071 —i_\/T 27171717_1

22/ TN/

11 8 11
2,1, - —1,> +h ‘2,1,,0,—>

J_




or
13 1
‘27157>_>
22 2/,
1 1 1 2 1 1
_\/>27177_17 +\/>2717707_
3|72 e/ N3 e
and finally

1 1 1
‘2, L3 —3> - ‘2, L —> (8.286)
2'2 2/, 2 2/

We now need to construct the maximum state for then next
lowest value of j, namely,

1

2,1, =
7727

1
, > (8.287)
2/ im

This state has m; = 1/2 so it must be constructed out of the
same states that make up

N =




or it can be written as

111
251577777 =a
222/

Now we must have

1
) ’ 2

1 1
271a75057 +b
2 2/ m

> = 0 orthogonality
jm

> = 1 normalization
im

71777

(8.288)

(8.290)

(8.291)

Using the orthonormality of the |n, ¢, s, my, ms) states we get

2 1
\/;a+\/;b:0anda2+b2:1

(8.292)



The solution is

1 2
a= \/;andb = —\/; (8.293)
and therefore
111 1 1 1 2
271373777 :\/72717a0a _\/7
272 2> 317272/ V3

jm
In a similar manner, we find
11 1
27 17 520 o
2°2° 2 jm

=Sty ol
31702/ TP T

Finally, we construct the other j = 1/2 states with £ = 0. They
are

1 1
2> 1’ ) 17 _>
2 2/ mm
(8.294)

mm

(8.295)



1 1 1 1
270aa0a> = ‘2303 07> (8296)
Jjm mm

2" 2 2" 2
2,0,% 0 1> —l2,0,%0 1> (8.297)
9y ?27 ) 2 ]m ) 723 9 2 . .

We can now calculate the first-order energy corrections. We do
not actually need the detailed construction of the states to do
this, but we will need these states to compare with the results of
Method #2 later. We found earlier (10.276) that in the

|n, ¢, s,j,m;) basis

e2h2A,05:m.
o ploy  Z T Pnksimy e _ _
EnESJm]- =F, + e (GG+1) —L(l+1)—s(s+1))
(8.298)
J1 2
Anﬁsjmj = /dg"“?a:g ‘wnésjmj ('F)‘ (8.299)

or



14 =0+ 1/2

AEn,Z,s,j,mj = n,é,s,j,mj_Ey(L = Am2e2 —(f + 1) j =/ — 1/2
0 £=0
(8.300)
31 2
A= [ @7 [0 sty 1, (5.301)

Evaluating the integrals we get

72 |BY| 2

AE jym; = =0+ - 8.302
msdm = Lo 1)+ 1) j=lty (8302

72 || a? | )
ABntnims = = iGr 1) J=tmg (5303
AEn,sjm; =0 (=0 (8.304)

where )

a = < = fine structure constant (8.305)

C



Therefore, for the n = 2 level we have

z ‘ES))‘ o 3

ABy i tam =13 j=lt+5=5 (83006
7 |EY)| a2 | L

AByitim =" 4 j=t 5 (8:307)
1

ABy0,11m, =0 j=L+5= 3 (8.3058)

We note that for hydrogen Z?a? ~ 10~* and thus, the fine
structure splitting is significantly smaller than the zero-order

energies.

The relativity correction is the same order of magnitude as the
spin-orbit correction. We found

_4
. Dop

Hrelativity = _m (8309)



This gives the correction

wMooT .
AE, . = -3z / r2dr g (1) VA0 (1)
0

72 |E| a2 n
- 3 (8.310)
2

4n?

Combining these two correction terms(spin-orbit and relativity)
gives

0
72 |BY)| ? n
AEjfine structure — An2 3 — j I % (8311)

The result is independent of £. It turns out that this result is
valid for £ = 0 also. There is an additional term that must be
added to the Hamiltonian which contributes only in £ =0
states. It is called the Darwin term.



The Darwin term comes from the relativistic equation for the
electron and takes the form

) B2 B2 th?Ze?
Darvin = g3V V = ~ g (IreQuuetear (7)) = 5 0(7)
(8.312)
where
Qnuclear(T) = the nuclear charge density (8.313)

Because of the delta function, a contribution

. nh?Ze? mc2Z4at
<HDa7‘win>nj£: 2m202 ‘¢nf( )’ = 75&0 (8314)

arises for £ = 0 states only. This is identical to the contribution
(Hso + Hyep) for £ =0,5 =1/2.



Method #2
We use the |n, ¢, s,my, ms) basis. In this case, the best form of

the operators to use (means we know how to evaluate them with
these states) are

N 62 1 - -
Hso = 2m2c2 7”73 So : Lop

e? 1 PR 1 /. 4 A
- W 7‘73 LzSz + 5 (L+Sf + L75+>

(8.315)
If we label the rows and columns of the matrix representation by
1.1 3
1H=12,1,-,1,= = -
H-pLglg) o me
1 1 1
12) =12,1,-,1,— m; = -
2 2/ im 2
3) = [2,1, 2,0, % _1
- s Ly 27 3 92 - mj; = 92

(1)



) = 2,1, 2,0 1> !
= sy Ly 5oV T m; = —35
2/, 2

1

2

1 1 1

) =2,1,-,-1,~ ==

=fplg-ly)  om=g

1 1 3

6) = (2,1, =, -1, -~ o

6= lglg) om=—
1
2
1
2

7 =[2,0 01> L
= 14Y 5,Y 5 m; =3
2/ 2

0 1> 1
y Uy ™o m; = —35
2/, 2

then we get the matrix for <]EI so) as shown in the table below.

8) = |2,0,

I have used a table rather than an equation format so that I
could clearly label the rows and columns by the state index.



(o] Beoll Hevll Hew) Nev) o9 Nl Nen) | JOV

O OO 0| OO D =

OO O | | OO O Ot

(o) Nenjl =) Neoll Hen) Neo) Hen) Nen) | Rep)

[l kol el el Nevl Nen) Nenl Nen) | IEN |

loll Nl vl ool Hev) Neol Ren) Nenl| 0 o)

[es] Neojl Hen) Neoll Hen) Nev) an] < |
() Neoll Hew) Nenll Hen) No Nl Ron Renl | \G)

O || T = | W N~

Table: (ﬁso> matrix

We have marked the non-zero elements. Using the operator
properties derived earlier we get



N 1 11 -
a= <1‘ Hyo ‘1> = <27 1, 57 1, 5 50

1 1
271777177
2 2/ m

2 1 11
=53 (2,1] - 2,1), {21, 5L

2h2 001 2h2 ZS
Q/Rig(r)dr: ©

T 4m?2c? )T 4m?c? [a%n%(f + 35 +1)

(8.316)



Similar calculations give (H,,) as shown in the table below.

L 1] 2 [ 3 [ 4[5 [6]7][8]
1al © 0 0 0 [oflo]o
2100] -a | V2a| 0 0 [0olo]oO
3110[+v2a] 0 0 0 [0o|lo]oO
4100 0 0 0 [v2a|0|0]|0
5(00[ 0 0 |[v2al| -a |[0]0]0
6o 0 0 0 0 [al0]O0
7ol o 0 0 0 [o]lo]o
glo] o 0 0 0 [o]lo]oO
Table: (H,,) matrix - revised

This says that (only diagonal elements)



and

2,1,

33

,,> and |6) =
2°2/ .,

11 9.0
2 2 )

> and |8) =
jm

In order to find Eé,l), Eé,l), Eil), Eé,l), corresponding to the new
zero-order state vectors |2') ,|3'),]4),|5"), we must diagonalize
the two 2 x 2 submatrices.

We begin with the submatrix involving states |2) and |3) as
shown in the table below, namely,

L 2 [ 3 |
21 -a | V2a
31 v2a| 0

Table: (H,,) 2-3 submatrix



The characteristic equation is
(—a— E)(—=E) —2d*> =0 = E? + aE — 24®

or
Eé,l) = a and E:,(),l) = —2a

Notice that these energies are
Eé,l) = la and E:g,l) =—{+1)a

as expected for the

1 1
j:€+§andj:£—§

states respectively.

(8.318)

(8.319)

(8.320)

(8.321)



We find the eigenvectors using the eigenvalue equations. For |2')
we have

(o V)= (s (0
= (7 )=e(1)

—u+ V20 =wu and V2u = v (8.322)

or

Using the normalization condition u? 4+ v? = 1 we get

1 2
u= \/g and v = \/; (8.323)
1 2 131
2) = \/;\2>+\/;!3> = ‘2,1,2,2,2>A (8.324)
j

m

or



and similarly

39 =2 -2 1e -

We then deal with the submatrix involving states |4) and |5) as
shown in table below, namely,

111
2,1,,,> (8.325)
222/,

L 4 [ 5 ]
4 0 V2a
5 1 vV2a -a

Table: (f[so> 4-5 submatrix

The characteristic equation is
(—a — E)(—E) — 2a*> =0 = E? + aF — 2ad° (8.326)

or



EY) = aand EY) = 24 (8.327)

and the eigenvectors are

|47) = \[|4 \f|5 ;g—;>]m (8.328)
\/14 \/>y5 ' ;;—;>]m (8.329)

So including the spin-orbit correction we end up with the energy
levels

Eéo) +afor1,2,4,6 — 4 - fold degenerate
Eéo) for 7,8 — 2 - fold degenerate
Eéo) — 2a for 3,5 — 2 - fold degenerate



8.6.2 Spin-Orbit and Arbitrary Magnetic Field

Now let us add on the Zeeman correction (for B= Bz)

A~ B —» BB

Hzeeman = ,uh ( op T+ 2S0p) uh ( + 25, ) (8330)
We can solve this problem for arbitrary magnetic field by
repeating Method #2 using the correction term as the sum of
spin-orbit and Zeeman effects.

The zero-order Hamiltonian is ﬁo and the zero-order state
vectors are the |n, ¢, s, my, ms) states. The eight zero-order
n = 2 states are all degenerate with energy

(0)
o) S —— 331
= (8.331)

so we must use degenerate perturbation theory.



We have already calculated the (H,,) in this basis. It is shown
in the table below.

L 1] 2 | 3] 4[5 [6[7][8]
1lal 0 0 0 0 [oflo]oO
210 -a [V2a| 0 0 (0|00
310[+v2a| 0 0 0 |0][0]oO
4001 0 | 0 | 0 [v2al0][0]|O
5(00[ 0 0 |v2al| -a [0]0]0
6o 0 0 0 0 [alo]oO
7ol o 0 0 0 [o]lo]o
glo] o 0 0 0 [olo]o

Table: (ﬁso> matrix

where

(8.332)



The @Z + 25;) matrix is diagonal in this representation and its
diagonal elements are given by my + 2mg and so the Zeeman
contribution (Hzeeman) is shown in the table below.

| |

OO O =~

OO OO T OO w
|
(on

OO OO OO O | Ot

(eo) Neoll Hen) ool Hen) Nenll Han) |l \V]
(o) Neoll Hen) Nenll Hen) Rewll Han) | N0 0]

O N[O =W N~
[e=) Rew) Neaw)l aw)
O T|O|O|O|O|OoO

o
1
o

Table: <ﬁZeeman> matrix

where b = pugB. The combined perturbation matrix (V) is then
given in the table below.



0

a-2b | 0

-a
0

2

a

0

0

a+2b

1

) matrix

&

Table: (



After diagonalizing, the new energies are

e? e? o?

E1/ = —% + %ﬁ + 2,[LBB

Ey = _e + 1(—(a —b) 4+ V9a? + 2ab + b?)
8a0 2

Ey = e + 1(—(a —b) — V9a? + 2ab + b?)
8(10 2

Ey = —i + 1(—(a—i— b) +v9a? — 2ab + b?)
ag 2

Es = —i + 1(—(a+ b) — V9a? — 2ab + b?)
8a0 2
2 e2 o2

EG’ = —% —+ %E — Q,UBB
2

FEy=——+upB
SCLO

2
By = —— — upB



If we let B be small so that b < a, we then get the approximate
energies

62 62 2
Eyp=—-2 4 %% 19,8
! Sag | Sag12 T B
e? 1 b
By = — 4 Z(—(a—b)+3a(l + —
y =t p(—(a =)+ 3a(l+ o)
€2+ +2 e? e? a2+2 B
= —— a —_ = —_—— —_— —
8ao 3 8ay | 8ag12 ' 3M'P
e2 1 b
By=— 4 X((a—b)—3a(l+ -
v ==t 5o =) =301+ 1)
2 2 2 2
e 1 e e «a 1
Y gt p=-C& B
Sag 73 8ay  8ap 6 @ 3MP
By - Xt b) 4300 = 2
YT TR T2V 9
e? e? e? a? 2
=S Gt Tp=- 4 22 20



e? 1 b
By =———+=(—(a+b)—3a(1l— —
¥ = e (@t D) = 3all— g))
2 1 2 2 2 1
S PR VL Y
8&0 3 8(10 8(106 3
62 62 042
FEy = ——+ —— —2upB
6 8ag  8ap 12 HB
62
E7/:—7+MBB
8(10
2
(&
Esl:—i—uBB
8a0

This is clearly a perturbation of the spin-orbit energy levels. We
assume that the new state vectors become the zero-order vectors
in the spin-orbit case for low fields. In this case the Zeeman
effect corrections(to the fine structure energies) are given by the
table below.



s j m; | AEZeeman | State
1/23/2]3/2 | 2upB iy
1232 1/2 | 2ugB/3 | 2
1212 1/2 | upB/3 3
1232 -1/2 | —2upB/3 | 4
121212 —upB/3 | &
1/23/2]-3/2] —2ugB | 6
1/211/2| 1/2 upB d
1/211/2]-1/2 —upB 8

[es) Nanl I e e N N I N

Table: n = 2 energy corrections for small B

A little bit of study shows the general relation
AEzeceman = gupBm; (8.333)

where
JU+1) —Ll+1)+s(s+1)

g = Lande g - factor =1+ —
2j(j +1)

(8.334)
This is called the Zeeman effect.



We can prove this result in general. The general method uses
the Wigner-Eckart Theorem.

8.6.3 Wigner-Eckart Theorem

Consider a vector operator Kop. We have already shown that
the Cartesian components of any vector operator has the
following commutation relations with the Cartesian components
of the angular momentum operator

|Ais J;| = inei A (8.334)
We will now prove the following powerful theorem:

In a basis that diagonalizes J_gp and J, (i.e., the |\, ¢, s, 7, m;)
states, where A signifies other operators that commute with jgp
and jz), the matrix elements of /_l‘op between states with the

same j—value are proportional to the matrix elements of j;,p
and the proportionality factor is independent of m;.



The algebra involved in the proof is simpler if we work in the
so-called spherical basis instead of the Cartesian basis. The
spherical basis uses

o= Jy+id, , Jo=J. (8.335)
AL =A,+iA, |, Ag=A, (8.336)

The corresponding commutators are

[Ai,jo} — FhAd, [Ai,ji} —0 (8.337)
[Ai,qu] — +£2hA, | [Ao,jo} ~0 (8.338)
[AO, ji} — +hA, (8.339)

which all follow from the original commutator for the arbitrary
vector operator. Now, by definition of the operators, we have



(8.340)
Ji I gimg) = B3 +1) = my(mg 1) |\, jomg 1)
= (j,m; £ 1) Jx |j,m;) |\, 4,mj + 1) (8.341)
. fay = . Jr
<>‘7]7m]| Ji = (‘]¥ |)‘a]am]>>
= (A gom; F 1 i+ 1) = mj(m; 1)
= (A J.my F 1| (G, my| Jx [5,m; F 1) (8.343)

We now work with the matrix elements of some of the
commutators and use the defining relations above to prove the
theorem.

First, we have



FN, G| A N jomg) = (Vo | [, Jo| 1, domy)

A
- ()\’,j, A [ Ay Jy — fo/li} A, 5,my)
)h

m < jam;’Ai’)H])mJ)
(8.344)
or R
0= (my —mj = AN, j,m}| AL |X, j,m;) (8.345)
This says that either m; = m; = 1 or the matrix element
(N, g,mf| As X, j,m;) =0 (8.346)

Since we have an identical property for the matrix elements of
J+ this implies that the matrix elements of AL are proportional
to those of J+ and we can write the proportionality constant as

(N, 3,mj + 1] Ay |\, §,mj)
(4, mj £ 1] J+ |4, m;)

(8.347)

Second, we have



(Vogomf] [ A, T | A jmj) = 0 (8.348)
(NG| Apdy |\ jomg) = (X, joml| Je Ay |\, j,my) (8.349)

</\',j, mﬂ Ay I\, 4, m; £1) <)\',j, mj £ 1‘ Jy I\, 7, m;)
= (X, jom} F 1 A [N, j,mg) (N, G,my £ 1] Jx [N, j,m) F 1)
(8.350)

Using the result from the first commutator this says that

m/; = mj £ 2, which, in turn, implies that

<>‘,7ja m; + 2| Ai ’)"j7 m; + 1> _ <)‘,’ja m; + ]-| Ai P‘?j? m]>
(G, my 2| Ji |j,m; £ 1) (g:my £ 1] Je |5, m;)
(8.351)
This says that the proportionality constant is independent of

mj.

We define a new symbol for the proportionality constant

(X,j[IAl|X, ). = the reduced matrix element (8.352)



which gives the relation

<)‘/7j7 m;‘ A:I: P‘?j? mj) = <)‘/7j‘ ‘A| |)‘7.7>i <]> m§| J:t ‘]7 mj>
(8.353)
To complete the proof we need to show that the same result
holds for Ay and that

NAANN Gy = (N, g

|A] [N, 7)_ (8.354)
We have
£ 28 (N, o | Ao N, jymg) = (N jomf| [, T | Xy mg)
= <)\’,j,mﬂ [AiJ:F - J:FA:E] A, d,mg)
= (XN, g.mf| Ax N, j,my 1) (Gomy F 1] Jx |j,my)

— (N gomy £ 1| Ag N omg) (G.m)| Jx |, m) £1)
(8.355)

Now substituting in the matrix element of Ay we get



i2h<A’,j,m;\Ao|A,j,mj>
= (XA §) o (G| T 1, mg 1) (Gomy F 1] T |5, my)
<]7m :Izl“]ﬂ: ‘j7mj <]7 }J:F }jvm :l:1>]

(8.356)

This says that A has non-vanishing matrix elements only when
m/; = m;. We then get

J
£ 21 (N, j,m}| Ao X, j,m;)
A 2 ~
= (X[ ATN D [ Gymg F 115 omg)| = |Gomy 11 L
= +2hm; = £20 (X, j,m}| Jo |\, j, m;) (8.357)

Putting it all together we get
<A/7j7m;’ AO ’)‘)j) m]> = <)‘/7j

|A| |)‘7j>:|: <J7 m;l jO ‘]7 mj>
(8.358)
Since no operator has a £ subscript, this also says that

(N GANA )y = (Vs g )= {(Nj .7 (8.359)




and we finally have

<)\/>J>m;| gop ’)‘7]7 m]) = <)\/7]‘ |A| |)\7]>i <]> m;| j(lp ljam]>
(8.360)
This completes the proof of the Wigner-Eckart theorem.

A very important extension of this theorem is the following
result:

]‘ op |]amj>

3
(8.361)

<)‘/7j7m;" Xop : <f0p |>‘7j7mj

04/\

.h (]+1)<

which says that the scalar product is diagonal in m;. This result
follows directly from the Wigner-Eckart theorem



<>‘,7j7 m;‘ /Top : <fop |)‘aja mj> - Z <)\,7j) m;l Aop,kJop,k: |)\7j) mj>
k

1

- Z<X7jvm§‘|‘40pyk (
K :
J
2. 2 (Ngmi] Ay,

vy 7
A3 m k

=22 (N

m// k.

><)‘ J,m ) Jop,ke | As 3, m5)

m

m;/> <)\7j7 m;/‘ Jop,k ‘)‘7j7mj>

[AIX, G) (N 3, ml| Tk | A, 4, m)
X (N s | Jop i A, 4 mj)

= (VAN )Y (N 5ol Top (Z m) (X, j.m )

k m;

X Jop,k ’A7j7mj>
= (XAl §) (Gom)| T2, 15, mg) = Ot s 12505 + 1) (N 5| 1AL 1N, 5)



Now back to the Zeeman effect. In the low field limit, we need
to evaluate the diagonal matrix elements

(sgmy| (L, + 28,) |tsjm;) = (sjm;| (J, + S.) [€sjm;)
= hm; + ((sjmj| S, |0sjm;) (8.362)
Now the Wigner-Eckart theorem says that

(€sjmy| S, |esjmy) = (Lsf]|S| [€sg) (Csjmy]| J. |€sim;)
= him; (0s7] 1] |€s5) (8.363)

The scalar product matrix element formula gives

(Csjm;| Sop - Jop |simy) = (€s]] S| |£s5) (imy] T, |im;)
= h%i(j + 1) (sj||S||0s5)  (8.364)

But we also have

-

(JOP - 5:0[))2 = I_’%p = jgp + ggp - 2§0P ’ J_;p (8365)



.8 7 . 1, . & = ,
<£8]mj’ Sop : Jop |€S]mj> = D) (gsjmj‘ (jgp + Sgp - sz) \ESJmﬁ

— %7#(]'(]' +1)+s(s+1) —£(£+1))

(8.366)
or
. v JUH+ D) H+s(s+1)—L+1)
= Al 8.367
(Csjl|S||esg) 25 £1) ( )
and thus
(tsjm;| (L. + 28.) [€sjm;)
JG+1) +s(s+1) =L +1)
= hm,; + hm; ~
! ¢ 2j(j +1)
= him;gies (8.368)
GG +1) +s(s+1) =Ll +1)

Gjts = 1+ = Lande g - factor

(8.369)

2j(5+1)



Finally, we have
(Csjmy| Heeman |€sjmj) = ppBm;gjes (8.370)

and the result we found earlier in the special example case is
now proved in general.

8.6.4 Paschen-Bach Effect

When B is large enough such that AEzceman > AFEs,, but not
large enough so that the B2 term we neglected earlier is
important. We have the so-called Paschen-Bach effect. If the B2
term is dominant we have the so-called quadratic Zeeman effect.

The best way to see what is happening for all magnetic field
values is a plot. In CGS Gaussian units
v

,ap = 5.2918 x 10 8em, e = 4.80 x 10~ Yesu
uss

1 = 5.7884 x 1079—C
ga

2

o 972¢Va=1509 x 10~% Vb = 5.7884 x 10~ B eV
ap



Using our earlier results we then have

9a? + 2ab + b?)

9a? — 2ab + b?)

2 2 o2
En=- 0 &% 0B
V= "800 T Bag1z T OHB
e2 1
By = 4 Z(—(a—b
2 8a0+2( (a )+
E ——i—f—l(—(a—b)—\/9a2+2ab+b2)
¥ 8a0 2
e2 1
By = - 4 Z(—(a+b
4 8a0+2( (a+b)+
Es = i4—1(—(614—17)—\/90,2—261,194-172)
¥ SCLO 2
e2 ez o?
E¢y =——+ —— —2upB
"= "Ry Bag12 M
2
E7 = ———+upB
8a0
2
e
Eg = ——— —upB

8a0



A plot of

2
<E + 8e> x 10° eV versus log,(B(gauss))
ap

looks like the figure below.

Figure: Hydrogen Atom In a Magnetic Field - Zeeman Effect



This plot for fields below 400 gauss ( log.(B) ~ 6) shows the
characteristic level structure of the Zeeman effect.

The very large magnetic field Paschen-Bach effect is illustrated
in Figure 8.3 below.

Figure: Hydrogen Atom In a Magnetic Field - Paschen-Bach Effect

Notice the equally-spaced level signature of the Paschen-Bach
effect.



We now define some notation that will be important later as we
study atomic spectra. For small magnetic fields we found that
the approximate state vectors are the |nfsjm;) states. The
energy levels including spin-orbit effects are

E,=E9 + AE,,
__ ze
2agn?
Z2a2 ‘Ego)‘
i )+ 1)

(1= 000) (€65 0412 — (L +1)8j -1 2)
(8.371)

We define a spectroscopic notation to label the energy levels

using the scheme shown below:
Inlsjm;) — n?T1L(symbol) s (8.372)

so that

13
21-"m; )y — 22Ps |
22 2

11 ) 11 )



The L(symbols) are defined by the table below.

L |(0]1]|2]3
Symbol | S| P | D |F

Table: Spectroscopic Labels

The energy level diagram for n = 1 and n = 2 is shown in the
figure below.

Zero-Order Spin-Orbit

2

2 Paps

2
n=2 2's

12

2
2 Pyp

2
n=1 1Sy

Figure: Spin-Orbit Energy Levels



Earlier we calculated the relativistic correction and found that it
was the same order of magnitude as the spin-orbit correction for
hydrogen. We found

(0)
7202 ’En > 3 5573
n 2041  4n '

Combining these two corrections we have

(0)
Zzoé2 ‘En ‘ 1 B i
j -1-% 4n

A-Erel = -

AEfs = AFE+AEq = —

) 1
n 7=t
(8.374)
which is independent of ¢. This changes the energy level
structure to that shown in the figure below.



Zero-Order Spin-Orbit Fine Structure

2
2 P3/2

2 2
= 2°p
Y2 28y,

2
1842

Figure: Fine Structure Energy Levels

The observed spectral lines result from an electron making a
transition between these levels. We will discuss this topic later.

8.6.5 Stark Effect

When a hydrogen atom is placed in an external electric field 50,
the potential energy of the proton and the electron is given by



de’pole(Fev Fp) = —650 : Fp + 6(5_‘2) : Fe
= e&y(ze — 2p) = e&pz
where
Z = Ze — Zp = Zrelative
Therefore, we consider the Hamiltonian

ﬁ[ = I:IO + I:[dipole

9
fy =P 2 (1>
2m "/ op

H dipole — e&y Zop

where

(8.375)

(8.376)

(8.377)

(8.378)

(8.379)

For weak electric fields, we can apply perturbation theory (we
ignore spin in this calculation). First, we apply perturbation

theory to the n = 1 ground state of the hydrogen atom.

For the ground state, the wave function is 1199(7) and the

first-order correction to the energy is



EY = (100] e£pz0p |100)
= 650/d3fd317’<100 | ) (7] 2op | ™) (7' | 100)

= ey / d*rdP 2o (7) (7 | 7) th1oo ()
_ o8, / A 2o (PO — 7 )broo ()

== 650 / d3’FZ |¢100(F)|2 (8380)

This equals zero since the integrand is the product of an even
and odd functions. Thus, the first-order correction is zero for
the ground state.

The second-order correction is given by non-degenerate
perturbation theory as

oo n—1 ¢

ném| eEpzeyp 100 2
D=3 % | (nm]| e€o2zop [100) ] (8.381)

0 0
n=2 /(=0 m=—+ E§ ) - Ev(n)




Using z = r cosf we have

(n€m| zop [100) =/d3F[Rne(7“)Yé§n(9,¢)} [ cos 0] Rio(r)Yoo(6, ¢)

(8.382)
Now

1 4
Yoo = = and = = gYm (8.383)

Therefore,

(nfm) zop [100) = / r3darg(r)R1o(7“)\}§ / OV, (0, 6)Yi0(0, 0)
(8.384)

Now

/dQYZn(ev gb))/l(](ev ¢) = 5&157)’1,,0 (8385)

by the orthonormality of the (Egp, ﬁz) eigenfunctions. Therefore,



o0

1
(nfm| zop [100) = \/354,15m,0/7”3d7“Rn1 (r)Ryo(r)
0

and

1 28n7 n—1 2n—>5
[(n10] 20p [100)[* = < (n( - 1)23+5 a5 = B(n)ag

Finally,
2 S B(n)
E§ ) == (650@0)2 Z m == —2F(§ga8
n=2 2ag n?
where

_N- 2B
F_ZQ(nQ—l) ~ 1.125

(8.386)

(8.387)

(8.388)

(8.389)

Therefore, the ground state exhibits a quadratic Stark effect.



The n = 2 level, which is the first excited state of hydrogen, has
4 degenerate states.

’I’LZQ—)ZZO—)QZ)QOQZI/H

1 = o111 = o
=l=1—-m= 0 — 210 = Y3
—1 = Po11 =Yy

We must use degenerate perturbation theory. We construct the
4 x 4 (e€yzop) matrix and then diagonalize it. We have

(U zop 1) (L zop|2) (1 20p[3) (1] 2z0p [4)
oy — oty | @l a2 2203 (2l )
» (Bl zop (1) (Bl z0p|2) (3| 20p[3) (3] 20p [4)
(4] 2op 1) (4] 20p [2) (4] 20p [3) (4] 20p |4)
(8.390)

Now z has no ¢ dependence and therefore,

(] zop |k) = 0 if mj # my, (8.391)



Thus,

(1] 20p[2) = 0 = (1] zp |4)
(2] 2op [1) = 0= (2] 20p [3) = (2[ z0p [4)
(3| zop[2) = 0 = (3] 2p |4)
(4] zop [1) = 0 = (4] 20p [2) = (4] z0p [3)
and the matrix becomes
(1] zop 1) 0 (1] zp |3) 0
B 0 (2] zop |2) 0 0
Eozop) ZC60 | 312,11 0 Blzpld) 0
0 0 0 (4] zop |4)

(8.392)
We also have

(1 2p [1) = 0 = (2| 20p [2) = (3[ 20p [3) = (4] 20p [4)  (8.393)

since these integrands involve the product of even and odd
functions.



Finding out which matrix elements are equal to zero without
actually evaluating the integrals corresponds to finding what are
called selection rules. We will elaborate on the idea of selection
rules in the next section on the Van der Waal’s interaction.

Thus, the matrix finally becomes (after relabeling the rows and
columns)

0 (1zpl3) 0 0
Szpll) 0 00

(eozap) = b | 0l 0000 (8.394)
0 0 00

where

(1] 20p13) = (3| 20p 1) = /¢200(7?)Z¢210(7?)d3fz —3e&yag
(8.395)



Diagonalizing the 2 x 2 submatrix gives eigenvalues +3e&yag.
The first-order energies and new zero-order wave functions are

Y911(7) = Ea11 = Ego) remains degenerate (8.396)

91-1(F) = Eo1—1 = Eéo) remains degenerate (8.397)

) (t200(7) — 210(7)) = E4 = E§°) + 3e&yap

)

F)\f
b= 75

The degeneracy is broken for the m = 0 levels and we see a
linear Stark effect. The linear Stark effect only appears for
degenerate levels.

(1200(T) + 210(7)) = E— = Eéo) — 3e&ag



8.6.6 Van der Waal’s Interaction

We now consider a system consisting of two widely separated
atoms. In particular, we consider the interaction between two
hydrogen atoms, where we treat the two protons as fixed point
charges separated by a vector R and we define

71 = vector from first proton to its electron

79 = vector from second proton to its electron

as shown in Figure 8.6 below.

Figure: Van der Wall’s System



The Hamiltonian is given by

H=Hy+V (8.398)
where
9 2 2 2
Hy = Plop € Poop & _ 2 non-interacting hydrogen atoms
20 r1 o 2 ro
(8.399)
and
V = rest of the Coulomb interactions
= ‘/171172 + ‘/6162 + ‘/elpz + ‘/62]91
1 1 1 1
=¢? — (8.400)

This is the perturbation potential.



We know the zero-order solution for two non-interacting
hydrogen atoms. It is

zero-order states : |[nifymy) [nalams) (8.401)
with
e (1 1
zero-order energies : ET(L%Q = % (n% + n%) (8.402)
where
o mstima) Instoms) =~ (L L) fnatymn) atams)
nilimi) [naloms) = —— | — + — | |n1limq) |nolom
0 [nifima) [natama 200 \n2 T2 161my) [nalams
(8.403)

This expression for the perturbation potential is too
complicated to calculate. We will need to make an
approximation. We make the reasonable assumption that



R >>ryand R>>1m (8.404)

We have two useful mathematical results that we can apply. In
general, we can write

— —1/2
1 1 1 1+2R-d’+a2 /
= o 12— R 2 2
RHL’ [R2+2R-a+a2] R r r
(8.405)
and for small x we have
1
1+2 21— ST+ ggﬂ — %xS + e (8.406)
Using
2R - 2
= Rza + ;2 (8.407)

we get the general result



—_

o]}
+
oy
| =

==




"R R2 2 R? 2 R4

1 7R 7R 1r 113 77

R B TR 9m IR R3

N\ 2 -\ 2 . .
s(m-B) s(n-B) (B R)
e T w7 RS
(8.411)
Putting all this together we get
2 ((f1 R)(7 - E)
V= RN 3 f2 (8.412)

Physically, this says that for large separations, the interaction
between the atoms is the same as that between two dipoles er;
and ery separated by R.



To simplify the algebra, we now choose the vector R to lie along
the z—axis

R=R: (8.413)
which gives
e? 2120 R?
V=13 (122 + Y192 + 2122) — 3 1R22
o2
R3 (xll‘z + Yy1y2 — 22’12:2) (8.414)

We now specialize to consider the case n1 = no = 2. When
n = 2, there are 4 electron states for each atom

{=0,m=0
(=1,m=1,0,—1

Therefore, there are 16 = (4 x 4) degenerate unperturbed
zero-order states, each with energy

e? e? e?

Fpy=————=—— 8.415
0 8a0 8a0 4a0 ( )



We use degenerate perturbation theory. To carry out degenerate
perturbation theory, we must construct the 16 x 16 matrix
representation of <V> and diagonalize it to find the energies
corrected to first-order.

The typical matrix element is (leaving off the n labels)

(L1mqlama| Vv |6y lama)
o2
=73 (Gima| &1 [€xma) (Lama| 22 [€ama)
o2
+ s
2
— 2— (Lymq] 21 [€1my) (Cama| Z [€ama) (8.416)

lyma| g1 [€ima) (bama] g2 |[lams)



We have

2
x=rsinfcosgp = —ry/ g Y11 —-Y1 1) (8.417)
. . .27
y =rsinfsin ¢ = +iry/ 3 (Yi1+Y1 1) (8.416)

4
z=rcosf =ry/ gYm (8.419)

and



(nfm| x [nt'm’")
27T 7 3 *
=—\5 | [ 7 Rne() B (r)dr | | [ dQY5, (Yia = Vi)Yo
0

(8.420)

(nfml|y |nt'm’)
=1 _—
3

ném| z |nt'm’
(ntm| z |

_ [
N 3

/TanK(T)RnE’ (’I“)d’l“] |:/ dQYZ;n(Yl,l + Yi,l)n’m’]
0

(8.421)

7’/“3Rng(7‘)Rn@/(’l")d7"] [/ dQYZ;nYIOYVWm’:| (8.422)

0



Now let us return to the subject of selection rules.

We will just begin the discussion here and then elaborate and
finish it later when we cover the topic of time-dependent
perturbation theory.

Consider the integrals involving the spherical harmonics above.
We have

{4+ 0 +1=even

/dQanYlmuYg/m/ = Ounless { m—m’ 4 m” (8.423)

These rules follow from doing the integrations over the 6 and ¢
variables.

In particular, when the perturbation involves z, y, or z we have

for x and y m=m'+1

/
for z m=m



which is the so-called
Am = =+1,0 (8.424)

selection rule for this type of perturbation.
In addition, we have the

Al =+1 (8.425)
selection rule for this type of perturbation.

These two rules will enable us to say many matrix elements are
equal to zero by inspection.

We can derive two more very useful selection rules as follows.
We know that R
[Li, rj} — ihejrk (8.426)

This allows us to write (after much algebra)



[ﬁz,ﬂ = [(ﬁlz +ﬁ2z),f/] = [ﬁu,f/} + [ﬁzz,f/}

2
e
= [Lu, (z122 + Y1y2 — 22122)}
o2
+ |:L2,Z7 (172 + Y192 — 22122)} =0

This implies that [ﬁz, H } = 0 or that the z—component of the

total angular momentum of the electrons is not changed by this
perturbation (it is conserved).

This gives the selection rule
my + mg = m) +mj (8.427)

Summarizing the selection rules we have



0+ 01+ 1=even ( = reason b for a zero)

Uy + 05 + 1 = even ( = reason c for a zero)
my —m) = 41,0 ( = reason d for a zero)
mg —méby = +1,0 ( = reason d for a zero)
my +mo = m) + mb ( = reason a for a zero)

and we have also given reason labels for each.

The unperturbed states are (using the format |[¢1my) [¢ame) are

1) = 100) 00} , [2) = |00} [11), [3) = [00) [10) , [4) = |00) [1, =1)
[5) = [11)]00) , 6) = [11) [11), [7) = [11) [10), [8) = [11) |1, =1)

19) = [10)00) , [10) = [10) [11),, [11) = [10) [10), [12) = [10) 1, —1)

113) = |1,-1
116) = |1, -1

0), [14) = [1,~1) |11), [15) = |1, 1) [10)

)10
)1, =1)



The (V') matrix looks like (using labels (VALUE) or
(0O=reason)) and labeling the rows/columns in order as
1234567891011 12 13 14 15 16

Obc [Oba | Oa | Oa | Oa | Da | Oa | A Oa | Oa B Oa | Oa [¢] Oa | Oa
Oba | Obc | 0a | O0a | D Oa | 0a | Oa | Oa | Oa | Oa | Oa | Oa | Oa | Oa | Oa
Oa | Oa | Oa | Obc | Oa Da | Oa Oa E Oa Oa 0a | Oa | Oa Oa Oa
Oa | Oa | Obc | Oa Oa Da | Oa Oa Oa Oa Oa Oa F Oa Oa Oa
Oa D Oa Oa | Obc | Oa | Oa Oa Oa Oa Oa 0a | Oa | Oa Oa Oa
Oa | Oa | Oa Oa Oa | Obc | Oa Oa Oa Oa Oa Oa | Oa | Oa Oa Oa
Oa | Oa | Oa Oa Oa Oa | Obc | Oa Oa Oa Oa Oa | Oa | Oa Oa Oa
A Oa [ Oa | Oa | Oa | Oa | Oa [Obc| Oa | Oa | Da | Oa | Oa | Oa | Oa | Oa
Oa | Oa E Oa Oa Da | Oa O0a | Obc | Oa Oa Oa | Oa | Oa Oa Oa
Oa | Oa | Oa Oa Oa Da | Oa Oa O0a | Obc | Oa Oa | Oa | Oa Oa Oa
B Oa | 0a | 0a | 0a | Oa | 0a | Oa | Oa | Oa |Obc | Oa | Oa | Obc | O0a | Oa
Oa | Oa | Oa Oa Oa Oa | Oa Oa Oa Oa Oa | Obc | Oa | Oa Oa Oa
Oa | Oa | Oa F Oa Oa | Oa Oa Oa Oa Oa Oa | Obc | Oa Oa Oa
C Oa [ Oa | Oa | Oa | Oa | Oa | Oa | Oa | Oa |Obc| Oa | Oa | Obc | Oa | Oa
Oa | Oa | Oa Oa Oa Da | Oa Oa Oa Oa Oa 0a | Oa | Oa | Obc | Oa
Oa | Oa | Oa Oa Oa Da | Oa Oa Oa Oa Oa 0a | Oa | Oa 0a | Obe

Figure: (V) matrix entries

There are only 12 nonzero elements(out of 256) and because the
matrix is Hermitian we only have 6 to calculate (one side of the
diagonal). It should now be clear why finding the relevant
selection rules is so important!!!



The 10 nonzero elements are given by the expressions

A=C=

2

5 (200] (200] (2122 + y13) [211) 21, ~1)

2

e
B = E = ~245 (200] (200] 212 [210) [21,0)

2

D = i
o2
F =
If we define

we have

(200] (211] (125 + y192) [211) |200)

ﬁ (200] (21, =1[ (x122 + y1y2) [21, —1) |200)

o = H 8?7( /T3R20R21d7'
0

(8.428)
(8.429)
(8.430)

(8.431)

(8.432)



we have

(200 z [211) = % = —(200|x |21, —1) (8.433)
(200 y |211) = z% = (200] |21, —1) (8.434)
2
(200] 2 |211) = *2[04 (8.435)
and
E B 1 ,eé?

Now we rearrange the row/column labels(the original choice was
arbitrary) to create a Jordan canonical form with blocks on the
diagonal. We choose

1811 1425394136710 12 15 16



0/0(0]0|0
0/0(0]0|O
0/0({0]0|0
0/0(0]0|O0
0/0({0]0|0
0/0(0]0|O0
0/0({0]0|0
0/0(0]0|O

0/0(0]0|O0
0/0({0]0|0
0/0(0]0|O0
0/0({0]0|0
0/0(0]0|O0
0/0({0]0|0
0/0(0]0|0

0

0

0

0

A0l 0][0|0|O0

0
0
0
0
0
0
0

0
-A

0

0

0

2A | A

A

0

2A

Table: Jordan Canonical Form



The is called the block-diagonalized form. We have one 4 x 4
and three 2 x 2 matrices to diagonalize. We get the eigenvalues

4%x4-0,0,£/64 2x2— +A
2x2—5 424  ,  2x2—+A

Therefore, the energies correct to first-order are

Eg+ v6A degeneracy = 1
Ey+2A degeneracy =1
Ey+ A degeneracy = 2
E =< E degeneracy = 8 (8.437)
Ey— A degeneracy = 2
Ey—2A degeneracy =1
Ey—+v6A degeneracy = 1

That was a real problem!



8.7 Variational Methods

All perturbation methods rely on our ability to make the
separation H= Ho + V where Ho is solvable exactly and Visa
small correction. The Rayleigh-Ritz variational method is not
subject to any such restrictions. This method is based on the
following mathematical results.

We can always write

H=IH=>) [N)(N|H=Y E,|N)(N| (8.438)
N N

where )
H|N)=E,|N) (8.439)

This is just the spectral decomposition of H in terms of its
eigenvectors and eigenvalues. Now, if we choose some arbitrary
state vector [¢) (called a trial vector), then have



(W H ) = B, (| N) (N | ¥)

N
>N Eg( | N)(N |¢)=EoY (| N)(N|4)
N N

> Ey (¢ (Z V) <N\> [4) = Eo (1 |v) = Eo (¢ | ¥)
" (8.440)

or

(W| H |4)
w10 > Ey (8.441)

for any choice of the trial vector |¢), where Ej is the ground
state energy (the lowest energy). Equality holds only if [¢)) is
the true ground state vector. This result says that

(W| H |4)
(W[ ¥)

is an upper bound for Ej (8.442)



Procedure

t

. Pick a trial vector [¢)) that contains unknown parameters

{ar}

Calculate .
(Y[ H [¢)
— By ({aw)) (8.443
wiy et )
Since Ep ({ax}) is an upper bound, we then minimize it

with respect to all of the parameters {ay}. This gives a
least upper bound for that choice of the functional form for
the trial vector.

. We perform the minimization by setting

OF

220 — 0 for all k (8.444)

ooy,
The more complex the trial vector, i.e., the more
parameters we incorporate allows us to better approximate
the true functional form of the ground state vector and we

will get closer and closer to the true energy value.



What about states other than the ground state? If the ground
state has different symmetry properties than the first excited
state, i.e.,

ground state — £ =0 — contains Ypg
15t excited state — £ =1 — contains Yi,,

then if we choose a trial vector with the symmetry of an £ =0
state we obtain an approximation to the ground state energy. If,
however, we choose a trial vector with the symmetry of an £ =1
state, then we obtain an approximation to the first-excited state
energy and so on.

In other words, the variational method always gives the least
upper bound for the energy of the state with the same
symmetry as the trial vector.



Example

Let us choose the harmonic oscillator Hamiltonian

. K2 d? 1
H=——— + —ka? A4
2 da + 2k‘ﬂc (8.445)

and a trial wave function

1/1(377 CL) = {

(a®> —2%)? |z|<a

(8.4446)
0 |z| > a

where a is an unknown parameter. The variational principle
says that

(W (@) H [¢(a))
(¥(a) [ ¥(a))

We get a best value for this choice of trial function by
minimizing with respect to a using
dEy(a)

az0d) _ 8.447
il (8.447)

= Fy(a) > Ep = true ground state energy



Now we need to calculate the integrals. We have for the
denominator (the normalization integral)

a

(¥(a) | ¥(a)) = /w2(a:,a)dx :/(a2 — 2?)da

—a

and for the numerator

2 7 20 (2. a
W@ @) = —52 [ o) ™0 ae+ 22 [0t

2m
0 0

h? 80 - 1. (336
=——|-= o 44
om < 21" ) Tk <3465“ (8.449)



Therefore,

hQ
Ey(a) = 1.786— + 0.045ka’ (8.450)
ma
The minimum condition gives
h2 1/2
2
=6.300 [ — 8.451
a (o) (8.451)
which then says that
0.566hw > Ejy (8.452)

The true value is 0.500/w. This is an excellent result
considering that the trial function does not look at all like the
correct ground-state wave function (it is a Gaussian function).
This points out clearly how powerful the variational technique
can be for many problems.



8.8, 2"-Order Degenerate Perturbation Theory

Suppose that the first order correction in perturbation theory is
zero for some degenerate states so that the states remain
degenerate. In this case, second-order degenerate perturbation
theory must be applied. This is complex. We follow the
derivation in Schiff (using our notation).

We assume that
Em =€k » Vim =0 and Vir = Vium (8.453)
so that the degeneracy is not removed in first order.

We assume the equations (to second order)



H=Hy+V=Hy+gU (8.454)
M) = am [m) +ag k) +g > a1y +2 Y ol 1)

I#£m,k I#£m,k
(8.455)
) = b [m) + b k) +g > bV [0 +g% S 0P 1) (8.456)
l#m,k l#m,k
IN)=n)+9 > a1+ > D, n#mk
I#m.k l#m.k
(8.457)
E,=¢p+gEM + ¢ EP (8.458)
HI|M) = (Hy+ V)| M) = Eyp, |M) = (e + 9B + g*EQ) M)
8.459)

where the degenerate states are labeled by k, m and we assume
the degenerate zero-order states are linear combinations of the
two zero order degenerate states as shown.



A very important point is being made here.

If the system remains degenerate after first-order correction,
then one must redevelop the equations for degenerate
perturbation theory, using the correct zero order state vectors,
i.e., linear combinations of the degenerate states. Even in the
special case where the degenerate basis is uncoupled, i.e.,

(k| V |m) = Vi, = 0 (8.460)

we must not use non-degenerate perturbation theory, as one
might do if many textbooks are to be believed.

Remember that the primary object of degenerate perturbation
theory is not only to eliminate the divergent terms, but to
determine the appropriate linear combinations to use for
zero-order state vectors. If we start with the wrong linear
combinations, then we would have a discontinuous change of
states in the limit of vanishing interactions, which says that the
perturbation expansion is not valid.



We then have

ganU |m) + gaU k) + g Z al(l)el 1)
l#m,k

+g° Z al(z)sl ) + ¢* Z al(l)U\l>

l#m,k l#m,k

= (9B + 9B (am Im) + ax[0) +9 3 af'=n 1)
I#m,k

+ g2 Z al(z)sm 1) + ¢* Z af”Eﬁ,}) 1)
I#m,k I#£m,k

Applying the linear functional (m| we get

9amUnin + 9% > VUi = BV ay, + P EPa,  (8.461)
l#m,k



Applying the linear functional (k| we get

garUsk + ¢° Z agl)Ukl = gEWa;, + $?EPq, (8.462)
l#m,k

Applying the linear functional (n| we get

1
gamUnm + gakUnk + ggnag) + g2€na£?) + 92 Z al( )Unl
l#m,k

= gemall) + ¢?enal?) + ?EMa(?) (8.463)

The first-order terms in (10.462) and (10.463) give the expected
result

EWD = U = Uk (8.464)

m

The second-order terms in (8.462) and (8.463) give (equation
(8.465))

Z al(l)Uml = Eﬁr%)am ) Z al(l)Ukl = Eg)ak (8'465)
I#m,k l#m.k



The first-order terms in (8.464) give an expression for al(l) when

n=1%#m,k (8.467)
al(l)(gm — 1) = amUpm + arUs (8.466)

Substituting (8.467) into (8.466) we get a pair of homogeneous
algebraic equations for a,, and ay.

These equations have a nonvanishing solution if and only if the
determinant of the coefficients of a,, and ay is zero or

UniUim __ Efﬁ) UniUik
Em—E] Em—E]
det | FmE " Fmk " — 0 (8.467)
UkiUpm Z UnUp ET(E) ’
lmp S 1tmg S

or



ViiVim _ 92Eg) Z Vi Vik

l;ﬁ k Em—E] l;ﬁ k Em—E]
m, m, _
det VitVim Z ViaVik _ 2E(2) =0
Em—E€] Em—E€] g L£m
I#m.k I,k

(8.468)

The two roots of this equation are gQES,%) and g2E,£2) and the
two pairs of solutions of (10.466) are a,,ax and by,,b. We thus
obtain perturbed energy levels in which the degeneracy has been
removed in second order and we also find the correct linear
combinations of the unperturbed degenerate state vectors |m)
and |k).

Example

This is a tricky problem because the degeneracy between the
first and second state is not removed in first order degenerate
perturbation theory.



A system that has three unperturbed states can be represented
by the perturbed Hamiltonian matrix

H=Hy+V
E1 0 0 0 0 a E1 0 a
= 0 E; O + 0 0 b |= 0 Ey b
0 0 E2 a* b 0 a* b* E2
(8.469)

where Fo > F;. The quantities a and b are to be regarded as
perturbations that are of same order and are small compared to
Ey> — E4. The procedure is:



1. Diagonalize the matrix to find the exact eigenvalues.

2. Use second-order nondegenerate perturbation theory to
calculate the perturbed energies. Is this procedure correct?

3. Use second-order degenerate perturbation theory to
calculate the perturbed energies.

4. Compare the three results obtained.

Solution - We have

PAI = ﬁg + V
E1 0 0 0 0 a E1 0 a
= 0 Ep O + 0 0 b |= 0 E; b
0 0 E2 a* b* 0 a* b* E2

with By > Fq and Fy — E1 > a=0b.



1. For an exact solution we need to find the eigenvalues of

E1 0 a
0 Ei b (8.470)
a* b Ey

This leads to the characteristic equation

(Ey — E)(E1 — E)(BEy — E) = (E1 = E) |o]* — (Ev — E) |a|* = 0
(8.471)
This says that one of the eigenvalues is ¥ = F; and the
remaining quadratic equation is

E? — (BEy + E))E + (E\Ey — |b* — |a]*) = 0 (8.472)

or the other two eigenvalues are

E= % ((El + By) + \/(E1 + E2)? — 4(E1 By — b — \a!2)>
(8.473)



The exact energy values are

Ey
1 2 2 2
3 (B4 B+ (B + B2 — a(BaB— 0 — )
of + 1
~E + =
1+ B — By

1
E = 5 ((E1 + Ey) — \/(E1 + By)? — 4(E1 By — b — |a|2)>
N L
27 B - B,




2. Apply non-degenerate second-order perturbation theory. The
unperturbed system has

) Ei 0 0
H=| 0 E 0 (8.474)
0 0 E

Since this is diagonal we have
Eio) =F = Eéo) , Eéo) = Fs (levels 1 and 2 are degenerate)

and unperturbed eigenvectors

1 0 0
1)=1{ 0 , 12)=1 1 ., 13)=10 (8.475)
0 0 1
The perturbation is (in the unperturbed basis)
X 0 0 a
V= 0 0 b (8.476)
a* b 0

Since the diagonal matrix elements of the perturbation are zero
we have



E§1) = E(l) = E?()l) = 0 or no first - order corrections
Thus, levels 1 and 2 remain degenerate.

If we formally (and incorrectly) apply non-degenerate
second-order perturbation theory to this system we get

EP =Y [Vinn|”
" B - B

m#n
Now Via = 0,Viz = a,V23 = b and so we get
‘/ml|2
E® = 3 V"
0 0
m#1 E{ = Er(n)

L0, Vs 2 a
- 0 0) _
0 E§ ) Eé ) E|— FE,

2

(8.477)

(8.478)

incorrect because of 0/0 term



5 _ Z |Vina”
2 0 0
250 gD

0 Vas|? 2 b
=0 + (0|) 23| © L 7 1 z incorrect because of 0/0 term
Ey’ — E; 1= 52

Y =% |Vins|”
3 0 0
2 B B

s Vasl*  _ laf* + [P
EO_gO g0 g0 E - B

which agrees with the exact solution.



3. Now we apply second-order degenerate perturbation theory
for the two degenerate levels. We have

[Vis|” E®2) VisVso
©)_gO ©)_©®
B By —Es (8.479)
Vo3 Va1 [Vas| —_ E®
£ 5O B0 5D

det

la|

_E® ab*
FE1—Fo E E

= det

laf” + |b|2E(2) n e e
By — Es (Ey — E2)?  (E1— E»)?

2 2
_g® <E<2> _ M) —0 (8.480)

(E(2))2 _

corresponding to
E® =0

2 2
52 _ la|” + [b]
FE| — E5



so that to second-order we have

Eq
laf® + [b)?
E LI R I
L E1 — Es
g, a4 P
Ey — E

which agrees with the exact solution.



