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Preface
These notes present General Relativity without using calculus.
This means that many equations and results that are being
discussed will be presented without any derivation.
This process will work, i.e., you will learn and understand
General Relativity, only if you work out the solutions to the
problems that accompany each section.
The problems are presented at the end text material along with
solutions.
Have fun!

1. Special Relativity
1.1 Relativity of motion
Motion is relative. As you read this you probably think that you
are not moving. To be precise, however, you should think that
you are not moving with respect to the Earth’s surface.
But the Earth spins. At the latitude of Lisbon, one spins at
approximately 1,300 kilometers per hour. Moreover, the Earth
moves around the Sun, at about 30 kilometers per second, and
the Sun moves around the center of the galaxy, at about 220
kilometers per second. Therefore I am moving at 1,300
kilometers per hour with respect to the center of the Earth, at
30 kilometers per second with respect to the Sun, and at 220
kilometers per second with respect to the center of the galaxy.

1.2 Inertial frames
To study any motion we must first choose what is called a frame
of reference. A frame of reference is simply a system of
coordinate axes with respect to which the coordinates of each
point in space can be specified. It is often attached to a solid
object (for instance the Earth), but that is not strictly necessary.
When I said I was moving at 1,300 kilometers per hour with
respect to the center of the Earth I wasn’t being entirely
accurate. What I meant was that I am moving with this speed
in the frame whose center is the center of the Earth but which
does not spin. This frame is (approximately) what is called an
inertial frame, that is, a frame where the law of inertia
holds: any free particle moves in a straight line with constant
speed.

The frame attached to the surface of the Earth is not inertial
because of the Earth’s rotation, which prevents the law of inertia
from holding exactly (this is revealed in certain experiments, as
for instance the Foucault1 pendulum). However, this frame can
be considered an inertial frame for most purposes. In reality, the
non-rotating frame centered at the center of the Earth is also
not an exact inertial frame (despite being a better
approximation), because of the Earth’s motion around the Sun.
Progressively better approximations are the non-rotating frame
centered at the Sun and the non-rotating frame centered at the
center of the galaxy. In practice, "non- rotating" means
"non-rotating with respect to the distant stars". The suggestion
that the matter in the Universe as a whole somehow determines
the inertial frames is called the Mach principle.

The big 16th century controversy between geocentrism and
heliocentrism was in part a discussion about frames. In a way
both parties were right: it is as accurate to say that the Earth
moves around the Sun as saying that the Sun moves around the
Earth. In the first case we using the Sun’s frame, while in the
second case we are adopting the frame attached to the surface of
the Earth. However, since the Sun’s frame is (more
approximately) inertial, it allows a much simpler description of
motion.
1.3 Galileo transformations
If S is an inertial frame then any other frame S 0 with parallel
axes moving with constant velocity with respect to S is also an
inertial frame.

Suppose that S 0 moves along the x-axis with constant velocity
v, and that the two frames coincide at time t = 0. If at timet a
given point P has coordinates (x, y, z) in S, then it should be
clear from Figure 1.1

Figure: 1.1 Galileo transformation.

that its coordinates (x0 , y 0 , z 0 ) in S 0 are

x0 = x

vt

y0 = y

(1.1)

z0 = z
We should add to these equations
t0 = t

(1.2)

that is: the time measured in S 0 is the same as the time
measured in S. This seems so obvious that it is almost not
worth writing down (and indeed for a long time no one did). We
shall soon see that it is actually wrong: as incredible as it may
seem, the time measured in the two frames is not exactly the
same.
The formulas above are said to define a Galileo
transformation (which is nothing more than a change of
inertial frame).

The inverse transformation is very simple:
t = t0
x = x0 + vt0
y = y0

(1.3)

z = z0
In other words, we just have to change the sign of v This is
what one would expect, as S is moving with respect to S 0 with
velocity v.
1.4 Velocity addition formula
A consequence of the Galileo transformations is the velocity
addition formula. Suppose that the point P is moving along the
x-axis. Let u be the instantaneous velocity of P in the frame S.
This means that
x
u=
(1.4)
t

where x = x2 xi is the distance travelled by P between the
positions x1 and x2 (as measured in S) in a very small time
interval t = t2 t1 between times t1 and t2 (also measured in
S). In S 0 , P moves by x0 between positions x01 and x02 in the
time interval t0 between times t01 and t02 . The values of
t01 , t02 , x01 , x02 are related to the values of t1 , t2 , x1 , x2 by a Galileo
transformation:
t01 = t1
0
t2 = t2
x01 = x1
x02 = x2

vt1

(1.5)

vt2

Therefore
0

t =

t

x0 =

x

v t

(1.6)

and the instantaneous velocity of P in S 0 is
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In other words, the velocity u of P in S is simply the sum of the
velocity u0 of P in S 0 with the velocity v of P with respect to S.
1.5 Lorentz transformations
In 1887, to their great surprise, Michelson and Morley
discovered that the speed of light is the same in all inertial
frames. This violates the velocity addition formula, according to
which any object or signal is at rest in the inertial frame which
moves with the same velocity.

It was Einstein who first understood that this meant that the
Galileo transformations formulas could not be entirely correct,
and had to be replaced by the Lorentz transformation formulas
(previously discovered by Lorentz and Poincare, who had failed
to correctly interpret them):
⇣
⌘
vx
t0 =
t
c2
x0 = (x vt)
(1.8)
where c represents the speed of light (about 300,000 kilometers
per second) and
1
=q
(1.9)
v2
1 c2
The special theory of relativity, developed by Einstein in
1905, boils down to analyzing the consequences of these
transformations.

The velocities with which we usually deal are much smaller than
the speed of light, |v| ⌧ c. In this case is almost equal to 1,
v2
and c2 is almost equal to zero. Therefore for most applications
the Lorentz transformation formulas reduce to the Galileo
transformation formulas. It is only when the velocities involved
become comparable to the speed of light that the Lorentz
transformations become important. It is easy to check that the
inverse transformation formulas are obtained (as one would
expect) replacing v by v.
✓
◆
0
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0
t=
t + 2
c
x = (x0 + vt0 )
(1.10)
1.6 Relativistic velocity addition formula
Notice that the Lorentz transformation formulas require |v| < c:
given two inertial frames, the velocity of one of them
with respect to the other must be less than the speed of
light.

Therefore it is never possible for a light signal to be at rest in a
given inertial frame. More generally, the Lorentz
transformations imply that light moves with the same speed in
all inertial frames. To check this fact we need the relativistic
velocity addition formula. Again assume that the point P is
moving with instantaneous velocity u in S, travelling a distance
x (as measured in S) in a time interval t (also measured in
S). Then the displacement x0 measured in S 0 and the
corresponding time interval t0 are given by
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Consequently, the instantaneous velocity of P in S 0 is
x0
=
0
t
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In the special case when u = c we obtain
c
u =
1
0

If on the other hand u =
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c we have

c v
u =
v =
1+ c
0

v
=c
v

c+v
c·
=
c+v

c

(1.14)

Therefore whenever P moves at the speed of light in S it also
moves at the speed of light in S 0 .

1.7 Time Dilation
One of the most counter-intuitive consequences of the Lorentz
transformations is the fact that the time interval between two
events depends on the inertial frame in which it is measured.
Suppose that an observer at rest in the inertial frame S 0
( x0 = 0) measures a time interval t0 . Then the corresponding
time interval measured in the inertial frame S is
✓
◆
0
v x
0
t=
t + 2
=
t0 > t0
(1.15)
c
(as > 1 whenever v 6= 0). This phenomenon is known as time
dilation.
1.8 Derivation of the Lorentz transformation formulas
In what follows we give a derivation of the Lorentz
transformation formulas, due to Einstein. Einstein started with
two postulates:

1. Relativity principle: Any two inertial frames are
equivalent.
2. Invariance of the speed of light: The speed of light is
the same in all inertial frames.
Since the Galileo transformations are not compatible with the
second postulate, we cannot expect the "obvious" formula
x0 = x vt to work. Suppose however that x0 is proportional to
x vt, that is,
0
x = (x vt)
(1.16)
for some constant (to be determined). Since S moves with
respect to S 0 with velocity v, the first postulate requires an
analogous formula for the inverse transformation:
x = (x + vt)
Solving for t0 yields

x
0
t =
v

x0
v

(1.17)

(1.18)

Substituting in this formula the initial expression for x0 gives
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v
We now use the second postulate. Consider a light signal
propagating along the x-axis in S, passing through x = 0 at
time t = 0. The position of the signal at timet will then be
x = ct. On the other hand, the second postulate requires that
the position of the signal in S 0 be x0 = ct0 . Therefore
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= ±q
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Since we must have = 1 for v = 0, we must take the positive
sign. Thus
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2. Minkowski geometry
2.1 Units
Since the speed of light is the same for all observers, we may
without ambiguity choose units in which c = 1. For instance, we
can measure time in years and distances in light-years (a
light-year is the distance travelled by light during one year,
approximately 9.5 ⇥ 1012 kilometers. Alternatively, we can
measure distances in meters and time in light-meters (a
light-meter is the time it takes light to travel 1 meter,
approximately 3.3 nanoseconds. In these units speeds do not
have dimensions: they are simply given by the fraction of the
speed of light which they represent.

2.2 Space-time diagrams
To formulate the special theory of relativity geometrically we
pick an inertial frame S. Each event can be specified in this
frame by giving the instant t and the position x in which it
happened. A space-time diagram consists in representing events
as points in the plane with Cartesian coordinates (t, x). It is
traditional to represent the coordinate t vertically.
The motion of a particle can be represented in a space-time
diagram by plotting its position x at each instant t; we thus
obtain a curve, which we call the history of the particle. We
now consider a few examples (see Figure 2.1):

Figure: 2.1 Space-time diagram containing the histories of: (a) a particle at
rest; (b) a particle moving with constant velocity; (c) a light ray; (d) an
accelerating particle.

(a) If the particle is at rest in the frame S then its position x does not change with
t : x = x0 , where x0 is a constant.
Therefore the history of this particle is a vertical line.
(b) If the particle is moving with constant velocity v then its position at time t is
x = x0 + vt, where x0 is a constant (representing the particle’s position at t = 0).
The history of this particle is then a line with slope v1 (since its equation can be
re-written as t = v1 (x x0 )).
(c) A light signal moves with constant velocity ±c = ±1, and so its position at time
t is x = x0 ± t, where x0 is a constant (representing the signal’s position at t = 0).
The history of the signal is a line with slope ±1.

(d) If the particle moves with changing velocity then its history is a curve. As we
have seen, the Lorentz transformation formulas force the particle’s speed to be
smaller than c = 1. Therefore if we imagine two light signals being emitted in
opposite directions at each event in the particle’s history (lines with slopes ±1
through that event) then the particle’s history cannot intersect the histories
of those light signals in any other event.

2.3 Interval between events
To represent events on a space-time diagram we must pick an
inertial frame S.
Clearly the representation will change if we choose a diﬀerent
inertial frame S 0 , as the coordinates (t0 , x0 ) of a given event in S 0
are in general diﬀerent from its coordinates (t, x) in S.
This situation is analogous to what happens when we introduce
Cartesian coordinates in the Euclidean plane.
To do so we must fix a system S of orthogonal axes. However,
the choice of these axes is not unique: for instance, we can
choose a diﬀerent system S 0 of orthogonal axes which are
rotated by an angle ↵ with respect to S (Figure 2.2).

Figure: 2.2: Two systems of orthogonal axes.

If a given point P has coordinates (x, y) in S, its coordinates
(x0 , y 0 ) in S 0 are in general diﬀerent. Indeed, it is not hard to
show that
x0 = x cos ↵ + y sin ↵
y0 =

x sin ↵ + y cos ↵

(2.1)

The coordinates of point P are thus devoid of intrinsic geometric
meaning, since they depend on the choice of the axes. However,
the introduction of a system of orthogonal axes allows us to
compute quantities with intrinsic geometric meaning, such as
the distance between two points. Let P1 and P2 be two points
with coordinates (x1 , y1 ) and (x2 , y2 ) in S. The coordinates of
these points in S 0 will be (x01 , y10 ) and (x02 , y20 ), where

x01 = x1 cos ↵ + y1 sin ↵
x02 = x2 cos ↵ + y2 sin ↵
y10 =

x1 sin ↵ + y1 cos ↵

y20 =

x2 sin ↵ + y2 cos ↵

(2.2)

If x = x2 x1 , y = y2 y1 , x0 = x02 x01 , y 0 = y20 y10 are
the diﬀerences between the coordinates of P2 and P1 in each of
the two systems, we have
x0 =
y0 =

x cos ↵ +
x sin ↵ +

y sin ↵
y cos ↵

(2.3)

The distance s between P1 and P2 can be computed in S from
the Pythagorean theorem:
s2 =

x2 +

y2

(2.4)

x02 +

y 02

(2.5)

In S 0 this distance is given by
s02 =

Since this distance is a geometric property, it cannot depend on
the system of orthogonal axes chosen to perform the calculation.
Indeed:
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(2.6)

By analogy, we define the "distance" ⌧ between two events P1
and P2 with coordinates (t1 , x1 ) and (t2 , x2 ) in S as
⌧2 =
where

t = t2

t1 and

t2

x = x2

x2
x1 .

(2.7)

Note that ⌧ is not the Euclidean distance between the two
events in the space-time diagram, because of the minus sign.
Also note that we can only define the distance between two
events such that | x|  | t|. Pairs of events satisfying this
relation are said to be causally related, since only in this case
can one of them cause the other: the maximum speed of
propagation of any signal is the speed of light, and so x  1
along the history of any signal. To the "distance" ⌧ we call
the interval between the causally related events P1 and P2 .
Surprisingly, the interval does not depend on the inertial frame
in which it is computed:
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(where we used the formulas for the Lorentz transformations
with c = 1.) We can therefore regard special relativity as the
study of a geometry, diﬀerent from the usual Euclidean
geometry, in which the distance between two points is replaced
by the interval between two events. This new geometry is called
Minkowski geometry.
What is the physical meaning of the interval between two
events? If ⌧ 2 > 0, we have | x|  | t|. Therefore there exists
an observer with constant velocity v which is present at both
events, since
x
|v| =
<1
(2.9)
t
Suppose, In this observer’s inertial frame S 0 , the two events
happen in the same location, x0 = 0. Therefore in this frame
⌧ = | t0 |

(2.10)

We conclude that the interval between two events
represents the time measured between them by an
inertial observer which is present at both events (if
nonzero). If ⌧ = 0, we have | x| = | t|, and hence if the
interval between two events is zero then these events
are placed on the history of a light signal.
2.4 Generalized twin paradox
The twin paradox: Two twins, Alice and Bob, part on their 20th
birthday. While Alice remains on Earth (which is an inertial
frame to a very good approximation), Bob departs at 80% of the
speed of light towards Planet X, 8 light-years away from Earth.
Therefore Bob reaches his destination 10 years later (as
measured in the Earth’s frame). After a short stay, he returns
to Earth, again at 80% of the speed of light. Consequently Alice
is 40 years old when she sees Bob again. How old is Bob?

Using the time dilation formula, one can show that Bob is only
32 years old.
Let us see how to reach the same conclusion by using Minkowski
geometry.
We start by picking an inertial frame. The simplest choice is the
Earth’s frame. Since in this frame the Earth is at rest, its
history is a vertical line, say the t-axis (x = 0). The history of
Planet X, which is also at rest in this frame, is another vertical
line, say the line x = 8 (using years and light-years as units).
Suppose that Bob departs from Earth at t = 0, corresponding to
the event O with coordinates (0, 0). Since it takes Bob 10 years
to reach Planet X (in the Earth’s frame), his arrival is the event
P with coordinates (10, 8). Finally, the twins’ reunion is the
event Q with coordinates (20, 0) (Figure 2.4).

Figure: 2.3: Space-time diagram for the twin paradox.

The time interval measured by Bob on the first leg of the
journey is then the interval OP between events O and P , given
by
2
2
2
OP = 10
8 = 100 64 = 36
(2.11)
that is, OP = 6. The time interval measured by Bob in the
return leg of the journey is the interval P Q between events P
and Q, given by
2

P Q = (20

10)2

(0

8)2 = 102

82 = 100

64 = 36 (2.12)

that is, P Q = 6. Therefore the total journey takes Bob
OP + P Q = 6 + 6 = 12 years.
The fact that Bob is younger at the twins’ reunion can be
geometrically reformulated as the statement that
OQ > OP + P Q

(2.13)

that is: the interval corresponding to the side OQ of the triangle
OP Q is bigger than the sum of the intervals corresponding to
the other two sides.
This is exactly the opposite of what happens in Euclidean
geometry, where the length of one side of a triangle is always
smaller than the sum of the other two (triangle inequality).
The triangle inequality can be used to show that the minimum
length curve between two points in the Euclidean plane is a line
segment.
Indeed, any curve connecting two points in the plane can be
approximated by a broken line joining intermediate points along
the curve (Figure 2.5).

Figure: 2.4: The minimum length curve between two points in the

Euclidean plane is a line segment. The same diagram can be used to show
that the maximum length causal curve between two events is a line segment.

By repeatedly applying the triangle inequality it is clear that
the broken line’s length is bigger than the length of the line
segment joining the two points.

Since we can make the broken line’s length as close to the
curve’s length as we like (by increasing the number of
intermediate points), we conclude that the curve’s length is
necessarily bigger than the length of the line segment.
2.5 More dimensions
For simplicity’s sake, we have so far considered space-time
diagrams with two dimensions only (coordinates (t, x)).
However, a complete space-time diagram has four dimensions,
corresponding to the coordinates (t, x, y, z) of events in an
inertial frame. In this case, the interval between causally related
events is
⌧ 2 = t2
x2
y2
z2
(2.14)
Unfortunately it is not easy to visualize a 4-dimensional space.
For this reason we will use space-time diagrams with at most 3
dimensions, corresponding to the coordinates (t, x, y) in some
inertial frame.

This allows us to consider particles and light signals which move
in the (x, y)-plane. The interval between two causally related
events is in this case
⌧2 =

t2

x2

y2

(2.15)

Notice that in 3 dimensions the set of all points with zero
interval with respect to a given event O (that is, the set of all
events along light signals through O) is now a cone, called the
light cone of O (Figure 2.6).

Figure: 2.5: Space-time diagram in 3 dimensions.

Correspondingly, the condition for a curve to be causal is now
that it be inside the light cone of each of its points.

3. Non-Euclidean geometry
3.1 Curvilinear coordinates
Besides the usual Cartesian coordinates, there are many other
possible choices of coordinates in the plane (traditionally called
curvilinear coordinates). An example that naturally occurs in
many situations (e.g. radars) are the so-called polar coordinates
(r, ✓), in which each point is identified by its distance r to the
origin and by the angle ✓ between its position vector and the
x-axis (Figure 3.1).

Figure: 3.1: Polar coordinates.

As we have already seen, the distance s between two points P1
and P2 in the plane is given in Cartesian coordinates by
s2 =

x2 +

y2

(3.1)

How can one compute distances in polar coordinates? We start
by observing that fixing ✓ and varying r by r corresponds to
travelling a distance r along a ray through the origin (Figure
3.2).

Figure: 3.2: Distance in polar coordinates.

Similarly, fixing r and varying ✓ by ✓ corresponds to travelling
a distance r ✓ along the circle with center at the origin and
radius r. Since the ray is perpendicular to the circle, the
Pythagorean theorem tells us that if two points are very close
(so that the bit of circle is almost straight) then the distance
between them is approximately
2

s =

2

r +r

2

✓

2

(3.2)

(with increasing accuracy as the points become closer).
We can use this formula to compute the length of a curve in
polar coordinates approximating it by a broken line. The
distance between two points which are not close can then be
computed by computing the length of the line segment
connecting them.
3.2 The sphere
Euclidean geometry describes the geometry of the plane.

However, it is often useful to understand the geometry of other
surfaces. For instance, to plan a long sea or air voyage it is
necessary to understand the geometry of the sphere.
Just as in the plane, the first thing to do is to choose a system
of coordinates. To do so, we fix a great circle which we call the
equator. Remember that a great circle is simply the intersection
of the sphere with a plane through its center. In the case of the
Earth’s surface, the natural choice for equator is the great circle
defined by the plane perpendicular to the rotation axis. The
circles obtained by intersecting the sphere with planes parallel
to the equator’s plane are called parallels. Note that the
parallels are not great circles. The points of intersection of the
sphere with the line through the center of the sphere which is
perpendicular to the equator’s plane are called the poles. The
great circle arcs between the poles are called the meridians.
Among these we choose one which we call the principal
meridian.

Unlike the equator, there is no natural choice of principal
meridian in the case of the Earth, the convention being to
choose the meridian through the Greenwich astronomical
observatory (near London). Any meridian can be identified by
the angle ' with the principal meridian. To this angle we call
the meridian’s longitude. Similarly, any parallel can be
identified by the angle ✓ with the equator, measured along any
meridian. To this angle we call the parallel’s latitude. Any point
P on the sphere’s surface can be specified by indicating the
parallel and the meridian to which it belongs (Figure 3.3).

Figure: 3.3: Coordinates on the sphere.

We can then use (✓, ') as coordinates on the surface of the
sphere.
Taking ⇡2  ✓  ⇡2 and ⇡  '  ⇡,we can then represent the
sphere as a rectangle in the plane (Figure 3.4).

Figure: 3.4: Coordinates on the sphere.

In this representation, the horizontal axis corresponds to the
equator, the vertical axis corresponds to the principal meridian
and, more generally, horizontal lines represent parallels and
vertical lines represent meridians. We then say that the
rectangle is a map (or a chart) for the sphere.
Since the sphere is very diﬀerent from a rectangle, it is no big
surprise that the map given by the coordinates (✓, ') is not
entirely accurate, representing certain points more than once.
Namely, the lines ' = ⇡ and ' = ⇡ represent the same
meridian, whereas the lines ✓ = ⇡ and ✓ = ⇡ correspond each
to a single point (each of the poles). Moreover, this map distorts
distances: for instance, all parallels are represented by line
segments with the same length, when in fact that have diﬀerent
lengths. More precisely, if R is the radius of the sphere then it is
easy to see that the radius of the parallel of latitude ✓ is R cos ✓
(Figure 3.5),

Figure: 3.5: Radius of a parallel.

and its length is therefore 2⇡R cos ✓. To compute distances on
the sphere we start by observing that fixing ' and varying ✓ by
✓ corresponds to travelling a distance R ✓ along the meridian
of longitude ' (Figure 3.6).

Figure: 3.6: Distance on the sphere.

Similarly, fixing ✓ and varying ' by ' corresponds to
travelling a distance R cos ✓ ' along the parallel of latitude ✓.
Since the meridians are orthogonal to the parallels, the
Pythagorean theorem tells us that if the points are very close
(so that the curve segments are approximately straight) then
the distance between them is approximately

s2 = +R2 ✓2 + R2 cos2 ✓ '2

(3.3)

(with increasing accuracy as the points become closer).
The expression for the distance s2 between two nearby points
on a given surface is called the metric of that surface.
For instance, we have already seen that the metric of the plane
is written s2 = x2 + y 2 in Cartesian coordinates, and
s2 = r2 + r2 ✓2 in polar coordinates.
It is important to stress that although these two expressions are
diﬀerent, they contain the same information: the distance
between two nearby points will have the same value whether it
is computed in Cartesian or in polar coordinates.

3.3 Geodesics
Now that we have the expression for the metric of a sphere of
radius R, we would like to be able to compute the distance
between two points on the sphere (not necessarily close). Recall
that in the plane this is done by computing the length of the
line segment (that is, the curve with minimum length) joining
the two points. Thus we need to identify the sphere’s geodesics
(that is, the minimum length curves). These curves will play the
same role in the geometry of the sphere as straight lines do in
the geometry of the plane.
Let P and Q be two points on the sphere. It is always possible
to choose coordinates (✓, ') such that P and Q are on the
meridian ' = 0. Consider an arbitrary curve connecting P to Q.
We approximate this curve by a broken line by choosing nearby
points
P0 = P, P1 , P2 , ....., PN 1 , PN = Q
(3.4)
along the curve.

These points have coordinates
(✓0 , 0), (✓1 , '1 ), (✓2 , '2 ), ......, (✓N
If si is the distance between Pi
), then the curve’s length is
`=

s0 +

1

1 , 'N 1 ), (✓N , 0),

(3.5)

and Pi (with i = 2, 3, ...., N

s1 + · · · +

(3.6)

sN

According to the expression for the metric, we have
approximately
s2i = R2 (✓i

✓i

2
2
2
)
+
R
cos
✓i ('i
1

and therefore
si

R(✓i

✓i

'i

2
)
1

(3.7)
(3.8)

1)

We conclude that
`

R(✓1

✓0 + ✓2

✓1 + · · · + ✓N

✓N

1)

= R(✓N = ✓0 ) (3.9)

which is exactly the length of the meridian arc between P and
Q. Hence the minimum distance between two points on the
sphere is measured along the smaller great circle arc joining
them, or, the geodesics of the sphere are its great circles.

3.4 Curvature
Having identified the sphere’s geodesics, we can now begin to
study the sphere’s geometry, which is quite diﬀerent from the
geometry of the plane. For instance, the sum of the internal
angles of a triangle is always bigger than ?: Figure 3.7 depicts a
triangle on the sphere with three right angles.

Figure: 3.7: Spherical triangle with three right angles and polygon with
two sides.

The diﬀerence between the sum of the internal angles of a
spherical triangle and ? is called the spherical excess. For
instance, the spherical excess for the the ⇡ triangle in Figure 3.7
is 2 . The average curvature of a spherical triangle is the
ratio between the spherical excess and the triangle’s area.
Recalling that the area of a sphere of radius R is 4⇡R2 , and
noticing that the complete sphere is formed by 8 triangles like
the one in Figure 3.7, we conclude that the average curvature of
that triangle is
⇡
1
2
=
(3.10)
2
2
4⇡R
R
8

The curvature of a surface at a point is simply the value of the
average curvature for a very small triangle around that point.
Hence the curvature at a given point measures how much the
local geometry of the surface at that point diﬀers from the
geometry of the plane. The sphere is a constant curvature
surface: all triangles have the same average curvature, and so
1
the curvature of the sphere at any point is R2 .

An interesting consequence of the spherical excess is that there
exist polygons on the sphere with only two sides (for instance
polygons whose sides are meridians, as depicted in Figure 3.7).
The existence of these polygons is thus a sign of the presence of
curvature.
3.5 Other maps of the sphere
Just like in the plane, there are many possible choices of
coordinates on the sphere.
One possibility is to use the so-called cylindrical projection,
which consists on projecting each point P of the sphere to a
point Q in the cylindrical surface which is tangent to the sphere
at the equator, perpendicularly from the axis (Figure 3.8).

Figure: 3.8: Cylindrical projection.

The cylindrical surface can then be unrolled into a rectangle
with height 2R and length 2?R, on which we choose Cartesian
coordinates (x,y) so that the equator projects to the x-axis, the
parallels to horizontal lines and the meridians to vertical lines.

Similarly to what we have done for the coordinates (✓, '), one
can show that the sphere’s metric in these coordinates is
s2 =

✓

1

y2
R2

◆

✓

x2 + 1

y2
R2

◆

1

y2

(3.11)

This expression has the particularity that the coeﬃcients of ?x2
and ?y2 are inverse of each other. One can show that this
happens if and only if the projection preserves areas, that is, the
area of a given figure on the sphere is equal to the area of its
representation on the map.
Another famous projection is the so-called stereographic
projection, which projects each point P of the sphere to a
point Q on the plane containing the equator from the north pole
(Figure 3.9).

Figure: 3.9: Stereographic projection.

Choosing Cartesian coordinates (x, y) on the plane with origin
at the center of the sphere, we see that the equator projects to
itself (that is, a circle of radius R and center at the origin), the
parallels to concentric circles and the meridians to lines through
the origin. The sphere’s metric in these coordinates is
2

s =

✓

1+

x2
R2

+

y2
R2

◆

2
2

✓

x +4 1+
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R2
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◆

2
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(3.12)

This expression has the particularity that the coeﬃcients of x2
and y 2 are equal. One can show that this happens if and only
if the projection preserves angles, that is, the angle between two
intersecting curves on the sphere is equal to the angle between
its representations on the map (which is then called a
conformal map).
The map that uses latitude and longitude as coordinates does
not preserve areas nor is conformal. The most common world
maps use the so-called Mercator projection, which can be
obtained from this map (or the cylindrical projection map) by
deforming it vertically until it becomes conformal (this has the
advantage that the curves of constant heading are represented
by straight lines on the map) (Figure 3.10).

Figure: 3.10: World maps using the cylindrical and Mercator projections.

3.6 Other geometries
The geometry of the sphere is just one example of a
non-Euclidean geometry. For each diﬀerent surface we will in
general have a diﬀerent geometry, most of which will not have
constant curvature. Many will have negative curvature, that is,
the sum of a triangle’s internal angles will be smaller than ⇡.

Others will be flat, that is, the sum of a triangle’s internal
angles will be equal to ⇡. Examples of the latter are,
surprisingly, the cylinder and the cone. That is why we can roll
a sheet of paper into a cylinder or a cone (but not a sphere).
By analogy, we can consider curved spaces with three or more
dimensions. Although it is in general impossible to visualize
such spaces, all we need to study their geometry is the
expression of the metric in some coordinate system.
The ideas of non-Euclidean geometry were mostly developed by
Lobachevsky, Bolyai, Gauss and Riemann, who generalized
them to spaces with any number of dimensions. For this reason,
the metric of a surface (or more generally of a curved space with
more dimensions) is usually called a Riemannian metric.

4. Gravity
4.1 Newton’s law of universal gravitation
In Newtonian physics gravity is simply an attractive force
between any two bodies along the line that connects them. If
the bodies have masses M and m and are separated by a
distance r then the intensity F of the force between them is
given by Newton’s law of universal gravitation:
GM m
F =
r2

(4.1)

where G is the so-called universal gravitational constant.
Rigorously, this formula holds for point masses only; the force
between two bodies with non- negligible dimensions is obtained
subdividing them into very small pieces and adding up the
contributions of each pair of pieces. One can show that for a
spherically symmetric body the result is the same as if all the
mass were placed at the center.

In particular, the gravitational acceleration of a point particle of
mass m due to a spherically symmetric body of mass M is
F
GM
g=
= 2
m
r

(4.2)

where r is the distance to the center of the body. Note that g
does not depend on the value of the mass m; this explains why
the gravitational acceleration is the same for all objects.
One can show that the gravitational potential energy of the
system formed by the masses M and m is
U=

GM
r

(where by convention the potential energy of two masses
infinitely far apart is zero).

(4.3)

This energy is negative, since gravity is attractive: we have to
spend energy to separate the two masses. The gravitational
potential (gravitational potential energy per unit of mass) due
to a spherically symmetric body of mass M is then
=

GM
r

(4.4)

4.2 Units
To simplify our formulas we will use geometrized units, in which
besides c = 1 one also has G = 1. In these units masses are
measured in meters. For instance, the mass of the Sun in
geometrized units is about 1.5 kilometers, whereas the mass of
the Earth is about 4.5 millimeters. We shall see later that this
means that a black hole with the mass of the Sun has a radius
of 2 ⇥ 1.5 = 3 kilometers, whereas a black hole with the mass of
the Earth has a radius of 2 ⇥ 4.5 = 9 millimeters.

4.3 Escape velocity
Consider the free-falling motion of a point particle of negligible
mass m (for instance the Earth) in the gravitational field of a
spherically symmetric body of mass M (for instance the Sun),
which we can assume to be fixed at the origin of an inertial
frame. One can show that the particle’s mechanical energy
(per unit mass),
1 2 M
E= v
(4.5)
2
r
is conserved along the motion (where v is the particle’s
velocity). In particular,
M
r
Consequently, if E < 0 then
r

(4.6)

E

M
E

that is, m will never venture more than
center of M .

(4.7)
M
E

away from the

If m is to move arbitrarily far away from M we must have
E 0. This means that for m to escape the attraction of M
from a point at a distance r from the center of M it must be
launched with velocity
r
2M
v
(4.8)
r
This minimum velocity is called the escape velocity.
4.4 Kepler laws
It is easy to see that the motion of the mass m happens on a
plane. Introducing polar coordinates (r, ✓) in that plane, with
the origin at the center of the spherically symmetric mass M ,
we see from the expression of the metric in polar coordinates
that the square of the velocity of the particle is
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s
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t
t
So the mechanical energy is given by
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✓
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(4.9)

(4.10)

Moreover, one can show that the particle’s angular
momentum (per unit mass),
L=r

2

✓
t

(4.11)

is also conserved alongs its motion.
We can rewrite the conservation laws as
✓
L
= 2
t
rr
r
2M
= ± 2E +
t
r

L
r2

(4.12)

These equations are examples of diﬀerential equations, and
can be used to determine all possible motions of m. The idea is
as follows: suppose that we are interested in the motion with
certain values of E and L which passes through the point with
coordinates (r0 , ✓0 ) at time t = 0. We can use the diﬀerential
equations above to compute approximate values r1 = r0 + r0
and ✓1 = ✓0 + ✓0 for (r, ✓) at time t = t, where
L
✓0 = 2
r0
r0 =

t

s

2M
2E +
r0

L
r02

(4.13)

(we have assumed rt 0). Repeating this procedure with r1
and ✓1 , we can compute approximate values r2 = r2 + r1 and
✓2 = ✓2 + ✓1 for (r, ✓) at time t = 2 t, and, in general,
approximate values rn = rn 1 + rn 1 and ✓n = ✓n 1 + ✓n 1
for (r, ✓) at time t = n t for each n 2 N . The approximation
can be made increasingly better by decreasing t.

The diﬀerential equations above were solved exactly by Newton,
who discovered that the orbits with negative energy are actually
ellipses, with the center of M at one of the foci (first Kepler
law). Moreover, the law of conservation of angular momentum
has the geometrical interpretation that the line segment joining
the center of M to the point particle m sweeps equal areas in
equal times (second Kepler law). In particular, m moves more
quickly when it is closer to M (Figure 4.1).

Figure: 4.1: Kepler laws.

Kepler had deduced his laws empirically from astronomical
observations of the planets’ motions. Newton showed that these
laws were actually mathematical consequences of his universal
gravitation law.
4.5 Circular orbits
From the diﬀerential equation for r it is clear that we must have
2M
2E +
r

L2
r2

2

0 , 2Er + 2M r

L

2

0

(4.14)

If E < 0, we see that r can only vary between the two roots of
the above polynomial,
p
M ± M 2 + 2EL2
r± =
(4.15)
2E
corresponding to the two points on the ellipse which are closest
and farthest to the center of M (both on the major axis). The
point which is closest to the center of M is called the orbit’s
perihelion.

If r = r+ , that is, if

M2
E=
2L2
then the orbit must be a circle of radius
r=

(4.16)

M
L2
=
2E
M

(4.17)

So we have for circular orbits
✓
◆2
✓
M
= 3
t
r
In particular, the orbital speed is given by
r
✓
M
v=r
=
t
r

(4.18)

(4.19)
p

Note that the escape velocity at a given point is 2 times the
speed of the circular orbit through that point. We can therefore
think of the circular orbit speed as a kind of characteristic speed
of the gravitational field at that point.

Hence one expects relativistic eﬀects to become important only
when this speed becomes comparable to the speed of light. For
familiar gravitational fields (say the Earth’s or the Sun’s), this
speed is much smaller than the speed of light (so M
r ⌧ 1).
5. General relativity
5.1 Equivalence principle
In 1907, just two years after publishing the special theory of
relativity, Einstein had, in his own words, "the happiest thought
of his life". This idea, which he later called the equivalence
principle, was simply this: for a free-falling observer everything
happens as if there was no gravity at all.
To understand what Einstein meant we have to remember that
the gravitational acceleration is the same for all bodies,
regardless of their mass.

This is illustrated by Galileo’s legendary experiment of dropping
balls of diﬀerent weights from the leaning tower of Pisa and
watching them reach the ground simultaneously. Should Galileo
have jumped together with the balls he would have seen them
floating around him, and could momentarily imagine that he
was in a gravity-free environment. This is exactly what happens
to astronauts in orbit.
It is sometimes said that there is no gravity in orbit, but this is
obviously wrong: if there was no gravity there would be no
forces acting on the spacecraft, and it would just move away
from Earth on a straight line with constant velocity according to
the law of inertia. Actually, an orbiting spacecraft is free-falling
around the Earth; that is why its crew seem to float inside.

5.2 Gravitational redshift
The first thought experiment to which Einstein applied his
equivalence principle was the following: suppose that Einstein,
from an intermediate floor on the leaning tower of Pisa, sends a
light signal with period T towards Galileo, who is on the top
floor. What is the period T 0 measured by Galileo?
To answer this question let us suppose that both Einstein and
Galileo jump from the tower as the signal is emitted. Then they
would be in a free-falling frame, thus equivalent to an inertial
frame (without gravity). So Galileo would measure the same
period T for the light signal (as he would be at rest with respect
to Einstein in this inertial frame). Let z be the vertical
distance from Einstein to Galileo, and g the gravitational
acceleration.

It takes the light signal a time z to get to the top floor (as
c = 1), and in this time interval Galileo acquires a speed
v = g z with respect to the tower (we are assuming that this
speed is much smaller than the speed of light, v ⌧ 1, so that
this Newtonian formula is approximately correct; we are also
assuming that the light signal’s period is much smaller than the
time taken by the signal to reach the top floor, T ⌧ z).
According to the Doppler eﬀect formula for |v| ⌧ 1 (see Chapter
2), we must have approximately
T 0 = (1 + g z)T

(5.1)

that is, should Galileo have remained on the top floor he would
have measured a bigger period for the light signal. Since the
period of visible light increases from blue to red, it is usual to
call this eﬀect the gravitational redshift.

Recall that the potential energy of a particle on the Earth’s
surface is U = mgz, and so the corresponding gravitational
potential is = gz. Another way to write the gravitational
redshift formula is then
T 0 = (1 +

)T

(5.2)

As long as | | ⌧ 1, this formula is still valid even when the
field is not uniform (one just has to introduce suﬃciently many
intermediate observers, for whom the field is approximately
uniform). Since the two observers are at rest with respect to
each other, this formula can only be interpreted as meaning that
time flows at diﬀerent rates for observers in diﬀerent points of a
gravitational field: observers in lower positions measure smaller
time intervals.

5.3 Curved space-time
Figure 5.1 clearly shows that the gravitational redshift is not
compatible with Minkowski geometry

Figure: 5.1: Minkowski geometry is incompatible with the gravitational
redshift.

according to which any two observers at rest on a given inertial
frame must measure the same period for any light signal. To
account for the gravitational redshift we need a space-time
diagram which distorts intervals, just like any map of the sphere
distorts distances. This led Einstein to conjecture that the
existence of a gravitational field would be equivalent to
space-time being curved.
A small region of a curved surface (say a sphere) looks
approximately flat, the approximation becoming better as the
region becomes smaller: for example, the sum of a triangle’s
internal angles tends to ? as the triangle becomes smaller and
smaller, since the diﬀerence is given by the curvature multiplied
by the triangle’s area. In the same way, thought Einstein, a
small region of a curved space-time must look approximately as
flat Minkowski space-time.

But this is exactly the equivalence principle: in a small region of
a free-falling frame everything happens as if we were in an
inertial frame (the region must be small so that the
gravitational field is approximately uniform across that region;
otherwise not all bodies would fall with the same acceleration
and it would be possible to infer the existence of a gravitational
field). Moreover, any free-falling body in one of these free-falling
frames will move on a straight line with constant velocity, and
hence, as seen in Chapter 2, its history will be a maximum
length causal curve. We conclude that in a curved space-time
the histories of free-falling bodies must be maximum length
causal curves, that is, geodesics. In the same way, in a small
free-falling frame the history of a light ray must be a causal
curve of zero length with the property that it is the unique
causal curve joining any two of its points. We conclude that in a
curved space-time the histories of light rays are causal curves of
this kind, called null geodesics.

These ideas were already clear for Einstein in 1912. To complete
his theory of general relativity he now needed to know how to
compute the space-time metric determined by a given matter
distribution. For that, Einstein spent the next three years
studying the mathematics of curved spaces (with the help of his
mathematician friend Marcel Grossmann). There was no
method for (nor any guarantee of) reaching the right result: he
literally needed to guess the answer. After many blind alleys
and failed attempts, he finally managed to find the correct
equation, by the end of 1915 (Einstein was almost scooped by
the famous mathematician Hilbert, who arrived at the same
equation by a diﬀerent method almost at the same time). The
Einstein equation is
R = 8⇡T
(5.3)
where R and T are mathematical objects called tensors (a
generalization of vectors). The tensor R is called the Ricci
curvature tensor, and describes (part of) the space-time
curvature at each point.

It can be computed from the variation of the space-time metric
coeﬃcients in each direction. The tensor T is called the
trace-reversed energy-momentum tensor, and describes
the matter distribution. Thus the Einstein equation specifies
how matter curves space-time. It turns out that R and T have
ten independent components, and so the Einstein equation is in
fact a complicated set of ten diﬀerential equations for the
space-time metric coeﬃcients.
6. The Schwarzschild solution
6.1 The Schwarzschild solution
In 1916, just a few months after the publication of the Einstein
equation, Schwarzschild (who was then on the Russian front)
discovered the solution corresponding to the gravitational field
of a spherically symmetric body of mass M . If we restrict
ourselves to events on the equatorial plane, the Schwarzschild
metric is
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(for r > 2M ).
How are we to interpret the coordinates (t, r, ✓)? We notice that
when M = 0 the Schwarzschild metric becomes
⌧2 =

t2

r2

r2 ✓2

(6.2)

which is just the Minkowski metric in polar coordinates, since,
as we have seen, the metric of the Euclidean plane is
s2 =

x2 +

y2 =

r2 + r2 ✓2

(6.3)

This makes sense: when M = 0 there is no gravity and therefore
space-time must be flat Minkowski space-time.

We can then think of the Schwarzschild coordinates (t, r, ✓) as a
generalization of the Minkowski coordinates (t, r, ✓).
6.2 Stationary observers
The curves along which the coordinates r and ✓ are constant are
the histories of observers at rest with respect to the spherically
symmetric body M , which we shall call stationary observers.
Note that these curves are not geodesics, since these observers
are not in free fall (if they were, their coordinate r should
decrease). Actually, it can be shown that these observers
measure a gravitational acceleration
g=q

M
r2

1

(6.4)

2M
r

which is approximately the Newtonian result for

M
r

⌧ 1.

When the coordinate t varies by t, a stationary observer
measures a proper time interval
r
2M
⌧= t 1
(6.5)
r
(since r = ✓ = 0). Note that when r is very big we have
⌧ = t. Therefore we can interpret the coordinate t as the
time measured by a stationary observer far away from M ("at
infinity").
6.3 Redshift
The Schwarzschild metric is invariant under time translations.
This means that the interval between two nearby events P1 and
P2 , with coordinates (t1 , r1 , ✓1 ) and (t2 , r2 , ✓2 ), is equal to the
interval between the events Q1 and Q2 with coordinates
(t1 + ⌦, r1 , ✓1 ) and (t2 + ⌦, r2 , ✓2 ), for any ⌦ 2 R.

So if is a geodesic, that is, a curve of maximum length, the
curve 0 obtained from by moving all of its points to points
with the coordinate t increased by ⌦ is also a geodesic.
The same is true if

is a null geodesic.

Consider two stationary observers O and O0 , with radial
coordinates r and r0 .
Suppose that O sends a light signal with period T towards O0 .
The history of the light ray corresponding to the beginning of
the period is a null geodesic .
The light ray corresponding to the end of the period is another
null geodesic 0 , constructed from translating by ⌦ in the t
coordinate (Figure 6.1).

Figure: 6.1: Redshift in the Schwarzschild geometry.

The period T measured by O is related to ⌦ by
r
2M
T =⌦ 1
r

(6.6)

In the same way, the period T 0 measured by O0 satisfies
r
2M
0
T =⌦ 1
r0
We conclude that
T =T
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(6.7)

(6.8)

This is the redshift formula for stationary observers in the
Schwarzschild metric. It reduces to the approximate formula in
M
0 > r then T 0 > T , as
Chapter 5 for M
,
⌧
1.
Note
that
if
r
r r0
one would expect. This statement is sometimes summarized by
saying that gravity delays time.
6.4 Space curvature
Suppose that two nearby stationary observers, with spatial
coordinates (r, ✓) and (r + r, ✓ + ✓), want to measure the
distance between them.

To do so they just have to measure the time taken by a light
signal to travel from one to the other (c = 1). A light signal
propagating between the two observers takes a coordinate time
interval t such that
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(6.9)
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However, the stationary observers measure a proper time
interval
r
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(6.10)
r
and so measures a distance
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that is,
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This is not the metric of an Euclidean plane, since the
coeﬃcient of r2 is not 1 (although it does approach 1 for large
r). In fact, it can be shown to be the metric of the surface
shown as an embedding diagram in Figure 6.2.

Figure: 6.2: Surface with the metric measured by the stationary observers.

In other words, stationary observers on the equatorial plane
deduce from their distance measurements that they are actually
living on a curved surface. This statement is sometimes
summarized by saying that gravity curves space.

6.5 Orbits
To compute the histories of free-falling particles we have to
compute the geodesics of the Schwarzschild metric. One can
show that these satisfy the following diﬀerential equations:
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1 + 2E

Note that the first two equations are almost identical to the
Newtonian equations, with the proper time ⌧ playing the role of
the Newtonian time.

This means that if the relativistic eﬀects are small ( M
r ⌧ 1),
then the trajectories of free-falling particles in the Schwarzschild
metric are approximately ellipses. However, they are not exactly
ellipses: their perihelion precesses (i.e. rotates), at a rate of
about
6⇡M
(6.14)
r
radians per orbit (for almost circular orbits of radius r).
Actually, the perihelia of the orbits of all planets in the Solar
System precess for other reasons. This is not surprising, since
besides the Sun’s gravitational force, which is by far the main
influence, the planets also feel the gravitational attraction of
each other. When Einstein discovered the general theory of
relativity, Newton’s theory could explain the precession of the
perihelia of all planets except one: Mercury.

The precession of Mercury’s perihelion is about 5600 arcseconds
per century; Newton’s theory predicted 5557. There was thus an
unexplained discrepancy of 43 arcseconds per century. When
Einstein computed the precession of Mercury’s perihelion due to
general relativistic eﬀects he exactly obtained, to his great
satisfaction, the missing 43 arcseconds per century.
By similar methods to those used in the Newtonian theory, one
can show that there are circular orbits of any radius r > 3M .
By coincidence, the Newtonian result
✓
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6.6 Light rays
The histories of light rays correspond to the null geodesics of the
Schwarzschild metric, which satisfy the following diﬀerential
equations:
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1 + 2E

The parameter plays the same role as the proper time on a
geodesic (recall that null geodesics have zero length). These
equations can be obtained from the geodesic equations in the
limit E
1. This is what one would expect, as particles with
very high energies move very close to the speed of light.

It is however clear that these equations are not the equations for
a null geodesic in Minkowski’s space-time, which can be
obtained by setting M = 0.
The fact that M > 0 makes t bigger than what it would be
in Minkowski’s spacetime. Therefore a light ray takes a longer
coordinate time t to travel a given path in the Schwarzschild
metric. This is the so-called Shapiro eﬀect, and has been
measured by radar experiments in the Solar System starting in
1966.
On the other hand, M > 0 makes the absolute value of r , and
hence ✓r bigger than it would be in Minkowski’s space-time.
Consequently the light ray follows a curved trajectory, instead
of the straight line it would travel for M = 0.

This is the so-called gravitational lens eﬀect, and was
(together with the gravitational redshift and the precession of
Mercury’s perihelion) one of the three experimental tests of
general relativity proposed by Einstein. The experimental
confirmation of this prediction, achieved by an English
expedition led by Eddington in 1919, made Einstein a celebrity
overnight.
The English astronomers had to travel to the remote locations
of the Prince’s Island (then a Portuguese colony) and Sobral
(Brazil) to photograph a total eclipse of the Sun. The reason for
this is illustrated in Figure 6.3: the presence of a body with a
large mass M bends the light rays, shifting the images of
objects with respect to their usual positions.

Figure: 6.3: Gravitational lens eﬀect in space and in space-time.

By comparing a picture of the sky around a body of high mass
with a picture of the same region at a time when the body is
not there it is then possible to measure the shift in the stars’
positions due to the bending of the light rays.

The bending angle computed by Einstein was
4M
b

(6.17)

where b is the distance of closest approach of the light ray to the
body (for comparison’s sake, Newtonian gravity predicts half
this value for a particle moving at the speed of light). This is a
very small angle under normal circumstances. For a light ray
just grazing the surface of the Sun (which is by far the body of
larger mass in the Solar System) it is only about 1.75
arcseconds. Hence the need of using the Sun to measure this
eﬀect, and consequently of photographing the Sun during a total
eclipse (to make the stars visible).
Figure 6.3 illustrates the case in which the mass M is directly
between the light source and the observer; in this case she sees
two images, on opposite sides of M . In the space-time diagram
this corresponds to the existence of two null geodesics
connecting the same events, which, as we saw in Chapter 3,
signals the presence of curvature.

A spectacular example of this eﬀect is the so-called Einstein
Cross (Figure 6.4).

Figure: 6.4: Einstein Cross.

It consists of four images of the same quasar, 8 billion
light-years away, surrounding the nucleus of a galaxy "only" half
a billion light-years away, which is acting as a gravitational lens.
The reason why the images are known to be of the same quasar
is that they show the same exact pattern of brightness variation.
Due to the Shapiro eﬀect, however, the brightness variation of
the diﬀerent images is desynchronized by a few days.

6.7 Black holes
The Schwarzschild metric is not defined for r = 2M (the
so-called Schwarzschild radius), since there is a division by zero
in the coeﬃcient of r2 . For a long time it was not clear what
to make of this.
In the Newtonian theory, the Schwarzschild radius corresponds
to the points where the escape velocity is equal to the speed of
light. In the Schwarzschild metric a similar phenomenon occurs:
the escape velocity for a stationary observer approaches the
speed of light as r approaches 2M . Moreover, the redshift and
the gravitational field measured by these observers approach
infinity as r approaches 2M . For these reasons it was initially
thought that r = 2M was a mathematical singularity, beyond
which one could not extend the Schwarzschild space-time.

However, it was noticed that the curvature of this space-time is
M
r3

(6.18)

and so nothing out of the ordinary seems to happen at the
Schwarzschild radius.
An analogous situation occurs on the map of the sphere
obtained from the cylindrical projection: although the
coeﬃcient of y 2 is not defined for y = R (south pole),
nothing special happens to the curvature of the sphere as y
approaches this value, since it is constant equal to R12 . In this
case, it is easy to see that the sphere does not have any
singularity at the south pole: the coordinates (x, y) associated
to the cylindrical projection just happen to be ill defined at this
point. The problem can be overcome by choosing a diﬀerent
coordinate system (for instance the coordinates (x, y) associated
to the stereographic projection).

A coordinate system which is well defined on the region r = 2M
was discovered by Painleve in 1921. Painleve substituted the
Schwarzschild coordinate tt by a diﬀerent time coordinate t0 , in
terms of which the metric is written
!2
r
2M 0
2
02
r = t
r+
t
r2 ✓2
r
r
✓
◆
2M
2M 0
02
= 1
t
2
t r
r2 r2 ✓2 (6.19)
r
r
Note that in these coordinates there is no problem at r = 2M .
However, the coeﬃcient of t02 vanishes at the Schwarzschild
radius. This means that the curves on which r = 2M and ✓ is
constant are null geodesics. No wonder that there cannot be
stationary observers at r = 2M (they would have to be moving
at the speed of light). Similarly, there cannot exist stationary
observers for r < 2M , since these would correspond to
non-causal curves (they would have to be moving faster than
the speed of light).

These facts can be geometrically understood by representing the
light cones in a space-time diagram (Figure 6.5).

Figure: 6.5: Space-time diagram for the Schwarzschild solution containing

the histories of: (a) a stationary observer; (b) a particle falling through the
event horizon; (c) the event horizon; (d) the singularity.

These are given at each point of coordinates (t0 , r) by
r
r
2M 0
2M
2
0
⌧ =0,± t = r+
t , ±1
r
r

(6.20)

For r
2M the light cones approach the Minkowski light cones,
with slopes ±1, corresponding to light rays receding from or
approaching r = 0. As r diminishes, however, the light cones tilt
towards r = 0. At the Schwarzschild radius, the light cones are
so tilted that the light ray "receding" from r = 0 actually stands
still. For r < 2M the situation is even more dramatic: the light
ray "receding" from r = 0 is actually approaching r = 0.
Therefore a particle entering the region r < 2M can never leave;
moreover, it is forced to move towards r = 0.
Also, it is clear that observers at infinity can never see any event
in the region r  2M ; this region is then called a black hole.
The surface r = 2M , which bounds this region, is called the
event horizon (since one cannot see beyond it). Finally, the
curve r = 0 is called the singularity.

It is indeed a mathematical singularity, beyond which it is not
possible to continue the Schwarzschild space-time, since the
curvature becomes infinite there.
Physically, the curvature of a space-time measures the so-called
tidal force, resulting from the non-uniformity of the
gravitational field. Consider, for instance, an astronaut in orbit,
floating upside-down. Then the Earth’s gravitational force on
her head is slightly larger than on her feet. Hence there is a
residual stretching force (the tidal force). At the singularity
inside the black hole this force becomes infinite, and thus any
object which falls inside a black hole ends up destroyed.
Ordinary spherically symmetric bodies (stars, planets, golf
balls) have radii which are much larger than their Schwarzschild
radius. However, it is known that stars which are 3 times more
massive than the Sun at the end of their evolutionary process
end up forming black holes.

A famous example is the Cygnus X-1 black hole, 9 times more
massive than the Sun, which is about 6,000 light- years away.
Besides black holes with masses comparable to that of the Sun,
resulting from stellar evolution, it is now known that most
galaxies harbor supermassive black holes at their centers. The
black hole at the center of our galaxy, Sagittarius A⇤ , weighs
about 4.3 million solar masses and is about 26,000 light-years
away.
Since black holes do not emit light, they cannot be directly
observed. What is in fact observed are X-rays emitted by
matter falling in (see Figure 6.6).

Figure: 6.6: Cygnus X-1 and Sagittarius A⇤

7. Cosmology
7.1 Redshift
Consider a light signal emitted with period T . If a given
observer measures a period T 0 then the signal is said to have
suﬀered a redshift
z=
Equivalently,

T0

T
T

T0
=
T

T 0 = T (1 + z)

1

(7.1)
(7.2)

From Chapter 2 we know that, in the absence of gravity and for
low velocities (as compared to the speed of light), the redshift v
coincides with the velocity v at which the signal’s source is
receding. In Chapter 5 we also saw that stationary observers in
weak gravitational fields measure a redshift z =
, where
is the gravitational potential diﬀerence between the observer
and the source.

The atoms of a given element (say hydrogen) can only absorb
radiation with certain well defined periods. After crossing a
region containing an appreciable amount of atoms of such an
element, the spectrum of white light displays a series of dark
absorption lines, which constitute the signature of that element.
When the light is received on Earth these lines are in general
shifted with respect to their usual positions; measuring the
displacement one obtains the redshift and, consequently, the
velocity of the absorbing atoms. That is how astronomers
measure the velocity at which a given star recedes from Earth.
(There is also a small shift due to the star’s gravity, but it is
much smaller than the velocity eﬀect.).
7.2 Hubble law
The existence of other galaxies besides ours (the Milky Way)
was only established in 1924 by Hubble.

As a follow-up to his work, Hubble carefully measured the
redshift of about 50 galaxies, and discovered that not only were
most of them moving away from us but also that the greater the
distance the greater the recession speed. In 1929 Hubble
formulated what is nowadays called the Hubble law: v = Hd,
where v is the recession speed of a given galaxy, d is its distance
from Earth and H is a constant, called the Hubble constant,
whose modern value is about 71 kilometers per second per
megaparsec (a parsec is a length unit approximately equal to
3.26 light-years; a megaparsec is a million parsecs). In other
words, a galaxy 1 megaparsec away is in average receding at 71
kilometers per second. For comparison’s sake, the Milky Way’s
diameter is about 0.03 megaparsecs, the Andromeda and
Triangulum galaxies (which, together with the Milky Way, are
the most important galaxies of the so-called Local Group) are
about 0.8 megaparsecs away, and the radius of the observable
Universe is about 14,000 megaparsecs.

7.3 FLRW models
The first space-time describing the Universe on large scales
(usually called a cosmological model) was proposed by
Einstein in 1917. Einstein started from the hypothesis that the
Universe is a hypersphere, that is, the 3-dimensional analog of
the (2-dimensional) surface of a sphere (the thought that space
was finite in extent but without boundary was philosophically
appealing to him). Introducing this hypothesis in his equation,
Einstein discovered that, as he expected, the Universe’s density
would have to be constant. This is not unreasonable: although
on our scale the Universe is not homogeneous, since matter is
clumped into stars and stars into galaxies, at larger scales these
fine details can be ignored. To his surprise, however, Einstein
discovered that such a Universe would not remain static: its
radius would decrease until the hypersphere col- lapsed to a
point.

To keep his Universe static, Einstein was forced to introduce a
cosmological constant (sometimes also called dark energy),
representing the energy of the vacuum, whose gravitational
eﬀect would be repulsive. Later, when the expansion of the
Universe was discovered (thus showing that the Universe is not
static), Einstein considered the introduction of this constant
"his greatest blunder". In 1998, however, astronomers found
irrefutable evidence that the cosmological constant does in fact
exist.
Still in 1917, de Sitter presented another cosmological model,
representing a hyperspherical Universe without matter but with
a positive cosmological constant. Actually, both the Einstein
and the de Sitter Universes are particular cases of the general
models discovered by Friedmann in 1922, and rediscovered by
Lemaitre in 1927, and by Robertson and Walker in 1929.

The Friedmann-Lemaitre-Robertson-Walker (FLRW) models
assume only that the Universe on large scales is homogeneous
(i.e., the same at all points) and isotropic (i.e., the same in all
directions); such hypotheses were spectacularly confirmed in
1964, with the discovery of the cosmic background
radiation, by Penzias and Wilson . This radiation, predicted in
1948 by Alpher, Gamow and Herman, consists of microwave
photons (about 400 per cubic centimeter) which are thought to
have been produced in the primitive Universe; they come from
all directions in the sky and have exactly the same spectrum,
independently of the direction which they are coming from.
There are only 3 kinds of spaces which are homogeneous and
isotropic: the hypersphere, the usual Euclidean space (on which
the Pythagorean theorem holds) and the hyperbolic space.

The hyperbolic space, which, like the Euclidean space, is infinite
in extent, is a kind of opposite of the hypersphere, with constant
negative curvature: the sum of the internal angles of a triangle
in this space is always less than ⇡. By analogy with the
hypersphere, one defines the radius of the hyperbolic space as
the number R such that its curvature is R12 .
Since the FLRW models require that the space is either the
hypersphere, the Euclidean space or the hyperbolic space, the
only thing that can change in time is the Universe’s radius R.
In this way, and restricting ourselves as usual to two spatial
dimensions, the metric of the FLRW models is given by
⌧2 =

t2

⌧2 =
⌧2 =

R(t)2 ( ✓2 + cos2 ✓ '2 ) or
t2

t2

R(t)2 ( x2 +

y 2 ) or

R(t)2 ( ✓2 + cosh2 ✓ '2 )

according to whether space is hyperspherical, Euclidean or
hyperbolic.

(7.3)

7.4 Hubble law in the FLRW models
In problems for which only one spatial dimension is relevant we
may restrict the FLRW metric to a line where ' (or y in the
Euclidean case) is constant. In this way, the metric becomes the
same for the three models:
⌧2 =

t2

R(t)2 ✓2

(7.4)

(where we have set x = ✓ in the Euclidean case).
The lines where the coordinate ✓ is kept constant are geodesics:
their length between two events P and Q with time coordinates
tP and tQ is tQ tP , whereas any other causal curve connecting
the same events satisfies
p
⌧=
t2 R(t)2 ✓2  t
(7.5)
and so its length is less than or equal to tQ tP . The Einstein
equation implies that these geodesics are the histories of the
matter particles (galaxies), which are then free-falling.

Moreover, the time coordinate t is simply the proper time
measured by the galaxies.
If two galaxies are located at positions ✓ = ✓1 and ✓ = ✓2 then
the distance between them at time t is
d(t)R(t)(✓2
Consequently, in a time interval
d=

(7.6)

✓1 )

t the distance varies by

R(✓2

✓1 )

(7.7)

and so the galaxies move away at a velocity
v=

d
=
t

R
(✓2
t

✓1 ) =

Rd
= Hd
t R
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where we have defined
1
H(t) =
R

R
t

(7.9)

Thus we see that the FLRW models explain the Hubble law
naturally as a consequence of the variation of the radius of the
Universe (note however that in general the Hubble constant
varies in time). The situation is analog to what happens to the
points on the surface of a balloon which is being inflated: each
point sees the other points moving away with a velocity
proportional to their distance. One should bear in mind,
however, that this is just an analogy. In particular, in the case
of the Universe there is nothing that corresponds to the interior
(or the exterior) of the balloon(Figure 7.4).

Figure: 7.1: The points on the surface of a balloon which is being inflated
behave like the galaxies in the expanding Universe.

7.5 Redshift in the FLRW models The FLRW metric is
invariant under translations in ✓. This means that the interval
between nearby events P1 and P2 , with coordinates (t1 , ✓1 ) and
(t2 , ✓2 ), is equal to the interval between the events Q1 and Q2
with coordinates (t1 , ✓1 + ⌦) and (t2 , ✓2 + ⌦),for any ⌦ 2 R. So
if is a geodesic, that is ,a curve of maximum length, the curve
0 obtained from
by moving all of its points to points with the
coordinate ✓ increased by ⌦ is also a geodesic. The same is true
if is a null geodesic.
Consider two galaxies O and O0 , with coordinates ? and ?0 .
Suppose that O sends a light signal with period T towards O0 at
time t. The histories of the light rays corresponding to the
beginning and to the end of the period are null geodesics and
0 , and so they satisfy
t

2

R(t)

2

2

✓ =0,

t
= R(t)
✓

(7.10)

(assuming that the signal is propagating in the direction of
increasing ✓).

From Figure 7.1 it is easy to see that can be obtained from
by a translation of ⌦ in the coordinate ✓, and also that the
period T measured by O is related to ⌦ by
T
=
⌦

t
= R(t)
✓

Figure: 7.2: Redshift in the FLRW geometry.

0

(7.11)

Similarly, the period T 0 measured by O0 satisfies
T0
=
⌦

t
= R(t0 )
✓

(7.12)

where t0 is the time at which the signal is received. We conclude
that
T0
R0
1+z =
=
(7.13)
T
R
where R is the radius of the Universe at the time of emission
and R0 is the radius of the Universe at the time of reception.
Thus the redshift z does not yield directly the velocity v at
which the source is receding; instead, it measures how much the
Universe has expanded since the light signal was emitted. For
small redshifts, however, one has z = v.

7.6 Friedmann equations
The variation of R(t) is determined by the Einstein equation,
which in the FLRW models reduces to the Friedmann
equations:
r
R
2E ⇤R2
=±
+
k
t
r
3
4⇡R3
E=
⇢
(7.14)
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Here ⇤ is the cosmological constant, E is another constant, ⇢ is
the average matter density (which is therefore constant
throughout space, depending only on time) and k = 1 for the
hypersphere, k = 0 for the Euclidean space and k = 1 for the
hyperbolic space. Moreover, as we mentioned, the Einstein
equation implies that the histories of matter particles (galaxies)
are the curves with constant spatial coordinates.

Since the matter density of the Universe is positive, we have
E > 0. On the other hand, Hubble’s observations imply that R
is increasing, and so we must take the positive sign in the first
Friedmann equation. Moreover, it is known since 1998 (from
supernovae observations) that Rt is increasing; from the first
Friedmann equation it is then clear that we must have k > 0.
Consequently, the radius of the Universe is strictly increasing for
all time (this is obvious in the Euclidean and hyperbolic cases,
and can be shown to be also true for the hypersphere). This
means that the radius of the Universe was zero at a certain
point in its past (called the Big Bang), which is estimated to
have happened about 14 billion years ago. The second
Friedmann equation implies that the Universe’s matter density
was infinite then (as well as its temperature. Moreover, we see
that the fate of the Universe is to expand forever (at an
increasing rate), becoming ever colder and sparser.

The first Friedmann equation can be rewritten as
8⇡
H =
(⇢ + ⇢⇤ )
3
2

where

k
R2

(7.15)

⇤
⇢⇤ =
(7.16)
8⇡
represents the vacuum energy density. We then see that the
Universe is hyper- spherical (k = 1), Euclidean (k = 0) or
hyperbolic (k = 1) according to whether the Universe’s total
density ⇢ + ⇢⇤ is greater than, equal to or less than the critical
density
3H 2
⇢c =
(7.17)
8⇡
Unfortunately, current observations are not accurate enough to
decide which of these cases actually occurs.

It is known however that the Universe is very close to being
Euclidean, with
⇢
⇢⇤
' 27% and
' 73%
⇢c
⇢c

(7.18)

The matter which is directly observable - stars, galaxies - is only
20% of the total amount of matter which must exist to explain
the motions of stars and galaxies. The remaining 80%
correspond to the so-called dark matter (not to be confused
with dark energy), whose exact nature is not yet known.

Problems

1.1 Show that the Earth’s rotation speed at the latitude of
Lisbon (about 39o ) is approximately 1,300 kilometers per hour
(radius of the Earth: approximately 6,400 kilometers). Show
that this speed is greater than the speed of sound (about 340
meters per second).
1.2 Show that the speed of the Earth with respect to the Sun is
about 30 kilometers per second. (Distance from the Earth to
the Sun: approximately 8.3 light-minutes).
1.3 A machine gun mounted in the rear of a bomber which is
flying at 900 kilometers per hour is firing bullets also at 900
kilometers per hour but in the direction opposite to the flight
direction. What happens to the bullets?
1.4 A boy throws a tennis ball at 50 kilometers per hour towards
a train which is approaching at 100 kilometers per hour.
Assuming that the collision is perfectly elastic, at what speed
does the ball come back?

1.5 Relativity of simultaneity: The starship Enterprise travels at
80% of the speed of light with respect to the Earth. Exactly
midship there is a floodlight. When it is turned on, its light hits
the bow and the stern at exactly the same time as seen by
observers on the ship. What do observers on Earth see?
1.6 Check that the inverse Lorentz transformation formulas are
correct.
1.7 Length contraction: Consider a ruler of length `0 at rest in
the frame S 0 . The ruler is placed along the x0 -axis, so that its
ends satisfy x0 = 0, x0 = `0 for all t0 . Write the equations for the
motion of the ruler’s ends in the frame S, and show that in this
frame the ruler’s length is
`=

`0

< `0

1.8 Check that the relativistic velocity addition formula can be
written as
u0 + v
u=
u0 v
1 + c2
1.9 A rocket which is flying at 50% of the speed of light with
respect to the Earth fires a missile at 50% of the speed of light
(with respect to the rocket). What is the velocity of the missile
with respect to the Earth when the missile is fired
(a) Forwards?
(b) Backwards?
1.10 Two rockets fly at 50% of the speed of light with respect to
the Earth, but in opposite directions. What is the velocity of
one of the rockets with respect to the other?

1.11 The time dilation formula can be derived directly from the
fact that the speed of light is the same on any inertial frame by
using a light clock (figure below)

Figure: Light clock.

Consider a light signal propagating in S 0 along the y 0 -axis
between a laser emitter L and a detector D. If the signal travel
time is t0 (as measured in S 0 ), then the distance between L
and D (as measured in S 0 ) is y 0 = c t0 . On the other hand, as
seen from S the detector D moves along the x-axis with velocity
v. Therefore during the time interval t (as measured in S)
between the emission and the detection of the signal the
detector moves by v t along the x-axis.

Assuming that the distance y measured in S between the laser
emitter and the detector is the same as in S 0 , y = y 0 , derive
the time dilation formula.
1.12 Useful approximations: Show that if |"| ⌧ 1 then
(a)

(b)

1
1"

p

'1

"

1+"'1+

"
2

with error of order "2 ⌧ |"|.
1.13. The time dilation formula was experimentally verified in
1971 by comparing the readings of two very precise atomic
clocks. One of the clocks was kept at rest on the surface of the
Earth, whereas the other was flown once around the Earth,
along the parallel of latitude 39o , at an average speed of 900
kilometers per hour.

(a) What was the diﬀerence in the readings of the two clocks?
Does it make a diﬀerence whether the clock was flown
eastwards or westwards?
(b) Show that even if the moving atomic clock were transported
very slowly along the parallel the two clocks would be
desynchronized at the end of the journey (Sagnac eﬀect).
(Recall that the Earth is not a perfect
q inertial frame because it
v2
v2
is spinning; use the approximation 1 c2 ' 1 2c2 or
velocities v much smaller than c).
1.14. When cosmic rays hit the Earth?s atmosphere they
produce (among others) particles called muons, typically at an
altitude of 10 kilometers. These elementary particles are
unstable, and decay in about 2.2 ⇥ 10 6 seconds. However, a
large percentage of these muons is detected on the ground.
What is the minimum speed at which the detected particles
must be moving?

1.15. Twin paradox: Two twins, Alice and Bob, part on their
20th birthday. While Alice remains on Earth (which is an
inertial frame to a very good approximation), Bob departs at
80% of the speed of light towards Planet X, 8 light-years away
from Earth. Therefore Bob reaches his destination 10 years later
(as measured on the Earth?s frame). After a short stay, he
returns to Earth, again at 80% of the speed of light.
Consequently Alice is 40 years old when she sees Bob again.
(a) How old is Bob when they meet again?
(b) How can the asymmetry in the twins? ages be explained?
Notice that from Bob?s point of view he is at rest in his
spaceship and it is the Earth which moves away and then
back again.
2.1 Check that a light-year is about 9.5 ⇥ 1012 kilometers, and
that a light-meter is about 3.3 ⇥ 10?9 seconds.

2.2 Lucas problem: By the end of the 19th century there was
a regular transatlantic service between Le Havre and New York.
Every day at noon (GMT) a transatlantic liner would depart
from Le Havre and another one would depart from from New
York. The voyage took exactly 7 days, so that the liners would
also arrive at noon (GMT). Thus a liner departing from Le
Havre would see a liner arriving from New York, and a liner
arriving in New York would see a liner departing to Le Havre.
Besides these two, how many other liners would a passenger
doing the Le Havre-New York voyage meet? At what times?
How many liners were needed in total?
2.3 Show that the coordinates (x, y) and (x0 , y 0 ) of the same
point P in two systems of orthogonal axes S and S 0 , with S 0
rotated by an angle ↵ with respect to S, satisfy
x0 = x cos ↵ + y sin ↵
0

y =

x sin ↵ + y cos ↵

2.4 Twin paradox (again): Recall the setup of Exercise 15 in the
previous chapter: Two twins, Alice and Bob, part on their 20th
birthday. While Alice remains on Earth (which is an inertial
frame to a very good approximation), Bob departs at 80% of the
speed of light towards Planet X, 8 light-years away from Earth.
Therefore Bob reaches his destination 10 years later (as
measured on the Earth’s frame). After a short stay, he returns
to Earth, again at 80% of the speed of light. Consequently Alice
is 40 years old when she sees Bob again. Bob, however, is only
32 years old.
(a) Represent these events in the inertial frame S 0 in which
Bob is at rest during the first leg of the journey, and check
that the ages of the twins at the reunion are correct.
(b) Do the same in the inertial frame S 00 in which Bob is at rest
during the return leg of the journey.
(c) Imagine that each twin watches the other trough a very
powerful telescope. What do they see? In particular, how
much time do they experience as they see one year elapse
for their twin?

2.5 Doppler eﬀect: Use the space-time diagram in the figure
below

Figure: Doppler eﬀect.

to show that if a light signal has period T in S then its period
as measured in S 0 is
r
1+v
0
T =T
1 v

Moreover, show that for speeds much smaller than the speed of
light, |v| ⌧ 1, this formula becomes
T 0 = T (1 + v)
This eﬀect can be used to measure the velocity of an
approaching (or receding) light source (e.g. a star).
2.6 A Klingon spy commandeers the Einstein, Earth’s most
recent starship, and escapes towards his home planet at
maximum speed, 60% of the speed of light. In despair, Starfleet
Command decides to install a highly experimental engine
aboard the Enterprise, which theoretically will allow it to reach
80% of the speed of light. The installation takes 1 year, but the
new engine works perfectly. The Enterprise departs in chase of
the spy and captures him some time later during an exciting
space battle.

(a) How long does it take between the theft and the recapture
of the Einstein:
(i) According to an observer on the Earth’s (inertial) frame?
(ii) According to the Klingon spy?
(iii) According to the Enterprise crew?

(b) Starfleet has decided that if the Enterprise fails to
recapture the Einstein then a radio signal will be emitted
from Earth activating a secret self-destruct device aboard
the Einstein. How long after the theft can the engineers on
Earth expect to know whether to emit the radio signal?
(c) When could the engineers expect confirmation of the
Einstein’s destruction if the signal was emitted?
2.7 The faster-than-light missile: During a surveillance
mission on the home planet of the devious Klingons, the
Enterprise discovers that they are preparing to build a
faster-than-light missile to attack the peaceful planet Organia,
12 light-years away.

Alarmed, Captain Kirk orders the Enterprise to depart at its
maximum speed ( 12
13 of the speed of light) to the threatened
planet. At the same time a radio signal is sent to warn the
Organians about the imminent attack. Unfortunately, it is too
late: eleven years later (in the frame of both planets) the
Klingons finish the missile and launch it at 12 times the speed
of light. So the warning reaches Organia at the same time as the
missile, twelve years after being emitted, and the Enterprise
arrives at the planet’s debris one year later.
(a) How long does the Enterprise take to get to Organia
according to its crew?
(b) In the planets’ frame, using years and light-years as units of
time and length, let (0, 0) be the (t, x) coordinates of the
event in which the Enterprise uncovers the plot, (11, 0) the
coordinates of the missile launch, (12, 12) the coordinates of
the destruction of Organia and (13, 12) the coordinates of
the arrival of the Enterprise at the debris. Compute the
coordinates (t0 , x0 ) of the same events in the Enterprise’s
frame.

(c) Plot the histories of the Enterprise, the planets, the radio
warning and the missile in the Enterprise’s frame. How do
events unfold in this frame?
3.1 Lisbon and New York are approximately at the same
latitude (40o ). However, a plane flying from Lisbon to New York
does not depart from Lisbon heading west. Why not?
3.2 Consider two points in the sphere at the same latitude ✓ =
but with longitudes diﬀering by ⇡. Show that the distance
between these two points is smaller than the length of the
parallel arc between them.

⇡
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3.3 Decide whether the following statements are true of false for
the plane’s geometry and for the sphere’s geometry:
(a) All geodesics intersect.
(b) If two distinct geodesics intersect, they do so at a unique
point.

(c) Given a geodesic and a point p 2
/ , there exists a unique
geodesic 0 containing p which does not intersect
(Euclid’s’ fifth postulate).
(d) There exists a geodesic containing any two distinct points.
(e) There exists a unique geodesic containing any two distinct
points.
(f) There exist points arbitrarily far apart.
(g) All geodesics are closed curves.
(h) The sum on a triangle’s internal angles is ⇡.
(i) The length of a circle with radius r is 2⇡r.
(j) The area enclosed by a circle of radius r is ⇡r2 .
3.4 Show that the average curvature of a spherical triangle in
which one of the vertices is the north pole and the other two
vertices are on the equator is R12 .

3.5 What is the relation between the sum of the internal angles
of a 2-sided polygon on the sphere and its area?
3.6 Check that the cylindrical projection preserves the area of
spherical triangles with one vertex on the north pole and the
other two vertices on the equator.
3.7 Show that neither the stereographic projection nor the
sphere’s map using latitude and longitude as coordinates
preserve areas.
3.8 Show that no map of the sphere can simultaneously preserve
areas and be conformal.
4.1 Compute the mass of the Earth in geometrized units from
the gravitational acceleration at the Earth’s surface (9.8 meters
per squared second).
4.2 Compute the escape velocity from the Earth’s surface.

4.3 The orbit of Halley’s comet is a very elongated ellipse, which
makes its venture away from the Sun almost as far as Pluto’s
orbit. Therefore Halley’s comet (like most comets) moves
almost at the Solar System’s escape velocity. Knowing that the
perihelion of its orbit is about 4.9 light-minutes from the Sun,
calculate the Halley comet’s speed at that point.
4.4 Referring to Figure 4.1 in text, show that when the
coordinate ✓ varies by a small amount ✓, the line segment
joining the center of M to the point particle m sweeps an
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approximate area A = 2 r ✓. Conclude that the law of
conservation of angular momentum can be geometrically
interpreted as the statement that the velocity at which this area
is swept is constant.

4.5 Use the period of the Earth’s orbit to compute the mass of
the Sun in geometrized units.
4.6 Calculate the period of a (circular) low Earth orbit.
4.7 Determine the radius of a geostationary orbit (that is, a
circular orbit around the Earth with period equal to 24 hours).
Do the same for the GPS satellites’ orbits, whose period is
about 12 hours.
4.8 Compute the period of the Moon’s orbit. (Distance from the
Earth to the Moon: approximately 1.3 light-seconds).
4.9 The figure below shows the orbits of a few stars about
Sagittarius A⇤ , the black hole at the center of our galaxy, which
is approximately 26,000 light-years away. The orbits were
deduced from the observations plotted in the figure, done during
the period 1995-2003. Use this data to estimate the mass of
Sagittarius A⇤ .

Figure: 4.3: Stars orbiting Sagittarius.

5.1 Since in everyday situations the gravitational redshift is very
small, this eﬀect was only experimentally confirmed in the
beginning of the sixties. The first experiment was carried out in
an elevator shaft of one of the Harvard university buildings,
which was 23 meters high. Compute the percentual variation of
the period measured in this experiment.
5.2 Sometimes light behaves as if composed of particles, called
photons, with energy given by the Planck-Einstein relation
h
E=
T
where h is Planck’s constant and T is the light’s period. From
the mass-energy equivalence relation
E = mc2
(which Einstein derived as a consequence of special relativity),
one would expect a photon going up in a gravitational field to
lose an amount of energy

E
E= 2
c
Show that if this is the case then the Planck-Einstein relation
implies the gravitational redshift formula.
5.3 Correct the result of Problem 13 in Chapter 1 to include the
eﬀect of the gravitational field. Assume that the airplane flew at
an average altitude of 10 kilometers.
5.4 The Global Positioning System (GPS) uses satellites on
12-hour orbits carrying very precise atomic clocks. It is very
important that these clocks are synchronized with the clocks on
the ground tracking stations, since any desynchronization will
result in positional errors of the same magnitude (using c = 1).
Show that if one failed to apply relativistic corrections then the
desynchronization with respect to a ground station on the
equator would be about 12 light-kilometers after just one day.

5.5 Due to its rotation motion the Earth is not a perfect sphere,
being flattened at the poles. Because of this the Earth’s
gravitational potential is given by a more complicated
expression than simply = M
r (which is however a very good
v2
approximation). Actually, = 2 has the same value at all
points on the surface of the Earth, where is the Earth’s
gravitational potential and v is the Earth’s rotation speed at
that point. Show that as a consequence of this formula all clocks
on the surface of the Earth tick at the same rate.
5.6 Twin paradox (yet again): Recall once more the setup of
Problem 15 in Chapter 1: Two twins, Alice and Bob, part on
their 20th birthday. While Alice remains on Earth (which is an
inertial frame to a very good approximation), Bob departs at
80% of the speed of light towards Planet X, 8 light-years away
from Earth.

Therefore Bob reaches his destination 10 years later (as
measured on the Earth’s frame). After a short stay, he returns
to Earth, again at 80% of the speed of light. Consequently Alice
is 40 years old when she sees Bob again, whereas Bob is only 32
years old.
(a) In both legs of his journey Bob is on inertial frames, and
the time dilation formula applies. How much time does he
expect Alice to experience?
(b) Bob is then forced to conclude that Alice experienced the
missing time during the very short (according to him)
acceleration phase of his journey. Check that this is
consistent with the gravitational redshift formula.

M
6.1 Show that if M
,
r r 0 ⌧ 1 then the Schwarzschild gravitational
redshift formula reduces to the approximate formula

T 0 = (1 +

)T

6.2 Check that the precession of the perihelion of Mercury’s
orbit due to general relativistic eﬀects is about 43 arcseconds
per century (distance from Mercury to the Sun: approximately
3.1 light-minutes). What is the precession of the perihelion of
Earth’s orbit due to these eﬀects?
6.3 Compute the period of a circular orbit of radius r > 3M :
(a) For an observer at infinity.
(b) As seen by a stationary observer. What is the orbital
velocity measured by these observers? What happens as r
approaches 3M ?

(c) As measured by an orbiting observer. What happens as r
approaches 3M ?
(d) How is it possible that the free-falling observers in orbit
measure a smaller period than the (accelerated) stationary
observers?
6.4
(a) Show that the fact that the sum of the internal angles of a
Euclidean triangle is ⇡ is equivalent to the statement that
the angles ↵, and in the figure below satisfy ↵ + = .

Figure: 6.9: The sum of the internal angles of an Euclidean triangle is ⇡.

(b) For speeds much smaller than the speed of light, the angle
between two causal curves is just the relative velocity of the
corresponding observers. Show that for these speeds the
above relation is still valid in the Minkowski geometry.
(c) Two circular orbits with the same radius r, traversed in
opposite directions, form a two-sided polygon in the
Schwarzschild geometry. Approximating the polygon’s area
by half the area of the cylinder of radius r and height equal
to half the period of the orbit(Note that the map
corresponding to the Schwarzschild coordinates preserves
areas), estimate the curvature of the Schwarzschild solution
for M
r ⌧ 1.

6.5
(a) What is the escape velocity for a stationary observer?
What happens when r approaches 2M ?
(b) For which value of r is this velocity equal to the velocity of
the circular orbit? What is the corresponding velocity?
6.6 A typical neutron star has a mass of about 1.4 times the
mass of the Sun compressed into a sphere with a 10 kilometer
radius.
(a) Compute the escape velocity for a stationary observer on
the neutron star’s surface.
(b) How many Earth gravities does the stationary observer
measure?

6.7 Show that the deflection of a light ray just grazing the Sun’s
surface is about 1.75 arcseconds (radius of the Sun:
approximately 2.3 light-seconds).
6.8 Draw a space-time diagram describing the observation of the
Einstein Cross from Earth at a given time.
6.9 During an exciting space battle, the Enterprise and a
Klingon warship fall into the same circular orbit around a black
hole, in diametrically opposite positions (see figure). Where
should Captain Kirk aim his lasers?

Figure: 6.11: Where should Captain Kirk aim his lasers?

6.10 Show that Painleve’s time coordinate t0 satisfies
q
t0 =

t+

1

2M
r
2M
r

r

6.11 Show that the observers who in the Painleve coordinates
satisfy
r
r
2M
✓
=
and
=0
0
0
t
r
t
are free-falling, and that t0 is their proper time.

6. 12 A particle falling into a black hole is observed by a
stationary observer at infinity. What does she see?

6.13
(a) What causes the tides? How many high tides are there per
day?
(b) Compute the approximate mass of the Moon from the fact
that the Moon’s tides are about twice as high as the Sun’s
tides.
6.14 Compute the radius of the event horizon of Sagittarius A⇤
in light-seconds and in solar radii. 6.15 Compute the tidal forces
at the event horizon in Earth gravities per meter:
(a) For Cygnus X-1.
(b) For Sagittarius A⇤ .

7.1 What is the speed corresponding to the gravitational
redshift of light emit- ted from the Sun’s surface?
7.2 The parallax of a star is half the maximum shift of its
apparent position in the sky due to the Earth’s yearly motion.
A parsec is the distance to a star whose parallax is 1 arcsecond.
Show that 1 parsec is approximately 3.26 light-years.
7.3 The Sun orbits the center of the Milky Way at a distance of
about 8 kiloparsecs, with a speed of about 220 kilometers per
second. What is the period of its orbit? How many orbits has
the Sun completed since its formation, about 4.5 billion years
ago?
7.4 What should the velocity of the Andromeda galaxy with
respect to the Earth be according to the Hubble law?

7.5 What is the recession speed of:
(a) The remains of the most distant supernova ever detected
(SN 19941), about 5, 500 megaparsecs from Earth?
(b) The most distant known quasar (SDSS J1030+0524), about
8,500 megaparsecs from Earth?
(c) A galaxy at the boundary of the observable Universe, about
14,000 megaparsecs from Earth?
Does this contradict the fact that nothing can move faster than
the speed of light?
7.6 Show that for small redshifts one has z ' v.
7.7 For how long can be seen on Earth a phenomenon which
lasts 10 days:
(a) On the most distant supernova ever detected (SN 19941),
whose red- shift is z?2.4?
(b) On the most distant known quasar (SDSS J1030+0524),
whose red- shift is z?6.3?

7.8 The observed brightness of a galaxy is determined by its
light flux, that is, the amount of energy emitted by the galaxy
which crosses a unit area per unit time on Earth. If the galaxy
is at a distance d from Earth then its light will be spread over
the surface of a sphere of radius d. So the light flux in an
Euclidean Universe is
L
F =
4⇡d2
where L is the galaxy’s luminosity, that is, the total amount of
energy that it emits per unit time.
(a) If the redshift is not negligible then this formula must be
corrected to
L
F =
4⇡d2 (1 + z)2
Why?
(b) Is the flux at the same distance d larger or smaller in an
hyperspherical Universe?

7.9 The current cosmological observations imply
⇢ + ⇢⇤
< 1.01
⇢c
Show that if the Universe is hyperspherical then its radius is
larger than 42, 000 mega-parsecs. If this were indeed the radius
of the Universe what would be the distance to the antipodal
point of Earth? How fast would it be receding?
7.10 Estimate the age of the Universe assuming

R
t

constant.

7.11 For a long time it was thought that the cosmological
constant was exactly zero. How would the Universe evolve in
this case?

7.12 Show that a free-falling particle in the Einstein Universe
moves along a geodesic of the hypersphere. What would an
observer see in the Einstein Universe?
7.13 All objects visible from Earth are at a distance smaller
than about 14,000 megaparsecs (radius of the observable
Universe). It is said that the points which are at this distance
from Earth form its cosmological horizon.
(a) Why is there a cosmological horizon?
(b) What is the redshift of an object at the horizon?
(c) How long would light take to travel the distance to the
horizon?
(d) Compare this time interval with the age of the Universe. Is
there a contradiction here?

7.14 Show that:
(a) The Hubble constant will always be larger than 61
kilometers per second per megaparsec.
(b) The radius of the Universe will more than double every 16
billion years.
(c) Light being emitted now by a galaxy more than 32 billion
light-years away will never reach the Earth
(d) Objects more than 24,000 megaparsecs away will never be
seen from Earth.
7.15 Why is the sky dark at night? Is the sky dark at night in
the Einstein Universe?

7.16 The temperature of a system is a measure of the average
energy per particle.
(a) Show that the temperature of the cosmic background
radiation is inversely proportional to the radius of the
Universe. What was its temperature at the Big Bang?
(b) It is known that the cosmic background radiation ceased to
interact with matter when its temperature was about 2940
degrees Kelvin, and that its current temperature is about
2.7 degrees Kelvin. How much redshift has the cosmic
background radiation suﬀered?
(By definition water freezes at 273 degrees Kelvin and boils at
373 degrees Kelvin; the zero of this scale is called the absolute
zero, because it is the lowest attainable temperature).

7.17 The Enterprise crosses a wormhole into an unknown region
of space-time. The astrophysical section reports measuring a
cosmic background radiation temperature of 5.4 degrees Kelvin
and a Hubble constant of 90 kilometers per second per
megaparsec. Is the Enterprise in our Universe?
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