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Start of Part #1

By the end of this class you will understand these sentences:
Everything we call real is made of things that cannot be regarded as real.
Quantum mechanics asks: Is FALSE the SAME as NOT TRUE?
What is quantum mechanics trying to tell us?
“Correlations have physical reality, that which they correlate does not"

Beginning Ideas and Thoughts
How does the universe work?

What are the fundamental principles?

Discussions/Answers must involve Physics, Mathematics AND Philosophy
19th century
Classical Physics
Determinism
Locality
Foundation of physics 1650-1920

versus

20th century

Quantum Physics
Randomness
Non-locality
Foundation of all modern physics 1920 -

These two paths offer radically different views of reality
What is quantum mechanics?
We thought we understood everything, but world is not what it seems!
Microscopic = Quantum

Macroscopic = Classical (not so sure now!)

We needed a new theory to explain new experiments.

Everyday experience(classical) is misleading —> ideas that do not work in the microworld
Will find that the fundamental building blocks of everything <=> QM = theory of microworld
Important new properties arise: Potentiality and Uncertainty

Must use Experiments

Postulates and Tools ==> QM Theory

Goal of this Class
How QM works + Why it must work this way + How to understand it + What it all means

Assumptions about you
Remember some HS math + Willing to learn some new math
Willing to completely change your view about how the universe works.

To discuss QM - we need to agree on some terminology from Philosophy
Epistemology

versus

Ontology

Things we just know

versus

What is actually out there

Realist

versus

Instrumentalist

Science = reality

versus

Theory must agree with data

Objects really there

versus

Who cares if they are really there

Example
The state of a QM System
It will seem to depend on what we know.
Realist
Instrumentalist

Not real because our knowledge can change
OK, just our information that changes

The Classical Point of View <=> Newton and Maxwell
Fundamental concept = particle trajectory in variable spaces
System = collection of particles isolated from universe
State = Values of set of observables or measurable quantities

State = collection of particle states

Extrinsic

versus

position/velocity

versus

Trajectory = particle state

Intrinsic observables
mass/charge

Information known with infinite precision (in principle)
Limited only by instrument precision but not by Nature
Outcome of measurements can be predicted using trajectories

Newton’s Laws of Motion

{

Position+velocity+momentum+energy+force
Requires knowledge of position/velocity at some time.
—> initial conditions

Believed that if we can determine initial conditions without disturbance.
Predict trajectory
know all future behavior
Belief: accurate predictions limited only by accuracy of initial conditions + knowledge of forces
These ideas work very well for macroworld - We did land on the moon!!
One fly in the ointment = chaos

Sensitivity to initial conditions

not predictable

There is no
randomness
involved in this
chaotic motion; it
just looks like it!
In QM, as it turns
out, we will
discover true
randomness
exists

Newtonian Clock ==> Determinate Universe
Everything we observe had a cause in the past!
Causality is fundamental in this classical world
Same cause = same effect! (QM will say this isWRONG)
Seems like there is no free will (and maybe there is none!)
Now we go through the Looking Glass: The Quantum Point of View
Classical particles do not exist in the microword!
Need a radical revision of definition of particle.
Must understand when/why is a Particle not a Particle?
Will see: objects seem to behave like a classical particle sometimes and seem to behave like
a classical wave sometimes ——> the so-called wave-particle duality that you all heard of!
Will find, however, that quantum particles are neither classical particles nor classical
waves.
They only seem to be in particular circumstances!
WE MUST KEEP OPEN MIND
Object properties may have nothing to do with either classical idea(waves,particles)!
All classical ideas may be totally wrong!!
If we do find classical physics is WRONG(disagrees with experiment), then we should not
try to make quantum things be like classical things!

To set stage for later discussions - here are some quantum ideas that will appear in our
discussions:
(1) Quantum properties not well-defined until measured
(2) QM rarely gives a definite answer to any question
(3) Quantum state will be a mixture of all possibilities
(4) QM will only predict possibilities and probabilities
(5) QM will seem statistical - i.e., seem to only apply to ensembles.
(6) Random chance will seem to control everything
(7) Measurement gives value - repeat - same value —-> has value
(8) Before measurement there is no value! Only potentiality exists!
(9) Measurement alters system - unavoidable - cannot be zero!
(10) Will wonder if particles exist when their properties are not being measured?
(11) Will ask, is what we study in physics, reality or merely our perceptions of reality?
WOW!

The Decline and Fall of the (Trajectory = Classical View)
trajectory = set of (positions, momentum, time)for a particle
where first set = initial conditions
ensemble of “identical” systems = set of “identical” trajectories
= set of “points + errors”
classical world —> errors can be made small as we wish(no theoretical limit) - ASSUMPTION
quantum world -> NOT TRUE <— uncertainty principle = fundamental limit
True randomness in quantum world will destroy classical deterministic idea!
Can Classical and Quantum Physics Get Together Somewhere?
limit of large systems in microworld

macro world

does QM

CM in this limit?

Bohr - Correspondence Principle

Where is dividing line? The so-called Heisenberg Cut
No one knows - may not exist!!

QM will try to tell us - let us see!!.

QM will tell us:
Do not make any statements that can not be verified.
or
We can only know properties that can be measured.
Physics(QM) is an experimental science
We get ideas from experiments and theory predictions must be verified by experiment
If particle is measured to be at (x1,t1) and (x2,t2), then particle was at x1 at t1 and x2 at t2
QM —> cannot talk about particle in between two points
Since we did not measure particle to be anywhere else!
This manner of thinking will affect the QM view of Reality
Study of QM is difficult for many reasons:
(1) We are macro objects
Things on a very small scale behave like nothing you have any direct experience about.
They do not behave like waves, they do not behave like particles, they do not behave like
clouds, or billiard balls, or weights on springs, or like anything that you have ever seen.
— Feynman

(2) The microworld can be understood, but it cannot be seen(with our eyes!).
(3) Quantum mechanics is inherently mathematical

Mathematics is the language of quantum physics.
We must deal with that fact and we will!
Be prepared to give up many ideas that you did not possibly think could be wrong!!!!

Let us proceed!

Into the Microworld we go.

Like Alice though the Looking Glass!
Our first pass through the quantum ideas and experiments will now be done without knowing
the theory.
3 important ideas dominate: Quantization, Uncertainty and Duality

Quantization: Macroworld seems to be continuous.
Microworld is discrete. Most important!
Uncertainty: Fundamental limitation on measurement.
Some observables cannot be measured at same time.
——> Heisenberg Uncertainty Principle
Duality: Usually seen in so-called Wave-Particle Duality, but a much wider effect than that.
—> will be the first challenge to our classical intuition.
How Physics Works.
Physics starts with experimental data, which is then followed by a hypothesis that explains
the data.
Usually we build a hypothesis slowly via many experiments.
Full theory can be so complex it requires approximations to make predictions.

Sometimes we use thought experiments; but real experiments are required before
conclusions can be made.

Let us look at an experiment that has been both kinds of things!
—> The Double-Slit Experiment
Waves versus Particles Classically
Particle = trajectory => spatially localized + well-defined speed.
Carries energy; Obeys Newton’s laws
Wave => not spatially localized <=> wavelength/frequency.
Carries energy/momentum spread over a wave front.
Exhibits non-particle-like properties;
Maxwell’s equations —> light = EM wave.
—> Diffraction, Interference and Polarization
The Microworld does not have such a clean separation between the two ideas.
It will be very hard to classify objects as a particle or a wave.
It will seem that all classical ideas have to be tossed away!

Light
Newton thought light = particles based on experiment/theory;
Young (then Maxwell) thought light = wave based on experiment/theory
Einstein finally showed light = particle based on experiment/theory
If a particle —> see sharp shadows, but waves can bend around objects.

wave get behind barrier!
direction of wave motion

particles would exhibit sharp edge to pattern

Young said is a wave. Shadows would be fuzzy!
Used interference property to confirm this fact.
Ultimately devised a 2-slit experiment to confirm ideas.
—-> Light is a wave because it exhibits interference.
Maxwell says light = electromagnetic radiation(wave).
Wave ideas and explanations so perfect in classical realm that light as particle idea fades.

Walking the Planck
Blackbody radiation - What is it? —> Radiation observed when a body is heated!
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How did Planck explain it?
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Planck used thermodynamics + intuition

Model = radiation from atoms in solid due to charge oscillations
⇢(f, T ) =

Af 3
eBf /T
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Agrees with experiment perfectly - but it is an empirical formula - he could not predict A and B
—> A and B must be determined by experiment —> not a real predictive theory
Low and high frequency limits were perfect.

But he could not justify law rigorously.

Mathematical trickery leads to a new physical idea and a puzzle!

During 2nd attempt at derivation Planck used a common math trick(simplifying assumption)
during an intermediate step in the derivation.
Usually after doing algebra and taking appropriate limits the simplifying assumption is
removed. It was a standard mathematical procedure that was used everywhere(works).
Now electromagnetic theory says a body emits/absorbs energy continuously;
During his derivation Planck assumed the emission/absorption process was discrete, i.e., the
radiation did not come out continuously but in discrete chunks governed by a constant h;
He then did the math and then took the appropriate limits to go back to emission being a
continuous property
When energy was discrete in units (constant(h) x frequency) he derived that
8⇡f 2
hf
⇢(f, T ) = 3 hf /k T
B
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The mathematics trick enabled Planck to derive values for A and B as seen above.
He now had a full-fledged theory!

Experimental agreement —> constant h must be 6.63.x10-34 J-sec
Planck’s constant

Because it is not zero ===> energy not continuous (energy is quantized)!
If make h=0, which math trick always requires in the end, then theory fails to work!
Puzzle: Is getting the correct answer an accident due to using the math trick or is this
episode telling us something about world that we would not have guessed?
Quantized light or “Particles” of light
Einstein —> energy in EM field not spread out on wavefronts —> light is not a wave!!!!
Energy is localized in clumps(quanta!) = photon where

E = hf

f = frequency

Only intense light appears to be a wave!
He said Planck’s trick worked in his derivation because energy IS quantized.
IT WAS NOT A TRICK - NATURE ACTUALLY WORKS THAT WAY!
This quantum idea will be fundamental later to order to explain quantum measurement.
Quantized light energy or the photon idea has now explained blackbody radiation.
But any good theory should be able to explain all other phenomena also.

Photoelectric Effect
=

Ejection of electrons from metal when light shines on it

Experimental results:
1. Exists a threshold frequency f0
2. Ejection independent of light intensity unless
3. If f > f0 detection is instantaneous
4. Detected electron energy = h(f f0 )

f < f0

If light = wave, then energy proportional to intensity —> if bright enough should eject
electrons independent of frequency, but it does not!
Also, waves cannot transmit energy so quickly.
Explain bathtub-rubber duck analogy.

The photon model <—> Explains every feature of the experiment!
1. f < f0 —> single photon energy too small
threshold => minimum energy to eject(called the material work function)
2. Energy of photon depends on frequency NOT intensity
3. Photon absorption is instantaneous

(true for all quantum creation/annihilations)

4. Energy must be larger than work function of metal
Note that photon picture later corroborated by Compton in x-ray scattering by electrons.
Problem Light exhibits interference and particles do not interfere or so everyone thought!
Interference and Diffraction — for lots of details read SlitsInterference.pdf on the website.
or Ask questions after class
Single-slit
Interference Pattern
screen pattern

Note the nodes or zeroes - NO PHOTONS

Simple Theory - see supplementary readings for more details
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2-slit interference pattern

The Huygens-Fresnel Principle
Each point on waveform is source of new spherical waves

Theory

Experiment

Double slit using this principle.
Slits = new sources —— new waves superpose and interfere
Amount of interference depends on wavelength and
distance from source to screen
—>
A(✓) = 2A0 cos

✓

⇡d sin ✓

◆

Features
peaks = constructive interference
nodes = destructive interference

This is a wave property!!

Einstein proved that light is photons = particles
Wave properties cannot explain photoelectric and Compton effects
Experimentalists to the rescue!!
New Technology

Lasers(controlled light beams) + CCD cameras(single photon detectors)

Light registers in detectors as single impacts = particle-like property
Light seems to be a particle when it needs to be and a wave when it needs to be - what it
looks like depends on the CONTEXT of the experiment (the question asked) - a very
important (a crucial) point!
Much more about this later.

Now electrons are particles classically and in microworld exhibit particle-like properties in many
experiments.
Do electrons exhibit wave-like properties - do they interfere?
If I had a room with two doors in one wall and a bunch of basketballs and I threw the
basketballs at the wall then with only one door open I see the pattern (distribution of the
basketballs in the next room - other side of wall) as shown below:
Particles through doors(slits)(only
1 open) see either pattern Iu or Il
Peaks are directly behind doors(slits).
This is what is observed! With enough basketballs, the distribution is non-zero everywhere.

If we keep both doors (slits) open
at the same time, then we see
the pattern left.
This is just the sum of the two previous distribution as we would expect classically since no
basketballs are lost and classical particles do not exhibit any kind of interference eﬀects.

What happens if we do the same
experiment with electrons.
Davisson/Germer 1920
electron beams sent through crystal lattice,
i.e., parallel planes of atoms

and Hitachi 1989
Electrons do not behave as
classical waves; they behave
like waves with a wavelength
given by
=p

h
h
=
deBroglie
p
2mE

Note that there are regions in the data sets where no electrons arrive on the screen!
whereas stones(basketballs) would impact everywhere —— Think about that for a second!
Reduce intensity — 1 electron in system at a time
If waves, then after few seconds should see weak interference pattern
but should always see entire pattern
Does not happen!
Look at pictures.
But clearly it is not after long time.

Initially pattern looks random

Arrive as particles (individual impacts - quantized!) randomly but
generate interference pattern after long time.
Summary
impacts = particle behavior, but pattern = wave behavior
block 1 slit = pattern like particles through 1 slit
1 electron at a time - still get final pattern -> a question: How does
each separate electron “know” what to do? Bad question!
Is electron behaving as a particle/wave in same experiment or are we
misinterpreting the whole thing by trying to describe what is
happening with classical ideas and macro world words!
Maybe it has nothing to do with particles and waves which are classical ideas and is the
result of something totally new happening.

The statement:
“Experiment seems to say that objects can be both at same time”
may simply be last desperate attempt to maintain classical descriptions
as we proceed to find classical physics fails.
To explain double-slit results we need a completely new theory.
We need to rethink all of our ideas about the physical world.
We need to learn a new language to understand a new world!
Part of our problem is the use of ordinary words - the wrong language!
Quantum Mechanics, Ordinary Language and Mathematical Language
It is not possible to reduce the quantum universe to everyday ways of thinking (usually called common
sense).
In fact, in order to understand the ideas and implications of the theory we will have to adjust all of our
ways of thinking at the most fundamental level.
Imagine, for a moment, that you are attempting to understand a new culture.

If you are serious about it, the first thing you would do is to learn the language appropriate to that
culture so that you can put your experiences in the proper context.
Understanding the universe of quantum phenomena is much like understanding a new culture
where the appropriate language is mathematics
and the experiences we are attempting to put into context
are microscopic experiments.
We have to use a mathematical language to describe the quantum world
since ordinary language,
which was developed to explain everyday occurrences (experiments on macroscopic objects),
will turn out to be totally inadequate.
There are no models or classical analogs that will ever give us any insight into the workings of the
quantum world - so we will not make any!
Since it makes no sense to attempt any understanding of the nature of quantum phenomena
without first learning to speak and use the language of the quantum world,
one should spend some time very early on in learning the appropriate mathematics,
in particular, the subject of linear vector spaces (we will in this class).
The adjustment of our ways of thinking at the fundamental level
that will be needed is not simply a mathematical matter, however.

The development of the necessary mathematical language will not come into conflict
with our everyday modes of thinking in any major way.
Although, the mathematics of linear vector spaces is very elegant,
you will be able to understand the simple features we need without much difficulty
and without having your basic view of the world changed at any fundamental level.
You will be troubled, however, when
we apply the mathematics to physical systems that develop according to quantum rules.
You will need to attach physical meaning to the mathematical formalism
in ways that will conflict with your well-developed views
(I will call these classical views) about how the world works.
Dirac was able to join the conceptual structure with the mathematical structure.
He invented a mathematical language (I purposely do not use the word notation like others)
that directly embeds the philosophy of quantum mechanics
into the mathematical structure used to do calculations.
The new language directly exhibits what is being said about nature in quantum mechanics.
Dirac language exposes the internal logic of quantum mechanics
in a way that mere words cannot possibly accomplish.

It displays the sense, the physical meaning of the theory
in every equation one writes
without the need for further explanation or any need for inadequate models.
It is very important to understand that the Dirac language
is not simply a new notation for quantum mechanics (as many physicists seem to think).
It is not merely a way of writing. A way of writing expresses a way of thinking.
Dirac language is a way of thinking.
Dirac language will allow us to use the physical ideas of quantum mechanics
to develop the appropriate mathematical language
rather than the other way around.
This allows the very mathematical quantum theory
to be more closely connected to experiment than any other physical theory.
Dirac language expresses the quantum mechanical way of thinking.
With it one can proceed from the philosophy of the subject to its mathematical expression
rather than the other way around.
That is the way one should study quantum mechanics.
One should proceed from meaning and Dirac language is perfectly suited to this task.

Meaning for us does not reside in mathematical symbols, however.
It resides somehow in the thoughts surrounding these symbols.
It is conveyed in words, which we will use to assign meaning to the symbols.
Dirac language is able to take notions expressed in words
and replace them with simple mathematical statements
that we are eventually able to place within a complete and logical structure
that allows for a fundamental understanding
of what quantum mechanics means and is saying about nature.
This task is impossible without mathematics.
Mathematics is the true language of all of physics.
Words alone only suffice for thinking about the physics of everyday objects.
These statements about the importance of understanding the mathematical language
appropriate to the physics under consideration
do not only apply to the quantum world.
It is true, I believe, for all areas of physics and other sciences.

One should always learn the appropriate language
before studying any field that relies on that language for its understanding.
So be careful.
Beginning now we shall buckle down
and take a serious look at the mathematical and physical structure of quantum mechanics.
But tread warily,
lest you slip back into the black abyss of classical thinking and consequent confusion.
With this warning out of the way, we can proceed.
Quantum Thoughts - Quick Overview
Quantum theory works.
QM is thought to be not fully understood.

10000’s of experiments - extraordinary accuracy
What is meaning of assumptions?
What happens during a measurement?
What is relation of QM to Reality?
(Will need to define Reality first!)

All physicists no matter their interpretation (answers to above questions) of QM make the
same predictions —> all interpretations are equivalent.

This class —> Postulates + Time Evolution + Measurement + Interpretations + Reality
Classical View

reality = everyday experiences
everyday experiences = language = reality

Classical View

simultaneous measurement always OK (arbitrary accuracy)

Quantum View

simultaneous measurement NOT always OK(fundamental limitations)

Einstein relativity(Classical)
Quantum Mechanics

speed of light = maximum speed for information flow

seemingly instantaneous influences ‘’spooky action at a distance’’
(we will clear this up!)

Quantum Mechanics

measurement introduces randomness

Identical Systems
Classical - all measure exactly the same within experimental error.
Quantum - random results within a fixed set —— only have a Probability

Probability Idea

Given a set of data

number of times value x was measured
probability(x) =
total number of measurements
number of times value 190 was measured
3
probability(190) =
=
(23%)
total number of measurements
13

Rules of classical probability only valid when number of measurement gets
very large.
—> Intuitive and comfortable definition.

But, not necessarily correct!

Back to 2-slit experiment
Only one slit(B) open => photons on screen centered directly behind B
Only one slit(A) open => photons on screen centered directly behind A
Both slits open = no photons in some spots where photons appeared when only one slit open
think about that!

Experiment also work with electrons.
Experiment works no matter intensity of beam (even 1 particle at a time)

Reverse thinking.

2 slits open = screen pattern with nodes(zero photons)

Close one slit = more particles make it to node region!

Same for electrons!

Makes no classical sense - does not happen if we use marbles!!
A poorly worded question —

How does a single particle ‘’know’’ 1 or 2 slits open?

Quantum particles(are quanta) cannot be split
—> so it cannot be one piece interfering with other piece
If we try to detect which slit —> experiment changed —> pattern is destroyed
Clearly we need new way of thinking in Microworld.
Scaling down from macroscopic to microscopic radically alters particle distributions (they
must be somewhere) and no interference effects becomes interference effects
Never see two independent things conspiring to cancel each in macroscopic world!
But happens often in microworld, i.e., the nodes in interference pattern.
How will quantum theory want us to think about all of this so that we have some hope of
understanding what is happening?
As we will see…….

For a photon ‘’going between source and screen’’ (whatever those word mean)
—> photon state CANNOT be described as
(1) having gone through slit B or
(2) having gone through slit A or
(3) having gone through both slits simultaneously or
(4)having gone through neither slit
This exhausts all logical possibilities in the macroscopic world (using ordinary language).
Ordinary language fails. In order to give an explanation we will only be adding new words/new
definitions to old language and not explaining anything!
As we will see probabilities will win out over exact trajectories.
Let us try to measure the position of an electron.

Measurement Process

——> we do not observe the microword DIRECTLY!
Where in sequence of instruments (measurements) is information which makes position meter
dial point to definite value replacing quantum uncertainties of electron with definiteness of
pointer?

i.e.,

Where is discontinuity?
Is there a discontinuity?

The saga of the electron passing through a wall.
Suppose we shoot a beam of electrons at a thick metal wall.
If we were shooting bullets instead, they would bounce oﬀ(that is what classical particles do!)
But, with electrons, some will appear on the other side of the wall.
How did they get there?
Obvious(to classical mind) answer is they passed through the wall.
Therefore, I should be able to set up a detector inside the wall and detect them as they pass
through - they had to pass through to get to the other side - CORRECT?
Experimental result: With the detector in place checking, no electrons appear on the other
side!
No detector - electrons appear; detector in place - no electrons appear!
Seems like electrons just disappear on one side and appear on the other side without passing
through the wall (since no measurement shows that if they are detected inside the wall that
they get to other side!!)
Here and there and NEVER in between.

That is the way QM works!

How do photons each know what to do? (this will turn out to be a poor/incorrect question).
Only satisfying explanation will be probability.
Each photon has probability P(x) to arrive at position x on the screen(detector).
Each photon independently uses P(x) to choose impact point.
Each photon independently generates part of interference pattern.
2 slits = interference pattern
If observe to see which slit = information about which slit particle then
photon either went through that slit or not and
we “mess up” or ‘’change’’ particle to a known slit state => pattern changes to 1 slit pattern
Some Last Thoughts Before Developing a Theory
We will find that:
Must resort to probabilities!

Probabilistic information = maximum information!

Measurement disturbs information(probability)!
In microworld we will find that probability is everything.
Until a measurement changes information we will have to say that there is no definite value for
a state —> everything is simply set of probabilities before measurement!

Particle is not somewhere unless measured to be there!
In between measurements it is only probabilities!
This statement will have measurable (it can be proven) effects.
Read notes (EinsteinBohrGod.pdf) on Einstein-Bohr-God debate on website.
Ask questions after class
Read the Tale of Two Gloves (TwoGloves.pdf) on the website.
Ask questions after class
It illustrates QM phenomena via story
Equivalent phenomena in the microword really behave this way
No explanations are given yet - that comes later in the class
Any questions?

As we will see quantum theory arrives at what it deems to be an acceptable interpretation of
this sort of puzzle by insisting that we stick to practicalities.
It is no good, and indeed very dangerous, to speculate about what seems to happen in such
a case.
Stick to what actually occurs, and can be recorded and verified, and you will be correct.
For example, if you cannot actually send an instantaneous message of your own devising,
then it is meaningless to guess at what might or might not have been secretly going on
between the two gloves.
You might think that if we do not understand all aspects of what is going on
then we will not be able to do anything useful with this quantum theory stuff.
It turns out just the opposite!
Probabilities will be suﬃcient!
As will see later - Einstein took one side in this dispute - he was WRONG
Classical measurement => gain knowledge pre-existing state
Quantum measurement => impart specific value to state

We will approach QM from real theorist’s viewpoint.
You have never seen theoretical physicist(me) in action.
I might do things that seem off the wall(no reason).
It is important to remember that theorist has one goal —> to understand universe.
No assumption is considered too crazy to be included.
Invention of new ways of thinking will be commonplace.
Strange interpretations will be all over the place.
What is correct? ....
only that which agrees with measurements!
We proceed along lines set out by Paul Dirac in 1920s
modified by much hindsight from intervening 100 years of discovery.

Now on to Lecture 2

Start of Part #2

A Simple Introduction to Quantum Ideas via Experiments
No theory yet - This story will push us in the correct direction!

A story about the world of electrons with 2 properties - Color and Hardness
Microworld: Electrons - 2 properties = color and hardness
Real world: Electrons => spin and Photons => polarization
The Strange World of Color and Hardness
Experimental fact: color has two possible values = green or magenta.
This means that nothing else has ever measured for electron color.
Similarly, for hardness property.
Electrons are either hard or soft (only possibilities).
Nothing else ever measured.
Color/Hardness Boxes (3 apertures)
Same physics as
real world devices
without
complications
[Stern-Gerlach devices and Polarizers]
Electrons enter boxes through left aperture.

Boxes separate electrons in physical space (put them onto different paths)
according to value of color or hardness as shown.
Thus, in either case, can distinguish electrons after they pass through a box
by final position(path) in real physical space, i.e., have separate beams at end.
AN EXPERIMENTAL PROPERTY
Measurements with hardness or color boxes are repeatable.

1st color box determines electron color and we choose the magenta beam.
Then, without tampering(must define) between measurements the magenta beam
is subsequently (immediately=> Δt=0) sent into left aperture of another color box.
The electron will (probability = 1) emerge from 2nd box through magenta aperture.

Same property of repeatability holds for green electrons and color boxes
and for hard or soft electrons with hardness boxes.
Simply a statement of way real microworld and its measuring devices work in the laboratory.
So our representation of real world should behave that way also.
Suppose we suspect possibility that color and hardness properties are related in some way.
We investigate => check for correlations (or relationships)
between measured values of hardness and color properties.
The boxes allow checking whether such correlations exist.

No such correlations exist,
i.e., of any large collection of, say, magenta electrons,
all fed into left aperture of hardness box, precisely 1/2 emerge through hard aperture,
and precisely 1/2 emerge through soft aperture - cannot predict which goes where!
Same result occurs for green electrons and similar results hold if we send hard or soft
electrons into color box - all results are exactly 50% —> no correlations.

Color (hardness) of electron apparently gives no information about hardness (color).
This usually means that no correlations seem to exist.
Now, suppose we set up a sequence of three boxes.
Color box, then hardness box and finally color box.

Input 200 electrons

Suppose an electron(1 of 100) that emerges from magenta aperture of 1st color box
then goes into left aperture of hardness box
(no tampering = no other measurements or no time interval).
Suppose electron emerges(50 out of 100 do) from hardness box through soft aperture (1/2 of
input magenta electrons)
and are sent into left aperture of last color box
(again no measurements or time intervals allowed).
Presumably, electron(1 out of 50) that enters that last box is known to be BOTH magenta
and soft,
which were results of two previous measurements just made on it!

If so, then we expect electron(50) to emerge from magenta aperture(probability = 1),
confirming the result of 1st measurement.
Any reputable classical physicist would say at this point
that electrons entering last color box are known to be magenta/soft.
In classical world, particles have objective reality - have real properties
and we just measure to find out values of properties.
(We just used 2 experiments to determine properties!)

PROBLEM: this is not what happens in real world in this experiment!
Precisely half of electrons entering last box emerge from magenta aperture
and precisely half emerge from green aperture!!

Therein lies the fundamental puzzle of the quantum world.

Our theory must
account for this result.

In fact, if 1st two measurements give magenta/soft, magenta/hard, green/soft or green/hard
which represents all possible cases, then,
when any of these beams sent into last box,
precisely half emerge from each aperture!!

Seems as if presence of hardness box between two color boxes
constitutes some sort of color measurement or color tampering and vice versa.
Hardness box seems to be changing half of magenta electrons into green electrons.
This will turn out to be an incorrect way of thinking about the results of the experiment!
Hardness box must be the blame since if not there,
then last box would only see magenta electrons
(different experiment that corresponds to repeatability)

Seems so weird (non-classical)
—> must question (challenge) all features of experiment before accept story as truth.
Perhaps hardness box poorly built (not enough $$$$ from Congress in research grant).
Maybe measuring hardness correctly disrupts color - bad design. Two fundamental questions:
1.

Can hardness boxes be built that will measure hardness without disrupting color?

2.

In case of poorly built apparatus seems as if half of electrons change color….
what is it that determines which electrons have color changed and which do not change?

Question 2 answered by checking correlations - none exist.
Those electrons that have color changed by hardness box
and those electrons whose color is not changed by hardness box
do not differ from one another in any measurable way.
So 2nd question has no answer that we can figure out from measurements.
If we believe, as I do, that I can only know properties that I can measure,
then it means there is NO answer to this question,
i.e., there is no property of electrons that determines which electrons get color changed
this is completely counter to classical notion of cause/effect and objective reality!!!
Question 1: no matter how we build hardness boxes
(remember a device qualifies as a hardness box
if it can separate electrons by hardness value)
all disrupt color measurements - all change half of entering electrons.
Any hardness (color) measurement seems to randomize next color (hardness) measurement,
i.e., make it 50% green/ 50% magenta.

What about color AND hardness box?
This need 5 apertures as shown.

Has to consist of hardness boxes and color boxes
because must be measuring hardness and color in some way.
But as already seen, whichever box electrons pass through last
provides reliable information ONLY about that measured quantity
and other quantity is randomized (i.e., half/half).
No one has succeeded in building device
which can simultaneously measure both color and hardness.
Seems fundamentally beyond our means no matter how clever we are.
Will find reason later!

Probing Deeper

More complicated experimental setup involving two paths.
Mirrors just reflectors
which do not affect color/hardness values.
Experimentally checked!

In device, hard and soft electrons follow different paths in physical space
and eventually electrons are recombined into single beam again in black box at end.

All black box does is recombine two beams into one beam by direction changes
(again without changing hardness or color values - checked experimentally).
So if we start
with a mixed (hard + soft) beam of electrons,
then we end up
with a mixed (hard + soft) beam at the end.
Effectiveness of device checked separately for both
hard and soft electrons and it works.
Start with hard —> hard at end; Start with soft —> soft at end>

If hard or soft electrons sent in separately,
simply travel along different paths and end up in same place
with their hardness property unchanged.

They go their separate paths and emerged unchanged at end

Some experiments can be done with apparatus.
All of these experiments have actually been done in real laboratories with equivalent setups.
Listen carefully to see where your classical mind is misleading you.

Send magenta electrons into 1st hardness box.
At end (after recombination)
add final hardness box
and thus we are measuring hardness at that point
(after electrons have “passed” through apparatus).
Analysis:
For magenta electrons,
50% take h route and 50% take s route
at end(recombined beam) 50% are hard electrons
(remember nothing bothers hardness along routes)
and 50% are soft electrons.

Send hard electrons into hardness box.
At end add color box (replace final hardness box) and measure color.
Analysis:
All hard electrons follow h route.
When measure color of hard electron it is 50-50 green-magenta.
Similarly for soft electrons.
Therefore end up with 50-50 green/magenta coming out of color box.
These experimental outcomes are what would expect from earlier results
and do happen exactly as described above in real world experiments.
So no problems yet!!!

Now send magenta electrons into hardness box. At end add color box and measure COLOR.
What do you expect?

True classical physicist gives this argument.

Since, for magenta electrons,
50% are hard and 50% are soft
(what happens to magenta electrons when sent into hardness box —> are randomized)
and each kind of electron takes appropriate h and s routes,
at end, 50% of h (those on h route) electrons or 25% of total are magenta
and 50% of s (those on s route) electrons or 25% of total are magenta.
Thus, for 100% magenta sent in,
classical reasoning says that only 50% are magenta at end.

Seems like a valid conclusion since hardness boxes(1st box) supposedly randomize color.
Problem:
This last part of story, which a classical mind desperately wants to accept as correct, is false.
When we actually do experiment, all(100%) of electrons at end are magenta!!!
Very odd! Hard to imagine (classically) what can possibly be going on in this system.
Of course, maybe our classically oriented minds
cannot imagine what is happening and need to be retrained!!! My job!
Try another experiment in hopes of understanding what is going on.
Rig up small, movable, electron-stopping wall that can be inserted in and out of route s.
When wall out, have earlier apparatus.
When wall is in, only those electrons moving along h route
get through apparatus to the beam recombination device.

Analysis: First, there are 50% less electrons reaching beam recombination device.
When wall out all(100%) of electrons that get to beam recombination device
are magenta at end (earlier experimental result).
That means (or seems to mean) that all electrons that take s route
(or we think are taking s route) end up magenta
and all that take h route (or we think are taking h route) end up magenta
at beam recombination device when no wall is inserted.

This means that with wall inserted, should end up with 50%
(1/2 lost impacting inserted wall) electrons at beam recombination device.
Based on earlier experiment, they should all be magenta
since an inserted wall on soft path cannot affect electrons on h path
and they all came out magenta in the previous experiment!
This is an assumption called locality, which means the following:
Can separate hard and soft paths by a very large distance
and therefore make sure that nothing we do on soft path(like inserting wall)
can affect electrons on hard path during time they are on hard path.
This is possible because the maximum speed of information transfer is
speed of light from the study of relativity.

What is actual result?
Again we are wrong in classical way we are analyzing things. Result is 50/50 again.
h route beam(if really is one) seems to end up randomized(50-50 green-magenta)
and 50% of 50% is 25% 25 magenta and 25 green at end!
If insert wall in h route, same thing happens. Still end up only with 25% magenta!
Clearly, have real trouble with classical way of reasoning!
Seems if check (do measurement)
to see which path electrons are passing through device
(i.e., if check to see whether magenta electron
is passing through apparatus as hard or soft electron)
get 25% magenta (50% change to green) at end
and if DO NOT check get 100% magenta (0% change to green).

Sound
familiar!
Blocking Slits!

Our classical minds are spinning at this point!!
We now turn to a quantum system containing only one particle at any instant of time
instead of using beams with many particles at any instant of time.

Consider a single magenta electron passing through apparatus when wall is out.
Can it have taken h route?
No, since all such electrons are hard and hard electrons are 50-50 green-magenta
(and need 100% magenta).
If on hard path, then they are hard - that is a measurement.
Can it have taken s route?
No, since all such electrons are soft and soft electrons are 50-50 green-magenta
(and need 100% magenta).
If on soft path, then are soft - it is measurement.

Can it somehow have taken BOTH routes at same time?
If look (measure), then half the time find electron on h route
and half the time find electron on s route,
but never find two electrons in apparatus,
or two halves of single, split electron,
one-half on each route, or anything like that.
No experimental way in which electron seems to be taking both routes simultaneously.
Therefore, as physicists, must rule out this possibility.
This will later lead to a hypothesis about the meaning of the the word “quantum”.

Can it have taken neither route (got there some other way)?
Certainly not.
If put walls in both routes, then NOTHING gets through at all.
Thus, results had to have something to do with box and paths.

Summarize dilemma for classical view.
Electrons passing through apparatus, based on measurements
do not take route h
and do not take route s
and do not take both routes at same time
and do not take neither of routes,
i.e., electrons have zero probability for doing any of these things (from experiment).

Problem is that those 4 possibilities are simply all of logical possibilities
we have any notion of how to entertain using everyday language of classical physics!
What can these electrons be doing?
Must be doing something which has simply never been thought of before in classical physics.

Electrons seem to have modes of being, or modes of moving,
available to them which are unlike anything
we can think about using words derived from everyday ideas and classical physics.
Name of new mode (name for something do not understand at moment) is SUPERPOSITION.

We say about initially magenta electron, which is passing through our apparatus with wall out,
it is NOT on h path and NOT on s path and NOT on both paths and NOT on neither,
it is in a SUPERPOSITION of being on h and being on s.
What this last statement means, other than none of above, we do not know at this time.
That is what we shall be trying to find out as we develop quantum theory in this class.
Final and most confusing experiment.
New experimental box = do-nothing box - It has 2 apertures.
An electron goes into one aperture and emerges from other aperture
with ALL measurable properties (color, hardness, energy, momentum, whatever)
UNCHANGED.

Box does not measure anything.
If measure properties of electrons before entering box and then after passing through box,
no measured properties changed.
Also time it takes for electron to get through box
is identical to time it would have taken if box were not there.
So nothing mysterious seems to be delaying it/messing around with it while in box.

Such a do-nothing box can actually be constructed in the laboratory (see later).
It is possible to build such a do-nothing box, which,
when inserted into either one of two paths,
will change all electrons that were magenta at end into green electrons at end.

When box is removed, they go back to all being magenta.
So inserting box into one path changes the color of electron passing through apparatus.
What is going on here?
Do-nothing boxes do not change any measurable property of electrons
that pass through AND of course,
do-nothing boxes do not change any measurable property of electrons
that DO NOT pass through.
That would not make any sense at all.

So once again our only explanation will go like......
It is not possible for the electron to have passed through the do-nothing box
since we already said that cannot change anything.
It is not possible for the electron to have passed outside the box
since the box certainly does not have a chance to bother anything
that does not even pass through it
(even though it would not do anything anyway).
It is not possible that the electron passes
both simultaneously inside and outside of the box or neither as before.

Only answer is that the electron passes through our apparatus
in a superposition of passing through do-nothing box
and not passing through do-nothing box
and this must cause the color change somehow.

This theory has got to be really neat when we finally
figure out what it is we are saying about the world.

Now onto mathematics to learn/ understand the appropriate language of physics and
then we will be able figure out what is going on.

A pattern exists……
Mathematics language <—> Relationships
Relationships <—> Correlations
Correlations <—> Quantum Mechanics
Quantum Mechanics <—> Mathematics language
The reality of this pattern will become clear as we proceed
through the class.

The Mathematics Of Quantum Mechanics - Part 1
We must learn some mathematics BECAUSE it is language of QM.
We will not be able to explain and use the ideas of QM using WORDS!!
High School level Stuff…

Vector =

directed line segment

—-> 2 numbers (a,b) = number of dimensions (of plane)
or Vector —> 3 numbers (a,b,c)= number of dimensions in ordinary space
Multiplication by a scalar(a number)
starting vector
multiply by 2
multiply by -1

Given two vectors

one can add/subtract them with geometric rules shown below

Sum

Difference

call the “tail to tip” rule

Now we generalize —> extend idea to a general linear combination(sum) of vectors

~ = ↵A
~+ B
~
C

still a vector!

adding parts => total
using

↵=2
= 0.5

I am drawing pictures in the real
3-dimensional world here!

↵,
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Here, I note that all coefficients

are real numbers at this time.

These ideas and methods work perfectly for all macroworld vectors(high school).
But we must generalize further in order to deal with microworld vectors(this class).

Let us see how………..

The Space of Physics
vector = 3 numbers (3 = dimension of our world)

perpendicular
(orthogonal)
to axis

Location in space (relative to an origin) = 3 numbers
use axis labels

(x = x1 , y = y1 , z = z1 )

~r

—-> can define a position or radius vector

~r = (x, y, z) = (x1 , x2 , x3 ) = (a, b, c)
as shown in
diagram

perpendicular
(orthogonal)
to axis

z

Now to add more mathematics to increase descriptive power:

z= x 3
(x,y,z)=(x1 ,x 2 ,x 3 )

First - define 3 special vectors (called a basis) that will be
used to construct all other vectors

r
^3
e

ê1 , ê2 , ê3 or î, ĵ, k̂ or x̂, ŷ, ẑ

^1
e
x= x 1

They are unit vectors (length=1) and define a Right-Handed
coordinate system as shown.
x

^
e
2

x 2 =y

diagram
defines all
quantities

y

By using vector addition rules we have
z

~r = xî + y ĵ + z k̂ = x1 ê1 + x2 ê2 + x3 ê3

z= x 3

= xx̂ + y ŷ + z ẑ

(x,y,z)=(x1 ,x 2 ,x 3 )

r
In words, x1=x=component of ~
in 1-direction(x-direction), etc

r
^3
e
^1
e

^
e
2

x 2 =y

y

x1 ê1

x= x 1

is a vector in 1-direction of length x1

x

~r

is vector sum of three vectors

x1 ê1 , x2 ê2 , x3 ê3

ê1 , ê2 , ê3 or î, ĵ, k̂ or x̂, ŷ, ẑ

called a basis set

vector length

p
r = |~r| = x2 + y 2 + z 2
using Pythagorean theorem

draw it yourself

Important
—> any vector
can be written
in terms of a
basis

Go to 2 dimensions (for simplicity - generalizes to higher dimensions easily)

êx = unit(length = 1) vector in x

direction

êy = unit(length = 1) vector in y

direction

multiply by a scalar

Ax êx = vector of length Ax in the x

Ay êy = vector of length Ay in the y

~ = Ax êx + Ay êy
A
by addition rule for vectors as shown

direction

direction

Now

Ax = A cos ↵

,

Ay = A sin ↵

trigonometry —> components
For two vectors we now have

~ = Ax êx + Ay êy
A

,

~ = Bx êx + By êy
B

~+B
~ = (Ax + Bx ) êx + (Ay + By ) êy
A

~
A

~ = (Ax
B

Bx ) êx + (Ay

By ) êy

old tip-to-tail idea
eliminated in favor of adding and
subtracting components; tip-to-tail idea
cannot be extended to more
complicated situations such as in
microword!

More Generalization - Thinking about vectors
old

~ = v1 ê1 + v2 ê2
V

or

|V i = (v1 , v2 )

change of “notation” removes unit vectors
|V i = (v1 , v2 )
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|Ai = (Ax , Ay )

Start of Dirac language
new symbol -> Dirac Ket
vector - it is the first
element in a new language

Your only job is to learn the new terminology(language);
I will do the manipulations in class.

Using new language to replace old equations……
addition
If |V1 i = (7, 2) and |V2 i = ( 5, 3)
then the sum |V i = |V1 i + |V2 i = (7 + ( 5), ( 2) + 3) = (2, 1)
adding components same as before!

difference
If |V1 i = (7, 2) and |V2 i = ( 5, 3)
then the di↵erence |V i = |V1 i

|V2 i = (7

( 5), ( 2)

subtracting components same as before!

length
If |V i = (v1 , v2 ) then length V =

q

v12 + v22

3) = (12, 5)

Now we have the language element that will allow us to extend ideas so they are
useful in the microword
A new operation and the generalized length
If |V i = (v1 , v2 )

,

|U i = (u1 , u2 ) ,

then hV | U i = v1 u1 + v2 u2

definition

we are using vectors with real-valued components —> called Euclidean vectors
the symbol

h· · · | · · ·i

—> Dirac bra-c-ket or braket symbol —> another element in Dirac language
Then we have
hV | V i = v1 v1 + v2 v2 = v12 + v22 = (length)2

length =

p

q
hV | V i = v12 + v22

In the world we are in at this moment, real-valued component Euclidean vectors
all vector lengths are non-negative numbers, i.e.,
hV | V i

0

One of the main reasons for developing these new ideas is that
the formalism now easily extends to more dimensions……
|V i = (v1 , v2 , v3 )

3 dimensions

hV | V i = v1 v1 + v2 v2 + v3 v3
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,

|U i = (u1 , u2 , u3 )
hU | U i = u1 u1 + u2 u2 + u3 u3
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hV | U i = v1 u1 + v2 u2 + v3 u3
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Definition:
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summation
symbol

n2
X

5
X

Aj = A1 + A2 + A3 + A4 + A5

j=1

i=n1

7
X
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Ai B i = A3 B 3 + A4 B 4 + A5 B 5 + A6 B 6 + A7 B 7

i=3

and so on ……
then we can write

hV | U i = v1 u1 + v2 u2 + v3 u3 =

3
X

k=1

v
u 3
uX
p
p
length = hV | V i = v1 v1 + v2 v2 + v3 v3 = t
vk2
k=1

v k uk

More than 3 dimensions (we are not in Kansas anymore, Toto)
can no longer easily visualize(draw on paper) so I stop trying!!

|V i = (v1 , v2 , ...., vn )

,

hV | U i = v1 u1 + v2 u2 + · · · + vn un =

|U i = (u1 , u2 , ...., un )
n
X

v k uk

extended definition

k=1

v
u n
p
uX
p
length = hV | V i = v1 v1 + v2 v2 + · · · + vn vn = t
vk2
k=1

braket = scalar or inner product(or “dot” product)

Now our next step is we need to generalize the idea of “components”
Up to now “components” = “real” numbers and vectors were “Euclidean vectors”
Generalization —-> complex components - components are complex numbers
Digression on complex numbers
i2 =

1 , i3 =

i , i4 = +1 , i5 = i , i6 =

definition of complex number

z = a + bi

1 ,

and so on

definition of i

a = real part

b= imaginary part
add real parts and
imaginary parts
separately

(7 + 4i) + ( 2 + 9i) = 5 + 13i

definition of addition(or subtraction)
(7 + 4i)( 2 + 9i) = (7)( 2) + (7)(9i) + (4i)( 2) + (4i)(9i)
= 14 + 63i 8i 36 = 50 + 55i

using

definition of multiplication
definition
definition
2

bi

absolute value
⇤

|z| = z z = (a

Note that if

z⇤ = a

complex conjugate

2

bi)(a + bi) = a + b

2

z is real(imaginary part = 0) then

z* = z

p
|z| = a2 + b2

i2 =
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1

In this generalized world the braket has an extended definition
n
X
hV | U i = v1⇤ u1 + v2⇤ u2 + · · · + vn⇤ vn =
vk⇤ uk
k=1

If components are real(Euclidean vectors), the vi*=vi and we have the same formula as earlier
n
X
hV | U i = v1 u1 + v2 u2 + · · · + vn un =
v k uk
k=1

now

v
v
u n
u n
p
uX
uX
⇤
length = hV | V i = t
vk vk = t
|vk |2
k=1

k=1

Vectors in QM = Euclidean vectors with complex components in “Hilbert space”
Now to extend all these idea to using Basis Vectors
2 dimensions

|1i = (1, 0) $ êx

,

|2i = (0, 1) $ êy

new representation for old unit basis vectors

ê1 = êx ê2 = êy ê3 = êz
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êx = (1, 0) = (1)êx + (0)êy

“old”

3 dimensions

|1i = (1, 0, 0)

,

|2i = (0, 1, 0)

,

|3i = (0, 0, 1)

called n-tuples

Clearly length = 1 (unit vectors) and they are perpendicular or orthogonal(by definition)
and as we will prove shortly

All the same……
|V i = v1 ê1 + v2 ê2 + v3 ê3
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|V i = (v1 , v2 , v3 )
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|V i = v1 |1i + v2 |2i + v3 |3i
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|1i = (1, 0, 0)
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h1 | V i = v1 h1 | V i + v2 h1 | V i + v3 h1 | V i
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= v1 (1) + v2 (0) + v3 (0) = v1

Definition: Vector Space = collection of vectors such that
if add two vectors together => another vector in collection;

—> Hilbert space in
microworld

and have a scalar product(bracket) defined

Can write any vector in terms of basis <—> orthonormal set, i.e.,

|v1 , v2 i = v1 (1, 0) + v2 (0, 1) = (v1 , 0) + (0, v2 ) = (v1 , v2 )
|v1 , v2 i = v1 (1, 0) + v2 (0, 1) = v1 |1i + v2 |2i
<latexit sha1_base64="n7z8j8sL2Tu+j1UMSswqD5Vq65Q=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahopSkiLoRCm5cVrAXaEuYTE/t0MmFmZNACXkIX8MXcKtv4E66deFzOL0ItvWHgW/+cw5n5vciwRXa9shYWV1b39jMbeW3d3b39s2Dw7oKY8mgxkIRyqZHFQgeQA05CmhGEqjvCWh4g7txvZGAVDwMHnEYQcenTwHvcUZRW6553k6ApUl2W0xc5yJxy2e3Gtp9iilkrnOund9L2TULdsmeyFoGZwYFMlPVNb/b3ZDFPgTIBFWq5dgRdlIqkTMBWb4dK4goG9AnaGkMqA+qk04+lVmn2ulavVDqE6A1cf9OpNRXauh7utOn2FeLtbH5X60VY++mk/IgihECNl3Ui4WFoTVOyOpyCQzFUANlkuu3WqxPJWWoc5zb4kk6AMzyOhhnMYZlqJdLzlXJebgsVG5mEeXIMTkhReKQa1Ih96RKaoSRZ/JK3si78WJ8GJ/GaNq6YsxmjsicjK8ffPSmDg==</latexit>

~v = (v1 , v2 ) = v1 ê1 + v2 ê2
v1 = component of vector in 1-direction, etc

“old”

no longer a valid picture when
components are complex;
just suggestive!!

Similarly for 3 dimensions
|U i = (u1 , u2 , u3 ) = u1 (1, 0, 0) + u2 (0, 1, 0) + u3 (0, 0, 1) = u1 |1i + u2 |2i + u3 |3i

and so on

Using earlier rule for evaluating the scalar product (sum of component products)
h1 | 1i = (1, 0) · (1, 0) = (1)(1) + (0)(0) = 1

h1 | 2i = (1, 0) · (0, 1) = (1)(0) + (0)(1) = 0

h2 | 1i = (0, 1) · (1, 0) = (0)(1) + (1)(0) = 0

h2 | 2i = (0, 1) · (0, 1) = (0)(0) + (1)(1) = 1

|V i = v1 |1i + v2 |2i
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=1

=0

h1 | V i = v1 h1 | 1i + v2 h1 | 2i

h1 | V i = v1

=0

=1

h2 | V i = v1 h2 | 1i + v2 h2 | 2i
h2 | V i = v2

in new language

—> The component of vector in particular direction(along a basis vector) is given by
the scalar product(bracket) of vector with corresponding basis vector.
Remember component = projection on axis in old real world!
But now, in Hilbert space, it is a “braket” - no more pictures!!
Thus, we can always write
|V i = h1 | V i |1i + h2 | V i |2i

general definition in new language

Orthogonality
First way - remember High School - use old language
~ = (7, 4)
V

x̂ = (1, 0)
~ = 7x̂ + 4ŷ
V

,

ŷ = (0, 1)

using old notation

Define old “dot” product:
~·B
~ = Ax Bx + Ay By = hA | Bi
A

components

y

~ , 4 = vy = ŷ · V
~
7 = vx = x̂ · V
q
p
vx2 + vy2 = 65 length

Notice that every equation is identical to those in
Dirac language. We went to new language because
these older ideas cannot be extended into
microworld!

4

origin=(0,0)

7

x

Now we can always write (in peculiar way - kind of stuﬀ mathematicians and theoretical
physicists do all the time!)
~ = length(x̂) ⇥ length(V
~)⇥
7 = vx = x̂ · V

vx
~)
length(V

whole mess just multiplies by 1
Can you see?

length =1

Now

vx
~)
length(V

so

~ and x̂
= cosine of angle between V

—> definition of cosine

~·B
~ = length(A)
~ ⇥ length(B)
~ ⇥ cos (angle between A
~ and B)
~
A
generalize

~·B
~ = AB cos ✓
A

0 if perpendicular

Important special cases:
x̂ · x̂ = length(x̂) ⇥ length(x̂) cos (0 ) = 1 x̂ · ŷ = length(x̂) ⇥ length(ŷ) cos (90 ) = 0

—> Basis vectors are orthonormal!

As I have been assuming!

= orthogonal + normalized to 1(length=1)
—> orthonormal

Generalize further (add new notation) by defining in a vector space
orthonormality clear!

hA | Bi = AB cos (✓AB )

no simple geometric picture possible (as with real components); angle not geometric
angle but just a some kind of parameter now!
To easily explore further we need the definition of a Kronecker Delta.
(

1
0

h1 | 1i =

11

=1

—-> length =1

h1 | 2i =

12

=0

—-> orthogonal

h2 | 1i =

21

=0

—-> orthogonal

=1

—-> length =1

hn | mi =

nm

=

n=m
n 6= m

then this implies that

h2 | 2i =

22

for basis vectors
Just says that basis vector
are unit length + orthogonal
or orthonormal

|ni , |mi
<latexit sha1_base64="RCiPvdPYqvxsiw3n8zeSVOkpvtI=">AAACDHicbVDNSsNAEN7Uv1p/WvXoJVgED1ISEe2x4EXwUsHWQhvKZjtpl242YXcilJBX8AW86ht4E6++gy/gc7hNe7CtHwzz8X0zzPD5seAaHefbKqytb2xuFbdLO7t7++XKwWFbR4li0GKRiFTHpxoEl9BCjgI6sQIa+gIe/fHN1H98AqV5JB9wEoMX0qHkAWcUjdSvlHt3gKnMzvMeZv1K1ak5OexV4s5JlczR7Fd+eoOIJSFIZIJq3XWdGL2UKuRMQFbqJRpiysZ0CF1DJQ1Be2n+eGafGmVgB5EyJdHO1b8bKQ21noS+mQwpjvSyNxX/87oJBnUv5TJOECSbHQoSYWNkT1OwB1wBQzExhDLFza82G1FFGZqsFq74io4Bs5IJxl2OYZW0L2ruVc29v6w26vOIiuSYnJAz4pJr0iC3pElahJGEvJBX8mY9W+/Wh/U5Gy1Y850jsgDr6xdnyJuc</latexit>

Using Kronecker delta to do algebra -> very powerful tool that I will use to do
manipulations and you will use if you make the eﬀort to learn how to do the algebra
Examples
3
X

Ak

k2

= A1

12

+ A2

22

+ A3

32

= A1 (0) + A2 (1) + A3 (0) = A2

k=1
n
X

k=1

Ak

km

= Am

mn

so appearance of kronecker delta
inside a summation eliminates
the summation!!

In order to complete the mathematical tools needed to describe the microworld we need one
last mathematical object —> completely new —> a Matrix
Definition
m × n matrix is m × n array(m rows and n columns) of numbers(matrix elements)
with a well-defined set of associated mathematical rules.
For example, see sample matrices shown below
✓ ◆
2
2 elements
5

2 5 2 elements

2 × 1 matrix (= column vector) 1 x 2 matrix (= row vector)
✓
◆
2
5
1
3 10 5
2 × 3 matrix

✓

2
3

5
10

◆

4 elements

2 × 2 matrix

A=

✓

a11
a21

a12
a22

◆

,

B=

diagonal elements

Consider two matrices
A=

✓

◆

2
5
3 10

—> two

✓

b11
b21

b12
b22

◆

using row-column labels

oﬀ-diagonal elements

,

B=

✓

8 15
7
4

2 × 2 matrices

◆

(note boldface)

addition => add elements
✓
◆ ✓
◆
(2) + ( 8) (5) + (15)
6 20
A+B=
=
( 3) + (7) (10) + (4)
4 14
matrix multiplication
✓
◆✓
◆ ✓
◆ ✓
2
5
8 15
(2)( 8) + (5)(7)
(2)(15) + (5)(4)
19
AB =
=
=
3 10
7
4
( 3)( 8) + (10)(7) ( 3)(15) + (10)(4)
94

50
5

I just followed the general rule

AB =

a11
a21

◆

✓

◆

a11 a12
b
b
, B = 11 12
a21 a22
b21 b22
◆✓
◆ ✓
a12
b11 b12
a11 b11 + a12 b21
=
a22
b21 b22
a21 b11 + a22 b21

A=
✓

✓

using row-column labels
a11 b12 + a12 b22
a21 b12 + a22 b22

◆

◆

These following are definition so that you know what I
mean when I refer to some matrix property.
Special cases: ✓
◆ definition
1 0
I=
= identity matrix —> IA = AI = A
0 1
det A = a11 a22

a12 a21 = determinant of A

definition

A

1

1
=
det A

Example:
A=

AT =

If

✓

✓

a11
a12

✓

1
4i

a22
a21

4i
7

a21
a22

◆

◆

a12
a11

A

1

◆

1
=
2 12i

matrix = Hermitian
A† = A
✓
◆
1
4i
A=
4i 7

Finally

A=

a11
a21

a12
a22

AA

1

=A

1

A=I

effect

= transpose matrix

◆

definition

—>

= inverse matrix

definition

✓

effect = no change

—>

✓

2
3

A† =

4i
1
✓

◆

a⇤11
a⇤12

—>
◆

1
2

1

=I

a⇤21
= Hermitian
a⇤22
definition

If A† = A
A=

AA

✓

1

1+i
1 i

conjugate matrix

matrix = Unitary
1 i
1+i

◆

T r(A) = a11 + a22 = sum over diagonal elements
Trace

Now start to pull it all together for QM.
or broaden Dirac language for use in QM
✓ ◆
v
|V i = 1 = “ket00 vector
v2
column vector

hV | = v1⇤

lots of jokes…

v2⇤ = “bra00 vector
row vector

Every Ket vector has a corresponding Bra vector in the Hilbert space.
Then real meaning of “braket” is
✓ ◆
u1
⇤
⇤
hV | U i = v1 v2
= v1⇤ u1 + v2⇤ u2 = “braket00
u2
—> rule is just matrix multiplication

From now on we assume that all ket/bra vectors are unit vectors(required for QM)
Finally we need to think about Operators
An operator is a mathematical object which acts on any vector in our vector space and
results in another vector in same vector space.
Its operation and behavior is similar to a function with numbers

y = f(x)

Example
A=

A |V i =

✓

a11
a21

✓

a11
a21

a12
a22

◆

,

✓ ◆
v1
|V i =
v2

◆✓ ◆ ✓
◆ ✓ ◆
a12
v1
a11 v1 + a12 v2
u1
=
=
= |U i
a22
v2
a21 v1 + a22 v2
u2
just another vector in the space!!

Therefore

A=

✓

a11
a21

a12
a22

◆

= an operator

—> matrices are operators in QM
why I needed to introduce the idea!

Operators are very important in QM because
observables or measurable quantities are represented in QM by Hermitian
operators(matrices) A† = A
and
transformations or physical changes of vectors are represented in QM by Unitary
operators (matrices) A† = A 1

Properties of operators -

(note boldface + hat)
Ô
Matrix representation (I show you this so you know what it is when I refer to it)
Definition: Matrix element
onm = hn| Ô |mi = (nm) matrix element of Ô

—-> matrix representing Ô is
Using the |1i , |2i basis

O=
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Now assume that
then

Ô |1i = |qi

,

✓

h1| Ô |1i
h2| Ô |1i

Ô |2i = |ri

h1| Ô |2i
h2| Ô |2i

(nm) = (row,column)
◆

=

✓

o11
o21

o12
o22

◆

that is what operators do!

o11 = h1| Ô |1i = h1 | qi
o12 = h1| Ô |2i = h1 | ri
o21 = h2| Ô |1i = h2 | qi
o22 = h2| Ô |2i = h2 | ri

—-> Matrix elements are just brackets = numbers!!

Most important special case:
If

Â |V i = a |V i

(i.e., we get same vector back) then

|V i called an eigenvector of operator Â with eigenvalue

a

.

For Hermitian operators, used for observables in QM, the set of eigenvectors always forms an
orthonormal basis -> called a complete set and the eigenvalues are all real. Very useful!
If basis set that is used to calculate matrix representing an operator
is the set of eigenvectors of the operator, i.e., if
Ô |1i = o1 |1i

then

,

{o1 , o2 }

Ô |2i = o2 |2i

= eigenvalues

o11 = h1| Ô |1i = o1 h1 | 1i = o1

o21 = h2| Ô |1i = o1 h2 | 1i = 0

o12 = h1| Ô |2i = o2 h1 | 2i = 0

o22 = h2| Ô |2i = o2 h2 | 2i = o2

O=

✓

h1| Ô |1i
h2| Ô |1i

h1| Ô |2i
h2| Ô |2i

◆

=

✓

o1
0

0
o2

◆

Matrix representation with operator’s eigenvectors is diagonal matrix
(nonzero elements (eigenvalues) on diagonal).
For general basis vectors(not eigenvectors),
matrix representation is generally not diagonal.

An alternate(and useful) method for defining operators uses the “ket” and “bra” vectors.
Consider the quantity

using our rules we get

Pf g = |f i hg|

Pf g |V i = (|f i hg|) |V i = hg | V i |f i = number ⇥ |f i

Thus, the new object is an operator!
If g = f, then we get

Called the “ket-bra”

Pf = |f i hf |

= projection operator i.e.,

Pf |V i = (|f i hf |) |V i = hf | V i |f i

“projects”

onto
so

|f i

i.e., final vector now in that direction

hf | V i gives amount of
component

Notice we used the rule: (hf |)(|f i) = hf | f i
Now consider set of orthonormal basis vectors:
We have(doing some algebra for practice):

in direction |f i
to simplify notion
{|ni}, n = 1, 2, 3, ....., N
orthonormal

—> hk | ni =

(|ki hk|)(|ki hk|) = |ki (hk | ki) hk| = |ki (1) hk| = |ki hk|

Another example:
(|ki hk|)(a |1i + b |2)) = |ki (a hk | 1i + b hk|2i) = (numberi ⇥ |ki

kn

|| ) |
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Now for some useful properties for later derivations and examples of use of the language.
RESULTS are important - ALGEBRA is for those learning how to do it!
n
X

Consider operator

k=1

—> sum of projection operators

|ki hk|

Remember from earlier that for any Ket vector, we can write (example in 2 dimensions)
|V i = h1 | V i |1i + h2 | V i |2i

or in general
|V i =

2
X

k=1

hk | V i |ki

so in n dimensions we have(2 terms in sum —-> n terms)
|V i =

We have
n
X

k=1

!

|ki hk| |V i =

n
X

k=1

n
X

k=1

hk | V i |ki

no change!!
hk | V i |ki = |V i

clearly this is very powerful notation

n
X

k=1

|ki hk| = Î

the identity operator

Will be very important for doing algebra!
Technical term: It is called a representation of the identity

Very(almost most) important object!!

Expectation Value

hÔi = hV | Ô |V i
Will turn out(see later) to be the average value of an observable from a set of measurements
on set of identical systems all in the state |V i . Let us see how.
First, we need an alternative representation of an operator
(also some simple algebra practice for those interested to do)

B̂ |bk i = bk |bk i

eigenvector/eigenvalues equation

k = 1, 2, 3, ......, n
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|bk i= eigenvectors of B̂

if operator is Hermitian

hbi | bj i =

ij

|bk i
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bk

= eigenvalues of B̂

are an orthonormal basis so that

and

n
X

k=1

|bk i hbk | = Î

Then
B̂ = B̂Î = B̂

n
X

k=1

=

n
X

k=1

B̂ |bk i hbk | =

or

n
X

B̂ =

k=1

identity operator does not change anything

|bk i hbk |
n
X

k=1

bk |bk i hbk |

operator moves through summation
and operates on Ket vector

bk |bk i hbk |

—> operator written in terms of eigenvalues/eigenvectors or projection operators
Called the “spectral representation” of the operator
Algebra gives
(if interested see(on website) full mathematics supplement notes for details)
B̂2 =

n
X

k=1

b2k |bk i hbk |

B̂3 =

n
X

k=1

B̂n =

b3k |bk i hbk |

k=1

Definition: Power series representation of a function:
f (x) = a0 + a1 x + a2 x2 + a3 x3 + · · · =

n
X

1
X

k=0

ak xk

bnk |bk i hbk |

Examples(the real definitions of the functions):
e↵x

1
X
1 k k
=
↵ x
k!
k=0

sin ↵x =

1
X

k=0

1
( 1)k ↵2k+1 x2k+1
(2k + 1)!

cos ↵x =

1
X

k=0

1
( 1)k ↵2k x2k
(2k)!

Now consider
1
X
1 k k
=
↵ x
k!

x ! Ô

In special case where

Ô2 = Î

e↵x

k=0

e↵Ô

1
X
1 k k
=
↵ Ô
k!
k=0

(algebra is in mathematics supplement)

ei↵Ô = cos ↵Î + iÔ sin ↵

One of most powerful relations in QM
(original derivation was for ordinary functions by Euler in 16th century

ei✓ = cos ✓ + i sin ✓

! ei⇡/2 = i , ei⇡ =

real definition of i

1

In general, if we need an operator for an arbitrary function f(x) we do the following:
if

B̂ |bk i = bk |bk i

k = 1, 2, 3, ......, n

then

Another Important Definition

ordinary numbers “commute”

but operators may not “commute”

This is mathematical property behind Heisenberg uncertainty principle as we will see later.
Useful properties to remember:
|V i = v1 |1i + v2 |2i

,

|U i = u1 |1i + u2 |2i

Suppose in the middle of a dream, I have an interesting thought….(this is example of how a
theoretical physicist works…….)
hB̂i = hV | B̂ |V i = expectation value
B̂

is Hermitian —>

B̂ eigenvectors are complete orthonormal set = basis —> can make expansions —> so write
|V i =

n
X

k=1

dk |bk i

,

hV | =

n
X

k=1

dk = hbk | V i
d⇤k hbk |

Can always do this with any basis set!!
More algebra gives(see supplement):

hB̂i =

n
X

k=1

bk |dk |2

But, in general, if expectation value = average value, then we must have

hB̂i =

X

allowed values

(allowed value of B) ⇥ (Probability of that value)

which is just the definition of
the average value!!
Now we just derived
hB̂i =

n
X

k=1

bk |dk |2

Comparing(see arrows) last two equations - we might guess that in our future theory
allowed measurement values = eigenvalues
and
probability of a value = square of vector component value

Now we can write
|dk |2 = d⇤k dk = (hbk | V i)⇤ hbk | V i = | hbk | V i |2 = hV | bk i hbk | V i

This assumption would then say that
| hbk | V i |2

= probability of observing value bk when in state

|V i

It also says
hV | bk i hbk | V i = | hbk | V i |2 = |component|2

= probability of observing value bk in state |V i
= expectation value of the projection operator
These ideas will become postulates - that is what random thinking sometimes produces
That is all mathematics will need for now(will add a couple of things later) to proceed
with developing QM.
Lots of repetition coming…….as we use this new language!

As we worked through the mathematics
we have laid the ground work for the postulates of QM
(in some cases we have actually stated the postulate already).
We will not need any more mathematics than I have shown you
already, although we will add an extension here and there.
You will get better at using the mathematics as we will use it in class
and you get used to the language.
If you cannot follow all the details of the
mathematics, then just follow along with
the ideas that I will present based on the
mathematics.
That will be suﬃcient to understand QM.

Applying Mathematics ideas to Quantum Mechanics
We now expand our understanding of QM theory
and also explain color/hardness experiments
Quantum state = set of information from measurements.
Represented by a KET

|....i

|bananai , |747i , |youi

where ……. = labels indicating what we know(have measured) about the state
Thus
electron - no measurements yet

—->

|undeterminedi = |?i

electron into COLOR box emerges magenta aperture
electron into COLOR box emerges green aperture

|magentai = |mi

|greeni = |gi

electron into HARDNESS box emerges hard aperture

|hardi = |hi

electron into HARDNESS box emerges soft aperture

|sof ti = |si

Clearly the labels tell us everything we “know” about the state

As we will see later — Postulate #1 of quantum theory will be — it is all in the labels!
Continuing, a measuring device is represented by an OPERATOR
Operators take Kets into Kets

definition

Ô |xi = |yi

Some operator properties from experimental results:

Pg |hardi = (|gi hg|) |hi = hg | hi |gi ! |gi

green projection
operator

All state always normalized to 1
Last step:
All state always normalized to 1

hg | gi = 1
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Pm |hi = (|mi hm|) |hi = hm | hi |mi ! |mi

magenta projection
operator

by definition

|Qi = hg | hi |gi
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State

is not normalized to 1

—> always renormalize to 1 at each stage

Projection operators seem to represent measurement - we will see!
You will note that I do not tell you WHY I make certain choices, I only tell you HOW the
my particular choices work.
That is the difference between Physics and Philosophy.
Physics NEVER answers WHY questions, we leave those for Philosophers.

Short digression:
Operator model of COLOR box
where

Ĉ = Pg + (1

)Pm

just a possible example!

randomly = 0 or 1 unless have definite color electron (then

=1 or 0)

How might it work?
Hard electron ∣h⟩ enters left aperture of color box
some interaction(unknown) between electron(microscopic quantum system)
and color box (macroscopic system) generates a value for δ.
Value is random and unpredictable.
Thus, color box randomly sends
electrons out “green” aperture as ∣g⟩ or out “magenta” aperture as ∣m⟩,
unless, entering electron has a definite color value already.
Similar results hold for “soft” electrons entering color box.
Similar results also hold for “magenta/green” electrons entering hardness box.
Returning to discussion:
Now send magenta electron into hardness box
it comes out either hard or soft (50%-50%) etc.
Magenta electron was described earlier as SUPERPOSITION of hard and soft,
although we did not specify what was meant by term “superposition”.

Now represent superposition mathematically by addition of kets (vector addition) as follows:
1
p
|mi =
|hi
2

1
p |si
2

1
1
p
p
|gi =
|hi +
|si
2
2

This will be Postulate #2 of quantum theory.

1
1
|hi = p |gi + p |mi
2
2
1
|si = p |gi
2

1
p |mi
2

Reasons for particular numerical coefficients will become clear shortly.
This is the way theory works
make(postulates) assumptions,
i.e., meaning of term “superposition” here,
develop measurable predictions from assumptions
and then test experimentally to check validity of postulates.

Digression On Probability

Suppose we have a box with N numbered balls

set of numbers on balls
{⌫i } = ⌫1 , ⌫2 , ⌫3 , ⌫4 , ............
X

number of balls with given number
,

{ni } = n1 , n2 , n3 , n4 , ............

nk = n1 + n2 + n3 + n4 + ............ = N

total number

k

probability that a random picked ball has
nk = 0 —> pk = 0
nk = N —> pk = 1

kth

number ⌫k is
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nk
pk =
N

impossible
certainty

0  pk  1 for all k

,

X

pk = 1

k

above are all common sense ideas
In QM
number of times value q was already measured
probability(q) =
total number of measurements so f ar

identical systems(—> ensemble) -> frequency model
X
pk f (⌫k )
One can also show hf (⌫)i =
Meaning similar to earlier result
k

Return to QM
Although QM is a probabilistic theory, the fundamental quantity is not probability
but mathematical object called the probability amplitude
If electron to be measured was in arbitrary state | i ,
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then probability amplitude that will measure color = magenta
if send this electron into color box is given by
a new mathematical object represented by the braket symbol

hproperty to be measured | state being measuredi = hm | i
—-> complex number = component of ket | i in ∣m⟩ direction
<latexit sha1_base64="5p3bk6712fu8EFF6m0Ll4C+Eu2U=">AAACBXicbVDLSsNAFJ3UV62vqks3wSK4KomIdllwI7ipYB/YhDKZ3rRDJ5MwcyOU0LU/4Fb/wJ249Tv8Ab/DaZuFbT1w4XDOvdx7T5AIrtFxvq3C2vrG5lZxu7Szu7d/UD48auk4VQyaLBax6gRUg+ASmshRQCdRQKNAQDsY3Uz99hMozWP5gOME/IgOJA85o2ikR+8OMPMSzSe9csWpOjPYq8TNSYXkaPTKP14/ZmkEEpmgWnddJ0E/owo5EzApeamGhLIRHUDXUEkj0H42u3hinxmlb4exMiXRnql/JzIaaT2OAtMZURzqZW8q/ud1UwxrfsZlkiJINl8UpsLG2J6+b/e5AoZibAhliptbbTakijI0IS1sCRQdAU5KJhh3OYZV0rqouldV9/6yUq/lERXJCTkl58Ql16RObkmDNAkjkryQV/JmPVvv1of1OW8tWPnMMVmA9fULLrmZYg==</latexit>

A = probability amplitude = hm | i

P = probability = | hm | i |2

The Dirac Bracket!!!!
as I surmised earlier in my dream thought

This will be Postulate #3 of quantum theory

Now, we use this idea and see what it says.
Send electron into color box
and look at beam emerging from magenta aperture
= magenta electrons - all in state |mi
Experiments can be used to determine the numerical value of amplitudes:
Probability that magenta electron emerges from magenta aperture of color box
2

P = |hm | mi| = 1

hm | mi = 1

Probability that magenta electron emerges from green aperture of color box
2

P = |hm | gi| = 0

hm | gi = 0

Probability that hard electron emerges from hard aperture of hardness box
2

P = |hh | hi| = 1

hh | hi = 1

Probability that hard electron emerges from soft aperture of hardness box
2

Similarly, we have

P = |hh | si| = 0

hg | gi = 1

hs | si = 1

What do these results mean?

hh | si = 0
hg | mi = 0

hs | hi = 0

Clearly,
kets

{|mi , |gi} or kets {|hi , |si}

are just two different orthonormal bases for all quantum states in world of color/hardness
Using one of these basis sets to describe world —> using “color” or “hardness” language
Since they are a basis
as

why can write any arbitrary quantum state

| i = a |mi + b |gi

or

| i = c |hi + d |si
Remember I wrote earlier
1
|mi = p |hi
2

1
p |si
2

1
1
|hi = p |gi + p |mi
2
2

1
1
|gi = p |hi + p |si
2
2
1
|si = p |gi
2

1
p |mi
2

Mysterious property called SUPERPOSITION is, as we stated earlier, just vector addition!
Does this formalism work?
Does it allow us to say correct things about quantum experiments? YES! Let me show you.
Consider hard electron sent into color box,
then, using rules we have developed,
the probability that it will be (emerge as or be measured as)
a magenta electron is given by(this is how the algebra works)



1
1
2
|hmagenta | hardi| = hmagenta| p |greeni + p |magentai
2
2

2

1
1
= p hmagenta | greeni + p hmagenta | magentai
2
2
1
1
= p (0) + p (1)
2
2

2

1
=
2

which is correct!!

and probability that it will emerge as green electron given by

2



1
1
|hgreen | hardi| = hgreen| p |greeni + p |magentai
2
2
2

2

1
1
= p hgreen | greeni + p hgreen | magentai
2
2
1
1
= p (1) + p (0)
2
2

2

1
=
2

2

which is correct!!

Thus, a hard electron has 50-50 chance
of coming out of magenta and green apertures
which agrees with results of earlier experiments.
That is why I earlier chose particular numerical coefficients (component values)
So our formalism seems to agree with all of earlier experiments.
For example, look at repeatability experiment.
First, hard electron ∣h⟩ sent into color box.
Probability will emerge from magenta aperture is

1
|hm | hi| =
2
2

1
±p
2

Then, electron emerging from magenta aperture sent into another color box.
However, it is now a magenta electron and is represented by ket ∣m⟩.
Probability that will emerge from magenta aperture of second color box is
2

During experiment,

|hm | mi| = 1

= repeatability property.

hard electron(initially in superposition of magenta/green properties), i.e.,
1
1
|hi = p |gi + p |mi
2
2
appears as electron in state ∣m⟩
when it emerges from magenta aperture of first color box.
The so-called Copenhagen interpretation of quantum theory says
that during 1st measurement (first color box), the state of electron(hard)
is “collapsed” or “reduced” from a superposition of possibilities to a definite
value(magenta) corresponding to value just measured, i.e., to aperture we looked at!
This interpretation seems to say that the measurement caused collapse to occur.
It also fits with ideas behind my simple model of color box described earlier.
This will be postulate #4 of our 1st version of quantum theory.
Eventually, we will eliminate the need for this “collapse” postulate completely.
We will find that it is already built into the other postulates we define!

Two-Path Experiment explained using New Formalism
Added time and position values to diagram.

Need to use states or kets which correspond
to electrons having color or hardness
AND positions.
This is OK because these are what are called
“compatible properties”,
i.e., we will see that it is valid in QM to
say a magenta electron is located
at a particular position
(since it can be created in lab).
Thus, electrons can have color (or hardness) and simultaneously be at definite position.
However, as saw earlier,
an electron CANNOT be hard AND magenta simultaneously,
which are incompatible properties, which we will see is related to the Uncertainty Principle.
These states take the form (just expand the labels because we KNOW more stuff):

|color, x, yi = |colori |x, yi

|hardness, x, yi = |hardnessi |x, yi

so the labels still specify
all that we “know”

At time t1,
when particle is about to enter apparatus,
(having just left a color box via
magenta aperture):
the state is

|color = magenta, x = x1 , y = y1 i = |mi |x1 , y1 i
=

✓

1
p |hi
2

◆

1
1
p |si |x1 , y1 i = p |hi |x1 , y1 i
2
2

1
p |si |x1 , y1 i
2

(everything just multiplies out)
It is a superposition of a hard electron at (x1,y1) and soft electron at (x1,y1)!
A magenta electron is always such a superposition!

Here is how QM says to calculate what happens next.
Consider: If state at time t1 were just the hard part
1
p |hi |x1 , y1 i
2

and if a hardness box behaves properly,
then the state at time t2 would be
1
p |hi |x2 , y2 i
2
i.e., electron would have just emerged
through hard aperture
and be on what we will call the hard path.
Similarly, if state at time t1 were just soft part

1
p |si |x1 , y1 i
2

and if hardness box behaves properly, then state at time t2 would be

1
p |si |x3 , y1 i
2

i.e., electron would have just emerged through soft aperture
and be on what we will call the soft path.
This is what we earlier said the apparatus does to hard/soft electrons!
IMPORTANT: we can only say the electron has two compatible measurable properties
at the same time if the respective state separates exactly like this one did.

However, as we said, the state at t1
is neither just soft part nor just hard part,
but the superposition
1
|mi |x1 , y1 i = p |hi |x1 , y1 i
2

1
p |si |x1 , y1 i
2

color box
-> USE color language to describe world —> start in color language(basis)
hardness box
-> USE hardness language to describe world —> change to hardness language(basis)
This is VERY Important
Physics will only make sense if you are using the correct
(appropriate to next measurement) language when
discussing what is happening!

Earlier discussion ->
(formally called linearity property of QM,
i.e., we operating in mathematical vector space which satisfies axioms of linear algebra)
that state at time t2 must be (if hardness box behaves properly)
1
p |hi |x2 , y2 i
2

1
p |si |x3 , y1 i
2

i.e., if something happens to state |1> (hard part)and
something happens to state |2>(soft part) separately
then when both are present in a superposition
SAME things still happen
[remember we are not measuring anything yet]
1
p |hi |x2 , y2 i
2
✓
◆
1
1
1
p
p |gi + p |mi |x2 , y2 i
2
2
2

so we have at time t2
expand

1
|gi (|x2 , y2 i
2

1
p |si |x3 , y1 i
2
✓
◆
1
1
1
p
p |gi p |mi |x3 , y1 i
2
2
2

1
|x3 , y1 i) + |mi (|x2 , y2 i + |x3 , y1 i)
2

This correspond to color electrons at superpositions of two different positions !!!!
i.e., a green electron can be found at two positions if we look(observe)

The state

1
p |hi |x2 , y2 i
2

1
p |si |x3 , y1 i
2

is entanglement between hardness/color
and position (coordinate space) properties of electron
(note color and position properties
were separated to start with, i.e.,

|color = magenta, x = x1 , y = y1 i = |mi |x1 , y1 i

had definite values, namely, magenta and (x1,y1)).
This new state involves nonseparable correlations between hardness/color and
coordinate-space properties of electron.
There are no definite hardness or color properties of electron in this state
neither do any of its coordinate-space properties (position, momentum, etc)
have any definite values!
This is a superposition of states,
where one part of electron state indicates
probability amplitude for being on hard path
and other of electron state indicates
probability amplitude for being on soft path.
IMPORTANT: Note that we are NOT saying that electron is actually on either path.

These results are the reason that
we earlier had to make statements about not hard, not soft, not both and not neither.
Those ideas are not only false, they are meaningless!
We have entangled two classical states that cannot exist at same time for single electron!
State is called an entangled state.
These states will get our thoughts/ideas all entangled later on
when we discuss Einstein paradox and Bell inequality!!
Continuing on.......
last state of electron above (at t2)
leads to state of electron at t3

1
p |hi |x3 , y3 i
2

1
p |si |x4 , y2 i
2

and then state at time t4 is

1
p |hi |x5 , y4 i
2

1
p |si |x5 , y4 i =
2

✓

1
p |hi
2

◆

1
p |si |x5 , y4 i
2

= |mi |x5 , y4 i

pull out common factor

1
p |hi |x5 , y4 i
2

1
p |si |x5 , y4 i
2

=

✓

1
p |hi
2

◆

1
p |si |x5 , y4 i
2

= |mi |x5 , y4 i

We see
that color state and coordinate-space state have become separate again!
Position of electron once again has definite value and color once again has definite value.
Remember that we have not bothered(measured) electron during this experiment.
So fact that hard electron fed into total device will come out hard,
and that soft electron fed into total device will come out soft(at same point),
together with our quantum assumptions,
means that a magenta electron fed into total device
will come out (as EXPERIMENT says) magenta!
That is way quantum mechanics works!

Again, the formalism works!

What if we change experiment in middle by measuring position of the electron at, say, t3?
Let us insert wall on soft path.
This Implies that if any electron gets through device, it must have traveled on hard path.
This is a measurement of position.
Same goes for inserting wall on hard path.
Then the superposition goes away.

According to suggested postulates,
during a measurement a collapse would occur
and state just after measurement would be either

|hi |x3 , y3 i

or

|si |x4 , y2 i

each with probability 1/2 (square component assumption)
Then state at t4 would be either

|hi |x5 , y4 i

or

|si |x5 , y4 i

After this point in time,
only one part of state continues to evolve in time,
while other remains unchanged (due to wall).
Must emphasize that we collapsed particle to hard or soft
by measuring its position in an entangled state.
That is way entangled or nonseparable states work
collapsing one property (position in this case)
collapses all other properties (hardness in this case) simultaneously.

The state vector

1
p |hi |x5 , y4 i
2

1
p |si |x3 , y1 i
2

is nonseparable
between hardness/color properties and coordinate-space properties.
This means it is not associated with any definite values
for hardness or color or position or momentum.
Note that if since we have inserted a wall on only one path,
the remaining electrons in device have definite hardness,
which are 50/50 magenta/green.
This agrees with experiments described earlier.

Again, the formalism works!

Now I must ay something about how to build a do-nothing box.
If electron in state ∣A⟩ and measure color,

then the probability of measuring magenta is determined as shown below.
Write ∣A⟩ as superposition of color states

(since color is thing want to measure must use color language).

|Ai = ↵ |magentai +

|greeni

Can always be done since color kets are a basis(anything measurable provides a basis).
where

hmagenta | Ai = ↵ hmagenta | magentai +

hgreen | Ai = ↵ hgreen | magentai +

hmagenta | greeni = ↵

hgreen | greeni =

Probability that measurement indicates electron magenta is
2

|hmagenta | Ai| = |↵|

2

Now consider the state

|Ai =

↵ |magentai

|greeni

If measure color on this state,
get same probabilities for every possible outcome as with state ∣A⟩, i.e.,
2

2

|hmagenta | Ai| = |↵| = | hmagenta | Ai|

2

So if a state vector ∣A⟩ changes to state vector −∣A⟩

there are NO OBSERVABLE CHANGES
there are NO PROBABILITIES CHANGES
NOTHING HAPPENS as far as quantum theory is concerned!!!.

So any box which changes state of any incoming electron
into −1 times incoming state will be do-nothing box,
since it will not change any measurable values,
i.e., will not change any probabilities
of values of any of observables of any electron which passes through it.
Obviously, it will also not effect any electron which passes outside of it.
But the effects of such a box on an electron
which is in a superposition of passing through it and outside of it
may be quite a different matter.
Suppose a do-nothing box is inserted in soft path of two-path device at (x3,y1).
Then, if initial input electron magenta(as earlier), state at t2 will be
1
p |hi |x2 , y2 i
2

1
p |si |x3 , y1 i
2

(same as earlier)

and state at t3 (after passage through box) will be not be

1
p |hi |x3 , y3 i
2

1
p |si |x4 , y2 i
2

(earlier result)

but will be

1
1
p |hi |x3 , y3 i + p |si |x4 , y2 i
2
2

where sign of 2nd term has been changed by the do-nothing box in the soft path.
If we now follow new state to t4 as before we find

1
1
p |hi |x5 , y4 i + p |si |x5 , y4 i =
2
2
instead of

1
p |hi |x5 , y4 i
2

✓

◆

1
1
p |hi + p |si |x5 , y4 i
2
2

= |gi |x5 , y4 i

✓

◆

1
1
p |hi p |si |x5 , y4 i
2
2
= |mi |x5 , y4 i

1
p |si |x5 , y4 i =
2

So a do-nothing box has changed color of all electrons from magenta to green
(as experiment said) even though it has no measurable effect
on electrons that passed though it !!!!.
That is way quantum mechanics works!!
New mathematical formalism seems to works very well since theory it provides agrees with
experiment, which is only test required!

Short digression: Some further mathematical thoughts based on what we have learned:
Clean up some loose ends.
Define operator

Ĝ = |gi hg|
Properties

Ĝ |gi = |gi hg | gi = |gi

,

Ĝ |mi = |gi hg | mi = 0

Expectation value
2

hg| Ĝ |gi = |hg | gi| = 1
2

hm| Ĝ |mi = |hg | mi| = 0
These results make sense(physics) if we interpret

in green state
in magenta state

Ĝ = |gi hg|

as operator corresponding to measurement of green property of electrons,
i.e., an observer looking at output of green aperture of color box.

1st result then says, using an earlier result we derived
2

hg| Ĝ |gi = |hg | gi| = 1

prob(bk ) = |hbk | i|

2

in green state

that probability that color of green electron is green is 1 as expected
and
2nd result says if measure probability color of green electron is magenta get 0 as expected.
2

hm| Ĝ |mi = |hg | mi| = 0

in magenta state

Things make sense!
Pushing these strange ideas further.
If we assume, as earlier, that hard electron is superposition of green and magenta electrons,

1
1
|hardi = |hi = p |gi + p |mi
2
2
then the expectation value of

Ĝ

in hard state is

hg| Ĝ |hi =

✓

◆

1
1
p hg| + p hm| Ĝ
2
2

✓

1
1
p |gi + p |mi
2
2

◆

1
1
1
1
= hg| Ĝ |gi + hg| Ĝ |mi + hm| Ĝ |gi + hm| Ĝ |mi
2
2
2
2
1
1
= hg| Ĝ |gi =
2
2

i.e., equal parts 0(m) and 1(g) as expected!!!!

Another way of saying this is, using earlier result (for those who like more math)

D E X
X
2
B̂ =
bk prob(bk ) =
bk |hbk | i|
k

hh| Ĝ |hi =

X

k

(eigenvalue g )(probability of g in |hi )
2

= (1) |heigenvalue = 1 | hi| + (0) |heigenvalue = 0 | hi|
1
1
1
= (1) |hg | hi| + (0) |hm | hi| = (1) + (0) =
2
2
2
2

2

again makes sense,

i.e., if have beam of hard electrons,
then we measure electron to be green 1/2 of time as observed earlier!

2

Clearly, this formalism and associated ideas is both neat and very powerful
and certainly seems to have the potential to describe earlier observations.
We will see shortly that formalism, based on set of postulates,
can completely represent quantum systems and quantum measurements.
Now summarize some of ideas have been discussing.
More times we think about it, better we will understand it.
Sometimes theory is just guessed (educated guesses based on experiments)
as a set of postulates.

Let us take this approach at this time.

Quantum Mechanics Postulates (using the color/hardness world)
5 parts(ASSUMPTIONS/AXIOMS) to QM algorithm.
(A) 1st Postulate -Physical States - All physical systems represented by ket
vectors normalized to 1.
Called “state vectors” → ∣ψ⟩ where ⟨ψ ∣ ψ⟩ = 1.

Literally means ALL.
A green or hard electron is represented by a ket.
An atom is represented by a ket.
A banana is represented by a ket.

Ket labels consist of everything
we “know” i.e., have measured
about the system represented
by the Ket!

A car is represented by a ket.
YOU are represented by a ket (albeit a very complex one).

(B) 2nd Postulate - Measurable Properties = observables
Remember: for linear operators: (Â + B̂) | i = Â | i + B̂ | i

↵

is the corresponding

If Â is an observable, then the system represented by the state
that observable in that state.

| i has the value ↵ of

If Â | i = ↵ | i
eigenvalue.

then | i is an eigenvector of Â and

That is, if you perform measurement corresponding to Â on system in state represented by
∣ψ⟩, then with certainty (probability = 1) you measure value ↵ .
Since eigenvalues of operators representing observables are supposed to be measurable
numbers, they must also be real numbers.
This means we can only choose a certain kind of operator to represent observables, namely,
HERMITIAN operators that are guaranteed to always have real eigenvalues => added bonus
for quantum theory is
Eigenvectors of HERMITIAN operator are a complete, orthonormal set.
i.e., they comprise a set of mutually orthonormal vectors - basis - see later that there are
important connections to measurement here!

Example: back to color and hardness.......
Operators Ĥ and Ĉ representing observables hardness/color are Hermitian
-> use either set of eigenvectors as basis set
for quantum theory of color and hardness.
Corresponds to choosing a language!!!!
One such basis is then

|hardi = |hi

,

|sof ti = |si

where(by definition)
Ĥ |hi = |hi ! eigenvalue = 1 (by convention)
Ĥ |si = |si ! eigenvalue = 1 (by convention)

or

∣h⟩ is state with measured value of hardness = 1
∣s⟩ is state with measured value of hardness = −1

on some meter!

Since the basis is an orthonormal set -> satisfies
hh | hi = 1 = hs | si
hh | si = 0 = hs | hi

Showed earlier, any operator can be written in terms of its eigenvalues and projection
operators
Ĥ = (+1) |hi hh| + ( 1) |si hs| = |hi hh| |si hs|

Using
Ĥ |hi = (|hi hh|
Ĥ |si = (|hi hh|

Ĥ = (+1) |hi hh| + ( 1) |si hs| = |hi hh|

|si hs|

|si hs|) |hi = |hi hh | hi |si hs | hi = |hi (1) |si (0) = |hi
|si hs|) |si = |hi hh | si |si hs | si = |hi (0) |si (1) = |si

as expected

Eigenvector/eigenvalue equations say that hardness operator and hence hardness box acting
on state vector
does not change states of definite hardness,
namely, ∣h⟩ and ∣s⟩
(overall minus sign does not change any measurable properties of the ∣s⟩ state)
as required.
Now can write matrices representing these objects(using earlier definitions)
in hardness basis (called matrix representation)
✓
◆ ✓
◆
✓
◆ ✓
◆
hh | hi
1
hh | si
0
|hi =
=
, |si =
=
hs | hi
0
hs | si
1
✓
◆ ✓
◆
hh| Ĥ |hi hh| Ĥ |si
1 0
[H] =
=
(Hermitian!)
0
1
hs| Ĥ |hi hs| Ĥ |si
where we have used
<latexit sha1_base64="T7ZVbHTji8sYJg+pgvqVyeAVf90="></latexit>

hh| Ĥ |hi = hh| (|hi hh|

|si hs|) |hi = hh | hi hh | hi
=1

=1

hh | si hs | hi = 1 + 0 =1
=0

=0

Similarly, another basis(equivalent) is

|magentai = |mi

,

|greeni = |gi

Ĉ |gi = |gi ! eigenvalue = 1 (by convention)
Ĉ |mi = |mi ! eigenvalue = 1 (by convention)

∣g⟩ is state with measured value of color = 1
and ∣m⟩ is state with measured value of color = −1.
Operator Ĉ represents entire color box.
Operator can be written in terms of its eigenvalues and projection operators we have
Ĉ = |gi hg|

|mi hm|

Form basis (orthonormal set) -> satisfies
hg | gi = 1 = hm | mi
hg | mi = 0 = hm | gi

Eigenvector/eigenvalue equations say that color operator
and hence color box acting on state vector does not change states of definite color,
namely, ∣g⟩ and ∣m⟩ as required.
Can write matrices representing these objects in any basis
(called matrix representation in that basis)

In color language we have
✓
◆ ✓
◆
✓
◆ ✓
◆
hg | gi
1
hm | gi
0
|gi =
=
, |mi =
=
hg | mi
0
hm | mi
1
✓
◆ ✓
◆
hg| Ĉ |gi hg| Ĉ |mi
1 0
[C] =
=
0
1
hm| Ĉ |gi hm| Ĉ |mi
where we have used

hg| Ĉ |mi =

hg | mi = 0

Now write ∣g⟩ and ∣m⟩ vectors in terms of ∣h⟩,∣s⟩ vectors.
Always possible since ∣h⟩,∣s⟩ is basis and ∣g⟩,∣m⟩ just other vectors in same space(world).
Just principle of SUPERPOSITION mentioned earlier, Write

|gi = a |hi + b |si
|mi = c |hi + d |si
Normalization: states must be normalized to 1(assume a, b, c, d are real for simplicity)
hg | gi = 1 = (a hh| + b hs|) (a |hi + b |si) = a2 + b2
hm | mi = 1 = (c hh| + d hs|) (c |hi + d |si) = c2 + d2

Orthogonality: the states must be orthogonal (they are a basis)
hg | mi = 0 = (a hh| + b hs|) (c |hi + d |si) = ac + bd

One possible solution to equations (the color states) is
1
d= p
2

a=b=c=
1
1
|gi = p |hi + p |si
2
2

,

1
|mi = p |hi
2

1
p |si
2

Similarly, can express ∣h⟩,∣s⟩ vectors in terms ∣g⟩, ∣m⟩ basis to get
1
1
|hi = p |gi + p |mi
2
2

,

1
|si = p |gi
2

1
p |mi
2

Sums/differences of vectors = superpositions of physical states.
States of definite color = superpositions of hardness states.
States of definite hardness = superpositions of color states.
Hardness/color operators are incompatible observables
in sense that states of definite hardness (eigenvectors of hardness operator)
apparently have no definite color value (not eigenvectors of color operator)
and vice versa.
Since color and hardness are incompatible —-> operators do not commute.

Can see by determining matrix for Ĥ in color basis and then computing commutator. We have
✓
◆ ✓
◆
hg| Ĥ |gi hg| Ĥ |mi
0 1
[H] =
=
1 0
hm| Ĥ |gi hm| Ĥ |mi
where we have used ✓
◆ ✓
◆
1
1
1
1
hg| Ĥ |mi = p hh| + p hs| Ĥ p |hi p |si
2
2
2
2
⌘
1⇣
=
hh| Ĥ |hi hh| Ĥ |si + hs| Ĥ |hi hs| Ĥ |si
2
1
1
= (hh | hi + hh | si + hs | hi + hs | si) = (1 + 0 + 0 + 1) = 1 and so on
2
2
✓
◆✓
◆ ✓
◆✓
◆
Then
h
i
1 0
0 1
0 1
1 0
=
Ĉ, Ĥ = Ĉ Ĥ Ĥ Ĉ
0
1
1 0
1 0
0
1
✓
◆
0 1
=2
6= 0
1 0
These descriptions of color/hardness = 2-dimensional vector space.
Now for the final part of the 2nd postulate:
if system is in state ∣ψ⟩ and measure observable B̂ (and ∣ψ⟩ NOT eigenstate of B̂ ),
then the ONLY possible results of measurement are the eigenvalues of
that is, the set {bk }
Read statement again! A truly amazing statement!!!!!
Nothing else will ever be measured but the eigenvalues!!!!!

B̂

(C) 3rd Postulate: Dynamics of state vectors
There exist “deterministic” laws (same as classical world rules)
about how a state vector of any system changes with time.
Every state vector representing real physical system must have length = 1
—> changes of state vectors dictated by dynamical laws
(called Schrodinger equation or the time-development equation)
are changes of “direction” (and never of “length”) of ket vectors.
We define a “time evolution or development” operator Û
that governs how state vector changes in time by the relationship
|A, t +

ti = Û ( t) |A, ti

—> state vector at time t + ∆t given
by time evolution operator Û operating on state vector at time t.
In general, ket labels(which contain whatever we know(have measured) about state)
are the only thing that changes
Time evolution operator = unitary operator(because length does not change) Û which means
if Û Û 1 = Iˆ or

Û

1 is the inverse of

Û then the Hermitian conjugate Û † = Û 1

Time evolution operator is related to energy operator

Û (t) = eiÊt/~

more later

(D) 4th Postulate - Connection with Experiment/Measurements
Have said so far :
particular physical state whose state vector is an eigenvector, with eigenvalue ↵ ,
of the operator associated with a measurable property
will “have” value ↵ for that property
and that a measurement of that property, carried out on the system
which happens to be in that state,
will produce result ↵ with certainty(probability = 1)
and that if system is not in an eigenvector of the observable being measured,
then one can only measure one of its eigenvalues.
Need much more than that to deal with real-world experiments.
What if we measure a certain property of physical system
at a moment when the state vector of system
does not happen to be an eigenvector of that measurement property operator?
(this is the case most of the time).
i.e., what if we measure the color of a hard electron(remember it is a superposition of being
green and being magenta)?

What happens then?
All our earlier assumptions/postulates no help here. We need a new assumption/postulate.
Suppose we have system in state ∣ψ⟩,
and carry out measurement of value of property (observable) B
associated with operator
Assume eigenvectors of

B̂ .

B̂ are states |bi i which means that

B̂ |bi i = bi |bi i

,

i = 1, 2, 3, 4, ......

where the bi are the corresponding eigenvalues.
Quantum theory —> outcome of measurement is strictly a matter of “probability”.
Quantum theory stipulates that the probability that
outcome of measurement of
will yield result

B̂ on state ∣ψ⟩ (not an eigenvector)

bi

(remember only possible results are eigenvalues of B̂ no matter what state we are in),
is equal to

|hbi | i|

2

or absolute-square of corresponding ket vector component!

This postulate means the following:
(a) Probability as so defined is always ≤ 1 (must be to make sense),
which results from requirement that allowable states have length = 1.
That was reason for earlier imposing the normalization requirement.
(b) If | i = |bi i (= eigenvector),

then probability to measure bi is
2

probability = |hbi | bi i| = 1

and for any other eigenvalue bk k ≠ i
2

probability = |hbk | bi i| = 0 ,

k 6= i

(c) Probability that green electron is found to be soft during hardness measurement = 1/2.
State being measured is
1
1
|gi = p |hi + p |si
2
2
✓
◆
1
1
2
p
p
prob(sof t|green) = | hs | gi | = hs|
|hi +
|si
2
2
1
= p (hs | hi + hs | si
2

2

1
= p (0 + 1)
2

2

2

1
=
2

(d) Similarly, probability that green electron is hard during hardness measurement = 1/2.
Probability that hard electron green during color measurement = 1/2.
Probability that hard electron is magenta during a color measurement = 1/2 and so on.
The new formalism(4 Postulates) correctly predicts
all experimental results for hardness and color measurements(experiments).
It is important to realize that we cannot say anything definite about color if system in
hardness state and vice versa.
Can then only make probability statements.
Before we measure the color of electron, the electron DOES NOT have a color,
according to quantum theory!
Our information about electron color is only set of probabilities before measurement!!!!
But all of your experience says
that objects have values for measured quantities
before they are measured,
i.e., your experience tells you
that electron has color even if we do not measure it.
That is your view (standard classical view) about what is real and what is not real.

Quantum theory says you are wrong in both cases!!
If you assume otherwise, then QM would not work...but it does!!!
Eventually we will devise experiments to show that quantum theory is correct
and your classical views about reality are incorrect!!

Think about what I just said!

Must also devise theory to show
why it seems to be this way for electrons
but does not seem to be true for macroscopic objects.
Finally, state last and most controversial postulate.
(E) Collapse - Measurements are always repeatable. Seems like innocuous statement!
Once measurement carried out and result obtained for some observable,
state of system must be such as to guarantee (probability = 1)
that if same measurement repeated,
exact same result obtained.
Since systems evolve in time,
this is only true if 2nd measurement follows 1st instantaneously
or within such a small time that system does not have chance to evolve.

What does this mean about state vector of a measured (after measurement) system?
One view - something must happen to state vector when measurement occurs.
If measurement of observable Ô

carried out on system S,

and if outcome of measurement is value

oq (one of eigenvalues)

then, whatever state vector of S was before measurement of Ô
The only way to guarantee (probability = 1)
that another measurement of Ô

will give the same result

is that state vector of S after measurement
necessarily must now be eigenvector of Ô with eigenvalue

oq

.

This must be true according to Postulate #2 and all postulates must be consistent.
Thus, in this view,
the effect of measuring any observable
must necessarily be to “change” state vector of measured system,
to “COLLAPSE” it,
to make it “JUMP” from whatever state prior to measurement
into an eigenvector of just measured observable operator.
This is called collapse of state vector or reduction of state vector.

It says that state vector changes(discontinuously)
during measurement from representing a range of possibilities
(superposition of all possible states)
to definite state or only one possible outcome.
Which particular eigenvector it gets changed into
is determined by outcome of measurement
and cannot be known until then!!!!!!.

It cannot be predicted!!!!

Remember we only can
predict probabilities!

Since the outcome(earlier assumption) is matter of probability,
it is at this point and at no other point in the discussion,
that an element of “pure chance” enters into time evolution of the state vector
and determinism goes out window.
The postulates are correct!!
The time evolution of system is continuous and deterministic between measurements,
and discontinuous and probabilistic(random) during measurements.
The last(5th) postulate is very controversial.
Discuss controversy in detail later.

Those are principles(postulates) of quantum theory.
They are most precise mechanism
for predicting outcomes of experiments on physical systems ever devised.
No exceptions to them have ever been discovered (104 years).
NOBODY expects any.
Now let us use these principles to study QM.
We will see how quantum theory makes predictions
and how the strange results of various experiments are accounted for by the theory.
So now we enter a strange world
where quantum systems behave in rather mysterious and non-intuitive ways.
Remember that any behavior we predict and observe
will just be a consequence of the 5 postulates just stated.
That is how theoretical physics works!

Stern-Gerlach Experiments
Now repeat everything using electrons and Stern-Gerlach devices (real world devices)
-> reinforce knowledge learned and expand understanding.
Discussion involves the results of a classic experiment first done in 1922.
Stern-Gerlach (S-G) experiment studies how electrons behave in magnetic fields.
Illustrates how electrons behave in another context(beyond color/hardness)
and it thereby further develops the idea of quantum states
and the assumptions of quantum theory
and allows for later discussion of modern quantum experiments
and of ideas which seem so paradoxical to classical physicists.
Remember
Seemingly paradoxical nature of light/electrons has been called wave-particle duality
i.e., they could appear as wave in one situation
and a stream of particles in another.
To understand this,
we will need to discard the classical descriptions of waves or particles
(maybe there are no such things quantum mechanically)
and develop new set of rules and concepts to cover the strange microworld.
There will be no wave-particle duality in the classical sense of the words!

We will find that:
Electrons exhibit wave-like properties during measurements
if that how set up experiment or if we are asking questions that require “wave-type” answers.
Electrons can exhibit particle-like properties during measurements
if that how set up experiment or if we are asking questions that require “particle-type”
answers..
The context of experiment will determine the experimental results
The quantum theory of microworld is contextual in nature as we shall see.
Quantum mechanics will correctly answer whatever question you ask and the answer
will be in context of the question!
Classic Stern-Gerlach Experiment
QM -> electrons are fundamental particles, have - charge and ∼1/2000 proton mass.
Found isolated or inside atoms where held to +charged nucleus by electric forces.
If atoms subjected to large electric field, then can ionize(remove) electron from atoms.
Old style CRT tubes are large glass containers vacuum inside

Electron gun -> uniform beam of electrons

Electrons behave like tiny bar magnets(have a magnetic moment) when sent into a magnetic
field,
i.e., send some bar magnets into non-uniform magnetic field
(stronger at top than bottom of field region)
then field both deflects path of magnets
and aligns(N-S axis) magnets with fields.
Assume that S-G magnet exerts similar magnetic force
on electrons (which have magnetic moment due to spin)
passing between poles
and that force will deflect electron’s path
Hypothetical experiment to see how much deflection
takes place when we pass electron beam
between poles magnet.
Detect deflected electrons outside field region;
expecting to see spread —> 4
but see only 2 spots—> 5
i.e., only TWO
experimental values

Can detect single electrons.
Run experiment - observe two things:
(1) No pattern determining which way electrons are deflected;
Either up or down - apparently at random.

(2) Each electron deflected upward or downward, by fixed amount (final deflection angle).

2nd point was very surprising to classical physicists:
i.e., amount of deflection is same for each electron.
If electron were truly acting like a tiny magnet (classical picture),
then expect magnets to be pointing in random directions when they enter S-G field.
Consequently, amount of deflection,
which depends on initial orientation of electron’s magnet
is slightly different for each.
End result = range(in space) of detected deflection angles not just two fixed deflections.
Classical picture —> spread but experiment sees only 2 spots !
Can interpret results as follows:
Assume electrons have an internal property
which determines which way deflected.
As they emerge from electron gun,
up and down types produced at random(equal numbers)
—> get two equal-sized sets of sorted electrons.
Define electrons deflected up as UP state electrons = ∣U⟩
and those deflected down as DOWN state electrons = ∣D⟩.
NOTE: Assumption that state of electron determined by an internal property will lead to
problems later.

Assume ∣U⟩/∣D⟩ state describes an electron in this context
moving along top/bottom path through S-G magnet
Some internal state property (U/D) of electron determines which path,
and observing path of electron is only way we can measure that state property.

Can check beam
properties with
meter

Presumably electron gun producing electron beam for the experiment
is designed to have electrons randomly emerge in either ∣U⟩ or ∣D⟩ state.

These electrons the pass through the poles of an S-G magnet
and are sorted by being deflected according to the state(ket) labels.

Now we ask if the experimental results
are genuinely measuring
some state property(U/D) of electrons,
or if magnet is simply randomly deflecting
them one way or other.

Answer this question by modification of experiment as shown
Electron detector removed/replaced
by further pair of S-G magnets
arranged so that electrons passing out of first magnet
pass through one of two additional magnets

Results are conclusive.
(corresponds to repeatability measurements)
Electrons that emerge along
UP channel of first magnet
then pass through topmost second magnet
and all emerge from that magnet’s UP channel.
None are deflected downward
(there would be some down if each magnet was randomly deflecting electrons).
Similarly,
DOWN electrons emerging from first magnet
all subsequently deflected down by second magnet.
Second magnets(can even add more)
confirm sorting of first magnet.
Results give the impression
that S-G magnets are measuring some state property of the electrons.

Turning Experiments Around
We have been using S-G magnets oriented vertically
so they are deflecting electrons upward or downward.
The magnets can be turned through 90○
so that they now deflect electrons right or left.
In fact, S-G magnets can be oriented at any angle,
but only need (UP,DOWN) and (LEFT, RIGHT) for present discussion.
Results of experiment with S-G magnet turned horizontally
are exactly the same as previous experiments
but now in reference to new orientation of magnets.
Half of electrons deflected to right,
and half to left.
No obvious pattern that predicts which electron will go which way.
Same arguments as earlier suggest
that there are two possible states in this context for the electron ∣R⟩ and ∣L⟩,
and the magnet sorts them.

Thus, electrons have second state property (R/L)
that determines which way they are deflected.
Adding two further magnets, also arranged horizontally,
to check out the electrons in either deflected beam confirms this as before.
Results are not surprising. ∣R⟩ electrons from first magnet
are deflected only to right by second magnet
and ∣L⟩ electrons are deflected to left again by second magnet.
The similarities to Hardness and Color are striking!

By Design!!

For physicist, next step is
to see if ∣U⟩ and ∣D⟩ states linked (correlated) to ∣R⟩ and ∣L⟩ states in any way.
—> “determining” whether state properties connected(correlated)?
Easy to check by constructing experiment
that uses an (UP,DOWN) S-G magnet
with two (LEFT,RIGHT) magnets
so that electrons in UP and DOWN channels
of first magnet are tested to see if either ∣L⟩ or ∣R⟩.
In figure used symbol ∣?⟩ -> not sure state electron in, i.e., has not been measured yet!

measured
up-down
property

measured
left-right
property

Results of experiment are very interesting.
∣D⟩ passing into (LEFT, RIGHT) magnet
comes out via either channel;
and also the same for ∣U⟩ electron. (same as happened in color/hardness boxes)
Now if true,
it appears that we are dealing with 4 different combinations of electron states
that are determined by the 2 state properties.
An electron in state ∣U⟩ could also be in either state ∣L⟩ or state ∣R⟩, etc
So the possible combinations are

|U i |Ri
Suppose we say:

|U i |Li

|Di |Ri

|Di |Li

Electron gun is producing equal numbers of each type.

Combination of 2 differently oriented (perpendicular) magnets
then would sort out these electrons as shown above.

equal numbers in each group!

When electrons arrive at first magnet,
no way of knowing either
(UP,DOWN) or (LEFT,RIGHT) state,
hence ∣?⟩∣?⟩.

First magnet sorts into ∣U⟩ or ∣D⟩,
but tells us nothing about |R⟩ or ∣L⟩ state.

Final pair of magnets completes sorting
-> four piles of distinct state combinations, with roughly equal numbers of in each pile.

Things Get More Puzzling
Let us make an extension to the experiment by adding two more magnets to check results

we are measuring electrons before they go into final magnet

Results of experiment are truly remarkable(as they were in color-hardness experiments).
Electrons from beam labelled ∣U⟩∣R⟩
(thought to contain electrons only in ∣U⟩ state)

now pass through last magnet
and emerge from either the UP- or DOWN-channel!

we have just done two measurements

Seems some ∣D⟩ state electrons got mixed with beam that we thought was pure ∣U⟩.
But that cannot be the explanation since we find no extra electrons in beam.
Results show each of emerging beams contains roughly half of electrons.
Better explanation
(LEFT,RIGHT) magnet changed
state of some of electrons passing through.
All electrons arriving at magnet are in ∣U⟩ state,
but perhaps after passing through (LEFT,RIGHT) magnet,
a few flipped into ∣D⟩ state.
Get Answer from another new experiment:
Experiment starts with pure beam of ∣U⟩ electrons
(select UP channel of (UP,DOWN) S-G magnet)
passing through (LEFT,RIGHT) magnet,
producing two beams(half of electrons each).
Now move another (UP,DOWN) magnet very close
-> both beams now pass through final magnet

(we are not measuring electrons before they go into final magnet).

Not difficult - deflections small -> big distance needed to separate beams measurable amounts.

Before we discuss what actually happens, let us summarize our thinking:
1. Going through (UP,DOWN) magnet splits 1 beam into 2 beams.
2. Implies electron in 2 possible states and magnet is sorting them.
3. Called these states ∣U⟩ and ∣D⟩.
4. Similarly, horizontal magnet sorts electrons into ∣R⟩ and ∣L⟩ states.
5. —> four combinations of electron states: ∣U⟩ and ∣R⟩, ∣U⟩ and ∣L⟩, and so on.
6. Passing beam of electrons that is only ∣U⟩∣R⟩
(came from UP channel and RIGHT channel in that order)
into another (UP,DOWN) magnet divides beam into 2 again.
7. Conclusion from experiment is that
passing ∣U⟩ beam through (LEFT,RIGHT) magnet
flips (UP,DOWN) state of some of electrons.
If so - which electrons get switched? Is there any determining property?
Remember hardness/color experiments. Sound familiar!

Based on (1-7),
we predict that allowing both beams from (LEFT,RIGHT) magnet
to pass through single (UP,DOWN) magnet produces
same result as having an (UP,DOWN) magnet on each beam.
Should get two beams emerging from single (UP,DOWN) magnet
as magnet has flipped state of some of electrons.
Of course we get an unexpected result!
Using 1 magnet to catch both emerging beams
produces just single beam of pure ∣U⟩
electrons (and for lower beam also).

Conclusion is clear.

If beams from (LEFT,RIGHT) magnet passed into separate (UP,DOWN) magnets,
then ∣U⟩/∣D⟩ state of electrons is modified.
However, if both beams from (LEFT,RIGHT) magnet pass through same (UP,DOWN),
then no state flip.
Original state of electrons that entered (LEFT,RIGHT) magnet preserved.
Remember hard/soft electrons in 2-path experiment

(all stayed magenta).

Very puzzling.
Up to now, everything we have said about electron states
and the way electrons are deflected (sorted) by S-G magnets
could be a simple extension to classical ideas about electrons.
Now, in this experiment
we are starting to see that the states have a quantum nature
—> behave in rather different (non-classical) way.
Let us try to retain some common sense
We speculate that the flipping of an electron’s state
is a process that needs to travel a certain distance(time) in order to happen.
Moving (UP,DOWN) S-G magnet closer
—-> has not given enough opportunity for flip to happen.
Can kill idea and any similar lines of thought by making simple modification to experiment.

Insert small metal plate sufficient to block LEFT channel of (L,R) magnet
—> stop electrons in that channel.
Have not moved magnet any further away,
so all ∣D⟩∣R⟩ electrons will presumably,
if guess about a distance
being needed is correct,
stay in ∣D⟩ state
and come out of second magnet
along bottom channel.

Wrong again!
Modification adds another puzzle.

Blocking LEFT channel restores flipping (UP,DOWN) state.
As experiment doesn’t alter distance travelled by electrons in RIGHT channel,
have eliminated argument based on flipping needing certain distance to work.
Can turn flipping on or off
by blocking one of paths and doing nothing to distance.
(Blocking RIGHT channel gives same type of result.)
Same as happened with color/hardness experiments

Summarize results of experiments below.

(a) Blocking RIGHT channel produces
mixture of ∣U⟩/∣D⟩ states in electrons that
pass through LEFT channel.

(b) Blocking LEFT channel produces mixture
of ∣U⟩/∣D⟩ states in electrons that pass
through RIGHT channel.

(c) Having both LEFT and RIGHT channels
open produces only ∣D⟩ state electrons.
What Does It All Mean?
Started with idea that electrons possess certain state property
that determines path through S-G magnet.
Some electrons start in ∣U⟩ state and some in ∣D⟩ state,
and when electrons are formed into beam,
∣U⟩ and ∣D⟩ electrons randomly distributed, so can’t tell which type coming next.

Crucially,
we have been assuming that the state of electron is
fully determined before it enters any magnet in its path.
This is the assumption behind the classical idea of a state
i.e., that a measurement simply reveals what is already there.
Results of these experiments completely undermine this idea.
1. Passing beam ∣D⟩ electrons through (LEFT,RIGHT) magnet separates them into ∣D⟩∣L⟩ and
∣D⟩∣R⟩ states(equal numbers)
2. Passing ∣D⟩ ∣L⟩ and ∣D⟩ ∣R⟩ electrons into separate (UP,DOWN) magnets produces both ∣U⟩
and ∣D⟩ electrons at each magnet. ∣D⟩ state does not always survive passing through
(LEFT,RIGHT) magnet.
3. Passing ∣D⟩ ∣L⟩ and ∣D⟩ ∣R⟩ electrons into same (UP,DOWN) magnet produces pure ∣D⟩
beam. ∣D⟩ state is now preserved.
4. Undermines thought expressed in (1) that we can specify (UP,DOWN) and (LEFT,RIGHT)
states at same time. No ∣D⟩ ∣L⟩ and ∣D⟩ ∣R⟩ states, just ∣U ⟩/∣D⟩ OR ∣R⟩/∣L⟩ states.
5. Suggestion: distance travelled by electrons on passage through magnet causes effects
contradicted by experimental results produced by blocking one of beams.
6. Blocking left- or right-hand beam through (LEFT,RIGHT) magnet separately before reaching
same single (UP,DOWN) magnet as in point (3) results in some electrons going up and some
going down.
7. —> Nature of electron’s state depends on context of experiment - question asked!!!.

Another point makes things even stranger.
If we block LEFT channel,
then electrons passing along RIGHT channel into (UP,DOWN) magnet
emerge either ∣U⟩ or ∣D⟩.
However, if they passed along RIGHT channel,
how can they have known that LEFT channel closed?

(poor question)

Another way:
if suddenly open up LEFT channel,
add more electrons passing into (UP,DOWN) magnet
those that would have gone through RIGHT channel anyway
and those that were blocked in LEFT channel.
Suddenly all electrons are now in ∣D⟩ state.
Remember magenta electrons coming out all magenta!
No results depend on intensity of beam.
If one electron present in apparatus at a time, all experiments => same results.
Disposes of idea that electrons are interacting with each other.

No way that electron passing through one channel
could be influenced by other channel being blocked,
unless there is another electron in that channel at same time to mediate influence.
Clearly, as experiment gives same result with low-intensity beam, that idea can’t work either.
Results can made a coherent whole.
Consider what information we can obtain from each experiment.
When one channel through (LEFT,RIGHT) magnet blocked,
clear that any electron emerging from experiment
must have passed through open channel.
With both channels open,
cannot tell which path the electrons followed through (LEFT,RIGHT) magnet.
Cannot just watch them go past.
Any method used to determine which path electrons take = blocking the path.
Similarities to old experiments.
Again context of whole experiment proves crucial.
Evidently, knowing electron either ∣L⟩ or ∣R⟩ state
prevents us from saying it is in ∣U⟩ or ∣D⟩ state.

Having 1 path blocked after 2nd magnet
-> electron entering (UP,DOWN) magnet
clearly either ∣L⟩ or ∣R⟩ state
-> lose any idea of being ∣U⟩ or ∣D⟩.
Both paths open
-> no information from experiment
tells us about ∣L⟩/∣R⟩ state of electrons.
Then, can retain some information about ∣U⟩/∣D⟩ state.
Interpretation is not required by results of experiments discussed so far.
Look at other quantum experiments to see consistency of approach.
Earlier color/hardness showed getting different results
depended on not being able to tell which path electrons were using.
Here can tell if it is ∣U⟩/∣D⟩ as long as cannot tell if is ∣L⟩/∣R⟩.
Results are showing us something important about nature of quantum state.

Quantum States/Postulates - Real Meaning of Formalism
Now we set up the formal axiomatic structure of quantum theory
and along way review most of stuff have already talked about.
Hopefully, you understand QM after this pass!
Redevelop theoretical machinery of quantum physics.
Build on experimental insight of present discussions
= valid statements about nature of quantum objects
(no matter how confusing that nature seems to be).
Where Are We Now?
Experiment —> reality slightly out of focus,
until specific experiment forces picture to sharpen into one possibility or another.
Is being “out of focus” only an issue of the theory
and not a reflection of what is actually happening?
Maybe future experiments will expose physical variables (not included so far)
-> advanced theory that resolves what appears to be paradoxical
-> called so-called Hidden variable theories

Maybe current experiments are saying something genuine about nature of reality.
Problem then is our expectations about reality.
Our view of reality
-> Experience centered on macroworld (live in).
Rocks follow single path.
Common sense understanding colors view of reality, irrespective of scale
no guarantee that such applies outside macroworld.
Experiments with photons/electrons -> are not tiny rocks.
Consequently, our challenge:
how rock (made up of microworld objects ) can behave in “common sense” way,
given the underlying strangeness of the quantum world.
Need to completely specify scheme for describing our experimental results in consistent way
-> some measure of predictability.
Need to develop quantum theory from 1st principles that can apply everywhere.
Covered ideas earlier and now expand on those discussions
-> all aspects of full theory will be clearly delineated.

Describing Quantum Systems
A classical state cannot describe experiments in quantum world.
A classical state = list —> values of various physical properties,
this cannot apply to photon in interference experiment
which is “apparently” traveling on 2 paths at same time.

(apparently = “seems like”)

Any physical property determining the direction of electron through (S-G) experiment
is influenced by exact details of how experiment was set up(the context),
—> runs contrary to classical idea that experiments
reveal what is already there.
How can we construct quantum state to replace normal classical description of system.
Important that certain basic characteristics are designed in from the beginning.
1. Inherent randomness must be represented,
i.e., description of photon arriving at half-silvered mirror
must allow photon to have equal chance of being transmitted
or reflected, without stating that it will definitely do one or other.
2. Contextuality of quantum behavior must be incorporated.
Experimental results are influenced by overall setup of devices.
If photon detector placed beyond half-silvered mirror,
then photon will either reflect or transmit.
If no detector present, then results -> that photon “explores” both possibilities.

3. Quantum systems exist in a mixed state
that combines classical states in impossible ways as we will see,
(e.g., simultaneously reflecting and transmitting at half-silvered mirror),
i.e., that combine classical states which are incompatible with each other!
Figure summarizes what needs to be achieved in quantum description.

LHS = system(electron),
in quantum state = ∣φ⟩(a ket).
Electron interacts with measuring apparatus, M,
-> one of several possibilities can occur,
each with different probability.
Example:
∣U⟩ state electron interacting with (LEFT,RIGHT) S-G magnet
-> emerging in ∣L⟩ or ∣R⟩ state.

We take direct approach:

usually the wrong approach, but usually can learn things!

Assume an initial state takes following form:
| i = p1 |Ai + p2 |Bi + p3 |Ci + p4 |Di + ..........
where numbers p1,......,p4,.... represent(do not know how yet) somehow the
probability that electron would end up in each state ∣A⟩, ∣B⟩, etc.
Not saying that numbers are probabilities; just related to probabilities(to be determined).
Attractive formulation —> already catches some of flavor of quantum behavior.
Seems to say that quantum state ∣φ⟩ made up of all possibilities ∣A⟩, ∣B⟩, etc,
which may subsequently come about.
Example: S-G experiment, write
|U i = p1 |Li + p2 |Ri

to represent initial state of electron
when approaching L-R magnet
(next measurement)

After electron passed through magnet,
no longer appropriate
to describe it by state ∣U⟩:
since now either state ∣L⟩ or ∣R⟩,
initial description seems to have
“collapsed” (after measurement)
into one(we observed) of two alternatives
that it is “composed” of.

(shown in figure)

But REMEMBER other state is still somewhere

Way of expressing quantum states is similar to way probabilities combined.
Imagine trying to calculate average number of words per page in book.
One way: count up number of words and divide by number of pages.
Equivalent way:
group pages into sets (each page in set had same number of words).
Average then becomes
average number of words =
(number pages(700 words))x700+(number pages(600 words))x600+..
total number of pages
average number of words =
(number pages(700 words))x700 (number pages(600 words))x600
+
+ ..
total number of pages
total number of pages
average number of words = (Probability of 700 words)x700
+(Probability of 600 words)x600 + ..

Looks like formula that is used when different possibilities are being considered.
Given an event E1 with probability P1, event E2 with probability P2
and event E3 with probability P3, the rules of probability state
Probability(E1 or E2 or E3 ) = P1 + P2 + P3

If events correspond to measuring different values of physical property
(e.g., V1, V2, and V3),
then average value of property after many trials is
average value of V = (V1 ⇥ P1 ) + (V2 ⇥ P2 ) + (V3 ⇥ P3 )

That looks like the assumed form of the quantum mechanical state.
If two ideas are exactly the same, then terms p1, p2, p3, etc in
| i = p1 |Ai + p2 |Bi + p3 |Ci + p4 |Di + ..........

would have to be actual probabilities, but there is a problem with this idea.
Specific Example: Mach-Zehnder Interferometer
Have assumption(above) about
how to represent a quantum state.
Does it work in an experimental situation.
Choose a Mach-Zehnder interferometer.
Experiment seems to need
wave/particle descriptions of light
-> good test
of quantum state assumption.

Assume intensity of laser beam turned down
only one photon crossing setup at a time.
At 1st half-silvered mirror,
the single photon is either reflected or transmitted.
Assumption (state = sum of things it could be) says write quantum state of arriving photon as
| i = a |T i + b |Ri

where ∣T ⟩ represents transmitted state
and ∣R⟩ reflected one as shown.
Numbers a and b related to probabilities
that photon transmitted or reflected, respectively.
Numbers determined by construction of mirror.
Part of state ∣φ⟩ designated ∣R⟩
contains information about photons
reflected at half-silvered mirror……..
Unless we have measurement device on
either arm of experiment, cannot say
photon has either been transmitted or
reflected - MUST MEASURE TO KNOW!!

| i
<latexit sha1_base64="3MLQHAwZrTsKH0Brktig8kmvZYM=">AAACBXicbVDLSsNAFJ3UV62vqks3wSK4KomIdllwI7ipYB/YhDKZ3rZDJ5MwcyOUkLU/4Fb/wJ249Tv8Ab/DaZuFbT1w4XDOvdx7TxALrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6gRUg+ASmshRQCdWQMNAQDsY30z99hMozSP5gJMY/JAOJR9wRtFIj94dYOrFI571yhWn6sxgrxI3JxWSo9Er/3j9iCUhSGSCat11nRj9lCrkTEBW8hINMWVjOoSuoZKGoP10dnFmnxmlbw8iZUqiPVP/TqQ01HoSBqYzpDjSy95U/M/rJjio+SmXcYIg2XzRIBE2Rvb0fbvPFTAUE0MoU9zcarMRVZShCWlhS6DoGDArmWDc5RhWSeui6l5V3fvLSr2WR1QkJ+SUnBOXXJM6uSUN0iSMSPJCXsmb9Wy9Wx/W57y1YOUzx2QB1tcvHRuZVw==</latexit>

Consequently,
should not imply photon going in a particular direction.
Alternative idea:
say that reflected photon state moves along upper arm,
but states do not move - they are just math!
Settle on saying(clearly awkward):
reflected photon property/information
meets fully silvered mirror at A

That is why we should only talk
about actual measurements!!

Consequently, quantum state must change at mirror to ∣G⟩.
At next half-silvered mirror, state either one of transmission through or reflection up:
|Gi = b |Li + a |Ki

Used SAME FACTORS, a (transmission) and b (reflection), as 1st half-silvered mirror.

Meanwhile the other property of photon is in state ∣T⟩.
This property reaches mirror position B, where reflected and change into state ∣H⟩.
However, assumption says must write ∣H⟩ in terms of ∣K⟩ and ∣L⟩
—> the possible outcomes when ∣H⟩ interacts with half-silvered mirror.
Figure shows - be careful when constructing representation,
from point of view of ∣H⟩, ∣L⟩ is transmitted state and ∣K⟩ is reflected one.
So, have to write
|Hi = b |Ki + a |Li

same

a

and

b in all three cases

Have ∣H⟩ and ∣G⟩ in terms of ∣K⟩ and ∣L⟩
—> can go back to original state ∣φ⟩
and write in terms of ∣K⟩ and ∣L⟩.
| i = a |T i + b |Ri = a |Hi + b |Gi
= a (b |Ki + a |Li) + b (b |Li + a |Ki)
= ab |Ki + ab |Ki + a2 |Li + b2 |Li
= 2ab |Ki + a2 + b2 |Li

Have produced representation of initial photon state ∣φ⟩
in terms of two possible final outcomes ∣K⟩ and ∣L⟩.

| i = 2ab |Ki + (a2 + b2 ) |Li

Numbers 2ab and (a2 + b2) must represent (in some way according to assumption))
probabilities that photon will be detected at X and Y, respectively,
i.e., that will end up with state ∣K⟩ or state ∣L⟩ for single photon.
Now, the actual experimental results are as follows:
If distances in detector equal,
then all photon passing through device are picked up at detector X;
none reach Y.
Consequently, final state of photon cannot include ∣L⟩.
If our formalism works, then we must have (a2 + b2) = 0 —> an immediate problem.
If a and b are probabilities, then they must be positive numbers.
Since the square of positive number is positive(also the square of negative number),
no way we can obtain (a2 + b2) = 0.
Consequently, terms a and b cannot be probabilities.
Of course, could have a = b = 0
—> no physical sense,
i.e., says that half-silvered mirror does not work as observed in real experiments.

Should we abandon this approach for representing quantum systems?
Do not be too hasty.
Mathematicians looking at equation (a2 + b2) = 0 are not bothered at all.
—> realize immediately that a and b are just complex numbers.
Our assumption led to consistent representation of photon’s state
on far side of Mach-Zehnder experiment —>
| i = a2 + b2 |Li + 2ab |Ki

with proviso that ∣L⟩ state is never observed
if lengths of two arms in experiment equal.
Consequently, need (a2 + b2) = 0 —> puzzle.
But can work if using imaginary numbers.
If a = bi so that a2 = -b2, then (a2 + b2) = 0.
A price to pay……..
If numbers multiplying states are complex numbers, what can they mean?
They cannot directly represent a probability,
which is a real, non-negative number.

Started with idea
that numbers used to multiply states
were related to probability
that a state emerges as result of a measurement.
Hope —> that numbers might be probability is now
dashed by applying idea to Mach-Zehnder experiment.
Must use complex numbers
if going to represent all possible experimental situations.
Move required by experimental results!

That is the way Physics is supposed to work!

That is way theoretical physicist makes progress.
Cannot be probabilities
—> numbers are called probability amplitudes(as saw earlier).
| i = a1 |Ai + a2 |Bi + a3 |Ci + a4 |Di + .................

where a1, a2, a3, etc are probability amplitudes for states ∣A⟩, ∣B⟩, ∣C⟩, etc.
How are probability amplitudes related to probabilities?
Probability obtained from an amplitude must have all factors i removed.

Earlier we earlier learned a procedure
that removes all factors of i from complex number:
multiplying number by its conjugate.
Possible interpretation(a guess):
to convert probability amplitudes into probabilities,
multiply amplitude by its complex conjugate.
—> RULE 1: If | i = a1 |Ai + a2 |Bi + a3 |Ci + a4 |Di + .................
2

2

P rob (| i ! |Ai) = a⇤1 a1 = |a1 | , P rob (| i ! |Bi) = b⇤1 b1 = |b1 | , etc

—> a fundamental rule(postulate) of quantum theory as saw earlier.
Rules(postulates) can’t be proven mathematically.
Mathematics says what probability amplitudes mean
—> it is then job of physics to use this fact.
Only way of doing it is to relate
mathematics to experimental results.
Thus, we assume rule, use it to do calculations
and then check and see if all predictions are correct.
If all works out, then rule gets accepted.

then
and so on

In this case, relationship between amplitudes and probabilities
is a cornerstone of quantum theory;
success of whole theory relies on it being correct.
Quantum theory has been around for over 100 years now and it works,
so we can regard this rule as being confirmed by experiments.
States in Stern-Gerlach Experiment
Now apply these ideas to S-G experiments we discussed earlier.
If send ∣U⟩ state electron through (LEFT,RIGHT) magnet,
can emerge from either channel with equal probability.
Similarly, send ∣D⟩ state electron into (LEFT,RIGHT) magnet,
also emerges from either channel with equal probability.
Using assumption,
write two quantum states ∣U⟩ and ∣D⟩ in form (remember color/hardness)
|U i = a |Ri + b |Li

|Di = c |Ri + d |Li

where a, b, c, and d are probability amplitudes.
What are the values of these numbers?
Some clues to help us out.

First, a must be different from c,
and/or b must be different from d
since ∣U⟩ and ∣D⟩ are different states
although both are combinations of ∣L⟩ and ∣R⟩.
Second, if probability of emerging from either channel is same,
then Rule 1 (amplitude absolute squared = probability)
tells us solution that agrees with experiment is
1
aa = bb = cc = dd =
2
⇤

⇤

⇤

⇤

—> correct result is:
1
1
|U i = p |Ri + p |Li
2
2

1
|Di = p |Ri
2

1
p |Li
2

Remember color/hardness states.
Could switch +/− signs
—> no change in physical content (remember Do Nothing box).
Are they the correct combinations?
Can’t prove that yet.
In derivation, we have also used following:

RULE 2: NORMALIZATION - If
| i = a1 |Ai + a2 |Bi + a3 |Ci + a4 |Di + .................

then from earlier definitions
2

2

2

2

h | i = |a1 | + |a2 | + |a3 | + |a4 | + .... = 1

Works for ∣U⟩ state:
Rule 2

(length)2

1 1
|a| + |b| = + = 1
2 2
2

2

—> total probability = sum of probability for each possibility in final state = 1.
i.e.,

Something has to happen!

If sum probabilities < 1,
then it means
there was a probability that something would happen
that was not included in list of possibilities
(states in linear combination),
which violates Rule 1.
Rule 2 puts constraint on amplitudes
—> values must say state has been normalized to 1,
or total probability =1

General Stern-Gerlach States
S-G experiments:
We used only positions of magnets at 90○ with respect to one another - (U/D) versus (R/L);
It is clearly possible to have any orientation.
Consider beam of ∣U⟩ state electrons arriving at S-G magnet
with axis tilted at angle θ to vertical.

(U/D) = 0o and (R/L) = 90o

Electrons emerge from magnet
along one of the two paths as before.
Call states ∣1⟩ and ∣2⟩.
In this case, different number of electrons pass down each channel,
indicating that amplitudes are not same:
In general, have (a

not necessarily = to

|U i = a |1i + b |2i

with

b)
2

2

aa⇤ + bb⇤ = |a| + |b| = 1

A more advanced QM course is able to show(we just quote result) that:
✓ ◆
✓ ◆
✓ ◆
✓ ◆
✓
✓
✓
✓
|U i = cos
|1i + sin
|2i
|Di = sin
|1i cos
|2i
2
2
2
2
where θ measures angle between axis of magnet and vertical.

These states consistent with earlier results.
Send ∣U⟩ and ∣D⟩ states into (LEFT,RIGHT) magnet, θ = 90○ —> θ/2 = 45○.
Now,
Note

1
sin (45 ) = cos (45 ) = p
2
✓ ◆
✓ ◆
✓
✓
2
2
sin
+ cos
=1
2
2

—> get states from earlier.
—> Rule 2 satisfied for any θ.

Some Further Thoughts before continuing……
Summarizing: about quantum states:
Mathematical representation of initial quantum state ∣φ⟩,
—> an expansion (sum) over possible final quantum states as
X
an |ni
∣φ⟩ = a1 ∣1⟩ + a2 ∣2⟩ + a3 ∣3⟩ + a4 ∣4⟩ + ... =

Amplitudes are collection of complex numbers

n

related to probability that initial state ∣φ⟩
will “change” into one of final states ∣n⟩
as result of measurement.
Rule 1 gives relationship between amplitudes and probabilities.
List of possible final states(possible measurement results)
called basis —> HOME space of expansion

So now know
how to represent amplitudes and their meaning;
What about basis states?
How can we write down ∣n⟩ in mathematical terms?
Is there some equation or formula for ∣n⟩?
Up to now have simply written states such as ∣φ⟩ in terms of basis states,
and these in turn
have been written
as a combination of a further basis.
For example we wrote ∣U⟩ as combination of ∣L⟩ and ∣R⟩.
In turn ∣L⟩ written as combination of ∣U⟩ and ∣D⟩ as can be done for ∣R⟩.
System seems to lead to regression
of writing one thing in terms of another
without actually getting anywhere.
Not entirely true.
Remember the structure of a quantum state is a reflection
of the contextuality of quantum physics(from earlier).

State ∣U⟩ can be written as
1
1
|U i = p |Ri + p |Li
2
2
in context of (LEFT,RIGHT) magnet,

i.e., if U electron about to enter a (LEFT,RIGHT) magnet
or state ∣U⟩ can be written as
✓ ◆
✓ ◆
✓
✓
|U i = cos
|1i + sin
|2i
2
2
in context of magnet at angle θ
i.e., if U electron about to enter a magnet oriented at angle θ
Each ∣n⟩ state in basis
represents possible result of measurement
in that context!.
We are still missing
some way of extracting
quantitative information about physics property (observable)
from state |n⟩ (to come later)

REMEMBER:
Always choose the
appropriate language
(basis states) before
discussing an experiment
or
experimental results
will not be
understandable!

What Are Quantum States?
According to picture built up so far,
the quantum state of a system
contains a series of complex numbers related
to probability that system will collapse into new state
when a measurement takes place.
Each new state represents a possible result of measurement,
i.e., a path or quantitative value of physical variable.
However, this simple description of quantum state
hides a number of difficulties.
If we make a measurement on a single electron,
then then result = a distinct value of physical property being measured.
But a single measurement cannot confirm a probability of finding electron with that value.
Must make same measurement many times
—> how often each specific value comes up
—> some practical difficulties,
i.e., how do we ensure a single electron is in exactly same state
every time we make a measurement?

Better off using collection of electrons(ensemble),
if can put all in same initial state,
and perform only one measurement on each.
But, if this is best way of carrying out measurement
then we must ask
what does the quantum state of a single system actually represent?
Given a collection of electrons
in same state prior measurement,
does quantum state describe each electron in collection
or does state only meaningfully refer to collection as a whole?
This is more than just debate over terminology:
it raises important questions about the nature of probability.
So let us expand our earlier discussion of probability.
Probabilities occur in many different ways.
Sometimes when we deal with probabilities,
there exists a physical aspect of system that reflects this,
i.e., throwing fair dice
—> each face coming up 1/6 of the time
because there are 6 faces to choose from.

However,
if have collection of balls in bag
and half red and other half white,
then probability of drawing red ball out of bag (no looking) is 1/2.
Here probability is not direct reflection of property of each ball.
Probability, in this case, only exists when balls placed in collection.
i.e., the probability state describes only collection and not individual balls within it.
If quantum state = collection of systems,
different probabilities might —>
systems not quite identical —>
amplitudes do not represent genuine unpredictability inherent to system.
i.e., they may simply express existence of ignorance of situation at a deeper level.
Maybe hidden variables exist(as said earlier) and if know values, exact predictions possible.
Collection of systems have various possible values of hidden variables, just don’t know.
Probability differences —> how many of each type was in collection.
However, if quantum state refers to single system,
probabilities might reflect physical nature of system
—> opens up new way of looking at reality.

If quantum state of system
represented by set of probability amplitudes,
then we are describing state
in terms of what it can become as result of measurement.
After measurement,
one of possibilities has taken place
so system in new state.
New state also best described
in terms of what it can become after next measurement.
Therefore continually describing systems
in terms of what they becomes or change into
never what they are.
Perhaps there is nothing more to describing
what something is then saying what it can become or what it can do.
Somehow current state of quantum system
has future implicit within it.
Once measurement taken place,
one of implicit possibilities becomes explicit.

This is a very abstract picture!
But, classical state of system is also abstract.
It is represented by a series of quantities
gotten from physical properties of system.
Seems more real
since speed, position, mass, etc., of object
are familiar terms.
Meaning of quantum state is a philosophical question.
Provided different quantum descriptions allows calculations
that correctly predict outcome of experiment,
there is no experimental way
in which different ways of thinking about quantum state can be distinguished.
Majority of physicists take very pragmatic view.
Quantum theory works: allows calculations, do experiments, and have a career.
Deeper questions about meaning rather fruitless
(not accessible to experimental resolution).
This, however, is not me!
There is a distinct element of weirdness about this that I want ot understand.

Probability amplitudes seem detached from reality.
The normal puzzlement or the unease one feels when learning an unfamiliar subject
—> a genuine problem in QM:
How can everyday world of experience (seems deterministic)
result from underlying quantum reality
described by probability amplitudes?
More on Amplitudes
Let us look at amplitudes in detail
—> ways amplitudes are combined.
—> make significant step toward understanding the way QM works.
Amplitudes key in QM
—> Link between theory/experiment.
Theorist uses QM to calculate amplitudes for situation
and then experimenters set up situations and make measurements.
Experiments costly and complicated.
Normally same particle passed through sequence of measuring systems,
each extracts information about situation.
Each measuring device also has some effect on state of system.

Set of amplitudes for effect of measuring device depend on outcome of previous measurement.
Thus, need to trace amplitudes through sequence of situations.
Need know how to combine/convert amplitudes.
Basic rules for combining amplitudes
is implied by experimental results.
Rules are postulates.
Nature(experiment) —> guess correct way to proceed.
RULE 3: State changes(transitions) governed by amplitudes.
Successive transitions
—> amplitudes multiplied together.
Two alternatives possible
—> probabilities add
if the alternatives can be distinguished in experiment.
When two alternatives cannot be distinguished,
amplitudes add and then
probability = absolute square of total amplitude.
Best way to understand this rule
is to see how it works in practice.

Physics is an
experimental
science!

S-G experiments - initial state ∣φ⟩

| i = a |U i + b |Di

Have chosen ∣U⟩ and ∣D⟩ as basis for state expansion
since 1st part of experiment = (UP,DOWN) magnet

choose correct language
or go to HOME space

—> (UP,DOWN) states —> HOME space
for 1st part of experiment (possible results of measurement).
Then, allow each beam from 1st magnet
to pass into other magnets arranged at angle θ,
so emerging states are ∣L′⟩ and ∣R′⟩

(only L/R if θ = 90)

—> expand ∣U⟩ and ∣D⟩ states in new basis ∣L′⟩ and ∣R′⟩:
|U i = m |L0 i + n |R0 i

At 1st magnet,

,

|Di = p |L0 i + r |R0 i

| i = a |U i + b |Di

beam of electrons in state ∣φ⟩
divides into UP beam

containing fraction ∣a∣2 of original beam,
and DOWN beam
containing fraction ∣b∣2 of original beam.

At 2nd magnet,
∣U⟩ states collapse into either
∣L′⟩ with probability ∣m∣2
or ∣R′⟩ with probability ∣n∣2.
Same happens to ∣D⟩ electrons
(see figure)
Probability that
electron starting in state ∣φ⟩
ends up in state ∣L′⟩
having gone
through magnet 1 is
✓

P rob | i

!

via magnet 1

|L0 i

◆

2

= |a| ⇥ |m|

2

Result obtained by considering
fraction of original beam that makes it through each stage.
Note, get exactly same result
if constructed amplitude governing state change from ∣φ⟩ to ∣L′⟩

✓

amplitude | i

!

via magnet 1

|L0 i

◆

successive = multiply

= amplitude (| i ! |U i) ⇥ amplitude (|U i ! |L0 i) = a ⇥ m

then calculate probability by complex squaring amplitude, i.e.,
|a ⇥ m|2 = (a m) ⇥ (a⇤ m⇤ ) = aa⇤ ⇥ mm⇤ = |a|2 ⇥ |m|2

End result is just what Rule 3 said:

Now a different question:

when one transition follows another,

what would be

amplitudes multiply.

probability of electron

So, 1st part of rule works.

ending up in state ∣L′⟩
if not worried about
which (L′,R′) magnet went through?
Look back at the last figure.
✓
◆
2
2
!
P rob | i
|L0 i = |a| ⇥ |m|
via magnet 1
✓
◆
2
2
!
P rob | i
|L0 i = |b| ⇥ |p|
via magnet 2

So overall probability is

2

2

2

P rob (| i ! |L0 i) = |a| ⇥ |m| + |b| ⇥ |p|

2

Application of standard rule in probability calculations:
when have one event OR another,
probabilities add.
Rule 3 states, when two alternatives are possible,
probabilities add if alternatives can be distinguished in experiment.
Crucial part here is phrase “can be distinguished in experiment”.
Information about which alternative a particular system follows has to be available,
EVEN IF we don’t choose to use information in experiment.
That just leaves us with the final part of Rule 3,
which applies in situations where we cannot tell which alternative is happening.
Example:
Modify last experiment.
2nd magnet is pulled forward
so both beams pass through.
Probability that electron state ∣φ⟩ ends up in state ∣L′⟩
remembering that possibilities are now indistinguishable.

Rule 3 —> trace amplitude through each possible path individually
✓

amplitude | i

!

top path

|L0 i

◆

✓

=a⇥m

amplitude | i

!

tbottom path

|L0 i

◆

=b⇥p

then add amplitudes together
✓

amplitude | i

!

cannot tell which path

|L0 i

◆

=a⇥m+b⇥p

Calculate probability by complex squaring total amplitude
✓

P rob | i

!

cannot tell which path

|L0 i

◆

= |a ⇥ m + b ⇥ p|

2

Final part of Rule 3 is a very important aspect of QM.
Rule that must add the amplitudes
before complex squaring
if paths indistinguishable
has no equivalent in normal probability calculations or classical physics.
This is a theoretical representation of what happens in any interference experiment.

Adding amplitudes before squaring
(when cannot tell which path followed)
—> two amplitudes interfere.
If both a × m and b × p are positive,
then combined amplitude bigger.
If one negative, then amplitude decreases.
In an interference experiment,
amplitudes change depending on length of path through experiment
affects sign of amplitude
—> total probability gets bigger/smaller depending on path length.
This is exactly the property we are looking for to explain interference experiments.(see later).
Change of Basis
Alternative indistinguishable path probability calculation.
Use mathematical manipulation.
Do in detail.
Learn/practice
mathematic/algebraic procedures.

Idea is that states
can be expanded over any basis is an important aspect of QM
—> part of way that contextuality of QM
is reflected in theory.
When we expand state,
always choose basis
useful in describing measurement about to take place
—> called going to HOME space(before measurement).
Every quantum state can be expanded in many ways,
depending on what experiment is involved.
Illustrate via 2nd look at indistinguishable path experiment .
1st thing electrons in ∣φ⟩ come to
is (UP,DOWN) S-G magnet.
Expand state in ∣U⟩ and ∣D⟩ (the basis).
| i = a |U i + b |Di

Electrons then hit (L′,R′) magnet,
sensible to expand ∣U⟩ and ∣D⟩ states in ∣L′⟩ and ∣R′⟩.

Expansion 1

|U i = m |L0 i + n |R0 i

Expansion 2

|Di = p |L0 i + q |R0 i

Initial state is ∣φ⟩ and final state interested in is ∣L′⟩.
Need expansion of ∣φ⟩ in ∣L′⟩ and ∣R′⟩.
Get expansion by pulling together information already have.
Plug Expansion 2 into Expansion 1.
Do details,
| i = a |U i + b |Di = a [m |L0 i + n |R0 i] + b [p |L0 i + q |R0 i]
= (am + bp) |L0 i + (an + bq) |R0 i

Result very interesting, look carefully.
| i = (am + bp) |L0 i + (an + bq) |R0 i

Expansion
—> amplitude for ∣φ⟩ collapse to ∣L′⟩ by end of experiment
(also amplitude for ∣φ⟩ collapse to ∣R′⟩).
Look closely,
amplitude (am + bp) = result calculated using Rule 3 earlier.

If paths distinguishable,
Expansion 1 no longer valid.
Instead ∣φ⟩ turns into one of ∣U⟩ or ∣D⟩,
whereas Expansion 1 assuming both valid at same time
i.e., state has not collapsed so cannot tell which path is happening.
Same quantum state can be expanded in many ways,
depending on experiment.
Also possible to switch from one basis to another with bit of algebra.
Expanding the Dirac Language
Have mainly used KETS ∣..⟩ so now reintroduce BRAS ⟨..∣.
Just alternative way of representing/expanding state
using complex conjugates of amplitudes
rather than amplitudes themselves
h | = a⇤1 h1| + a⇤2 h2| + a⇤3 h3| + .......... + a⇤n hn|

KETS and BRAS contain same information.

RULE 4: If system starts in ∣φ⟩ and ends in ∣ψ⟩,
then amplitude for transition is
calculated by taking bra of final state
and acting on ket of initial state
(mathematically = “Braket” = inner product <—> use × for the moment)
amplitude (| i ! | i) = h | ⇥ | i

Start in

| i = a |U i + b |Di

Rule 4 —> amplitude for collapse of ∣φ⟩ into ∣U⟩ is
amplitude (| i ! |U i) = hU | ⇥ | i = hU | ⇥ (a |U i + b |Di)

Expand out
amplitude (| i ! |U i) = hU | ⇥ (a |U i + b |Di) = a hU | ⇥ |U i + b hU | ⇥ |Di

But we already know the answer to this question………
Definition of state expansion
—> amplitude for ∣φ⟩ changing into ∣U⟩ is a .

| i = a |U i + b |Di

If rule consistent with already known answer, then must have
hU | ⇥ |U i = 1 ,

hU | ⇥ |Di = 0

Expansion 1

This is totally consistent.
According to Rule 4,
⟨U∣×∣U⟩ = amplitude for ∣U⟩ to change into ∣U⟩,
which for normalized states = 1.
However, ∣U⟩ cannot change into ∣D⟩ (not directly),
so ⟨U ∣ × ∣D⟩ = 0.

Two statements <=> orthonormality of (UP,DOWN) basis states (earlier)
(remember Hardness/color).
Hence
amplitude (| i ! |U i) = a hU | ⇥ |U i + b hU | ⇥ |Di = a ⇥ 1 + b ⇥ 0 = a

Simplification: Bra acting on Ket, leave multiplication sign out
—> write

⟨ψ ∣ φ⟩ not ⟨ψ∣ × ∣φ⟩ <—> Braket.

Orthogonal Bases
h | i = {a⇤1 h1| + a⇤s h2| + ... + a⇤n hn|}{a1 |1i + a2 |2i + ..... + an |ni
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=

n X
n
X
i=1 j=1

a⇤i aj hi | ji

all possible pairs!

States ∣1⟩, ∣2⟩, ∣3⟩, etc = basis (abbreviation {∣n⟩}).
If choose orthonormal basis = basis states, two things follow.
1.Terms ⟨n ∣ m⟩, n not equal m vanish since ⟨n ∣ m⟩ = 0
2. Terms ⟨1∣1⟩ or ⟨n∣m⟩, n = m, are ⟨1∣1⟩=⟨n∣n⟩=⟨m∣m⟩=1, etc.
Remember

hn | mi =
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nm

Rules directly reflect experimental facts.
If states ∣1⟩, ∣2⟩, ∣3⟩, etc, represent different measurement results
and experiment has separated out distinct paths
or quantitative values of a physical variable,
then one state cannot overlap with another
(they have nothing in common - they are orthogonal).
Hence amplitude for transition from ∣m⟩ to ∣n⟩ (m ≠ n) is zero for basis states.

—> physical basis for orthonormality of basis states corresponding to measurements.
Physicists describe any two states where ⟨n ∣ m⟩ = 0 as orthogonal states.
In good basis set,
all states are orthogonal to one another
and collection is called an orthogonal basis.
Assuming basis {∣n⟩} is orthogonal set, calculation of ⟨φ∣φ⟩ reduces nicely to
h | i = {a⇤1 h1| + a⇤s h2| + ... + a⇤n hn|}{a1 |1i + a2 |2i + ..... + an |ni
n X
n
X
=
a⇤i aj hi | ji = 1
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i=1 j=1

Now illustrate algebraically better way to do calculation. Use this new way later. Let
| i = a1 |1i + a2 |2i + · · · + an |ni =

K
X

ai |ii

i=1
K
X

K = size (dimension) of basis

h | = a⇤1 h1| + a⇤2 h2| + · · · + a⇤n hn| =
a⇤j hj|
j=1
0
1
!
K
K
K X
K
X
X
X
h | i=@
a⇤j hj|A
ai |ii =
ai a⇤j hj | ii
j=1

i=1

j=1 i=1

Basis is orthonormal —>
h | i=

or

hj | ii =

K X
K
X

ai a⇤j

(Kronecker delta) and therefore

ij

ij

j=1 i=1

=

K
X

ai a⇤i =

i=1

K
X
i=1

|ai |2

h | i = a⇤1 a1 + a⇤2 a2 + a⇤3 a3 + ..... + a⇤n an + ........ = 1

Dirac language really is the Language(elegant) of QM ......
As starting point write ∣φ⟩ = a ∣U ⟩ + b ∣D⟩, which now becomes
| i = hU | i |U i + hD | i |Di

Since
hU | i = a hU | U i + b hU | Di = a ⇥ 1 + b ⇥ 0 = a
hD | i = a hD | U i + b hD | Di = a ⇥ 0 + b ⇥ 1 = b

Then write ∣U⟩ and ∣D⟩ in ∣L′⟩ and ∣R′⟩
|U i = m |L0 i + n |R0 i = hL0 | U i |L0 i + hR0 | U i |R0 i
|Di = p |L0 i + q |R0 i = hL0 | Di |L0 i + hR0 | Di |R0 i

and substitute into ∣φ⟩ expansion.

Earlier -> expression for amplitude governing transition ∣φ⟩ → ∣L′⟩,
or (am + bp)=(ma + pb).
In Dirac language this is
| i = hU | i |U i + hD | i |Di
| i = hU | i (hL0 | U i |L0 i + hR0 | U i |R0 i) + hD | i (hL0 | Di |L0 i + hR0 | Di |R0 i)

| i = [hL0 | U i hU | i + hL0 | Di hD | i] |L0 i + [hR0 | U i hU | i + hR0 | Di hD | i] |R0 i

| i = [ma + pb] |L0 i + [na + qb] |R0 i
✓
so that
!
amplitude | i

cannot tell which path

|L0 i

◆

= hL0 | U i hU | i + hL0 | Di hD | i
= ma + pb

Beautifully illustrates how amplitudes combine together. Look closely.
1st term = amplitude takes ∣φ⟩ → ∣L′⟩ via intermediate state ∣U⟩.
2nd term = amplitude takes ∣φ⟩ → ∣L′⟩ via intermediate state ∣D⟩.
Expression = example of another important rule.
RULE 5: Any amplitude governing transition from initial state to final state via intermediate
state can be written
hf inal state | initial statei =hf inal state | intermediate statei hintermediate state | initial statei

If intermediate states (labelled by i) are indistinguishable,
have to add all terms up to get overall amplitude
X
hf inal state | initial statei =
[hf inal state | ii hi | initial statei]
i

Rule 5 = extension of Rule 3(more formal way).

Going the Other Way

Look carefully:
I really have just
inserted an
IDENITY operator
X
|ii hi| = Iˆ
i

Dirac language —> amplitude for transition between initial state and final state is
hf inal state | initial statei

Of course, always possible that process
goes in opposite direction from final to initial state.
Don’t get confused about words initial and final; call them i and j.
RULE 6 (very important):
Amplitude from ∣i⟩ to ∣j⟩ is complex conjugate of amplitude from ∣j⟩ to ∣i⟩.
hi | ji = hj | ii

⇤

hi | ji = (a⇤ hU | + b⇤ hD|) (c |U i + d |Di) = a⇤ c + b⇤ d
⇤

hj | ii = [(c⇤ hU | + d⇤ hD|) (a |U i + b |Di)]

⇤

⇤

= [c⇤ a + d⇤ b] = a⇤ c + b⇤ d = hi | ji

Measurement(1st of many passes - we will get it correct by end of class!)
Now for most profound puzzle in QM
the process of measurement takes quantum state,
expressed as collection of possibilities,
and makes one of the possibilities ACTUAL.
Without measurement,
could not relate theory to reality.
Despite crucial nature of measurement,
still exist disputes about how it takes place in microworld.
Embracing Change
Change is built into structure of quantum state.
We have seen how state can be
expanded over set of basis states
representing different possible outcomes of experiment.
Once experiment performed,
original state has collapsed into one of basis states.
State collapse = peculiar process(more later), but is not only way quantum states change.

Most of time
for quantum systems that exist (not in experiments),
things can and do change.
Theory must describe
normal processes where things
interact, change and develop.
Let us now look at ordinary time development
and, then come back to more mysterious, changes due to measurement.
Types of States
Quantum states divide into two groups.
State ∣U⟩ —> particle with definite value of property —> eigenstates.
State ∣φ⟩ = combination of basis states
does not have definite value for measurement
—> mixed states or superpositions (exist pure and non-pure types).
Eigenstates —> systems with definite value(physical property).
Know object in eigenstate,
can predict with absolute certainty a measurement result.

Remember:
sent electrons in ∣U⟩ into (UP,DOWN) S-G magnet
—> electrons emerged top path.
Add 2nd (UP,DOWN) measurement
—> electrons emerged top path.
Another property of eigenstate:
make measurement of physical property of eigenstate,
then another measurement —> no state change
—> Repeated measurement postulate.
If we choose to measure property different from that determined by eigenstate
—> cannot predict with certainty what will happen,
i.e., send ∣U⟩ electron into (LEFT,RIGHT) magnet,
do not know path will emerge.
Eigenstates can have more than one physical property at same time
i.e., magenta electron with definite position.
Can measure either property,
predict with certainty what will happen,
and not change state during measurement
has definite values of both physical quantities.

Mixed States

1
|Ri = p (|U i + |Di)
2

—> pure mixed state—> superposition !

Choose to measure electron in state
using (UP,DOWN) S-G magnet,
get either ∣U⟩ or ∣D⟩ with 50:50 probability.
After long run of experiments,
expect to observe ∣U⟩ and ∣D⟩ with equal frequency.
Mixed states —> trouble when want understand what QM says about world.
Mixture often not allowed in classical situation
i.e., Mach-Zehnder device
—> ended up with mixed state
that combined two different paths through device.
Classical particle follows one path
and cannot seem to be in two places at same time.
Mixed state is unavoidable in quantum analysis however.
Otherwise, we couldn’t explain experimental fact
that no photons ended up in one of detectors (for case of equal path lengths).

Quantum mixed states = central puzzle of quantum theory.
They are not some sort of average.
They do not describe an existence i.e., a blend of separate states(classical mixed state).
When we observe a quantum mixed state
—> mixture collapses into a component state.
Mixture
—> relative probability of finding component states
Mixed states —> set of tendencies(or potentialities) for something to happen.
State loaded with possibilities and measurement
—> one possibility = actuality.
Physicists disagree on the extent to which
they believe propensity or latency in state is related to physical nature of object.
Distinction between mixed state and eigenstate is not an absolute divide.
∣U⟩ and ∣D⟩ eigenstates for (UP,DOWN) measurements,
but mixed states for (LEFT,RIGHT) measurements.
Similarly, ∣L⟩ and ∣R⟩ eigenstates for (LEFT,RIGHT) measurements,
but mixed states for (UP,DOWN) measurements.

Expectation Values
Suppose we have a large number electrons all in same state ∣U⟩,
and send some at (UP,DOWN) S-G device.
Know(absolute certainty) results always are UP.
∣U⟩ = eigenstate of (UP,DOWN).
Send remainder of electrons at (LEFT,RIGHT) device
—> ability to predict more limited.
Given specific electron
—> half the time emerges from LEFT channel
and half the time emerges from RIGHT channel.
No way of telling what happens to each electron
—> how randomness finds expression in quantum world.
Can say something about average.
Let RIGHT = +1 and LEFT = −1,
then for any set of measurements
average value for electrons is close to zero
(except for randomness and/or experimental precision).

Now consider set of electrons in state ∣φ⟩ where
| i = a |Li + b |Ri

with

2

2

|a| + |b| = 1 but

a 6= b

Electrons subjected to (LEFT,RIGHT) measurement,
find fraction = ∣a∣2 out LEFT
and fraction = ∣b∣2 out RIGHT.
No knowledge of each individual electron,
average value —> interesting result.
If ∣a∣2 —> result +1 and ∣b∣2 —> result −1, then average is
2

2

average value = |a| ⇥ (1) + |b| ⇥ ( 1) = |a|

2

|b|

2

Quantum theory:
average(set of measurements) on collection of identically prepared systems (same state)
= expectation value as we showed earlier.
Expectation value applies to a set of measurements.
For set of electrons, each electron
—> either (+1) or (−1)
—> not necessarily equal to expectation value,
which belongs to set as whole.

Some physicists
that the connection between expectation values
and the results of set of measurements
Ensemble
Interpretation

—> view that states represent collections of systems
—> electrons in state ∣φ⟩
—> not saying each individual electron in state ∣φ⟩
but whole set has state
—> puts to rest view state applies to individual system!
Some sense in that view.

Since can never tell from single measurement which state that system is in.
Sending electron at (UP,DOWN) magnet and comes out UP
—> cannot distinguish ∣U⟩ as initial state
—> UP always
and initial state ∣R⟩
—> made actual as ∣U⟩ by measurement.
No help to repeat experiment on same electron;
once emerged from UP channel = state ∣U⟩
Must have a set and measure each.

(no matter how started).

Finding one comes out DOWN channel
—> tell difference between ∣U⟩/∣D⟩.
Would not allow us to tell difference between ∣R⟩/∣L⟩, however.
Have to look at (LEFT,RIGHT) property for that.
So, clearly there is something to idea that states refer only to collections of systems.
Such view
—> instrumentalist interpretation of quantum theory.
Realist, however, wants to know what happening to each individual electron.
Now consider Operators
Need to be able to tell
if state is mixed state or eigenstate with respect to a measurement.
Mathematical machinery of quantum theory must allow for that,
otherwise can only construct state afterwards.
An operator takes mathematical expression and transforms into something else.
In quantum theory operators take one state into another
where process is governed by strict rules for each operator.
Many different operators in quantum theory
—> different jobs.
Most important —> operators representing process of measuring a physical property.

Example = (UP,DOWN) S-G operator,

Ŝz

, (UP-DOWN direction is z−axis).

Role of operator = pull out of state information
about how state will react to (UP,DOWN) measurement.
Rules that govern how it works are simple.
∣U⟩ and ∣D⟩ eigenstates of (UP,DOWN) measurements
—> (UP,DOWN) measurement
or corresponding operator does not change these states.
Thus,

Ŝz |U i = +1 |U i

and

Ŝz |Di =

1 |Di

Operator takes eigenstate and multiplies by number
equal to value found by measurement of particle in that state.
Action of operator = pull value from state.
Remember assigned values (+1) to UP and (−1) to DOWN
—> Definition of meaning of operator in this context.
Value multiplying the state = value experiment reveals with certainty
= eigenvalue of eigenstate.
Remember complete set of eigenstates for operator for physical variable
always = basis set. (Hermitian operators).

If state concerned not eigenstate of vertical(z-axis) S-G measurements,
then Ŝz makes a mess., i.e.,
Ŝz |Ri = Ŝz

✓

1
1
p |U i + p |Di
2
2

◆

=

✓

1
1
p Ŝz |U i + p Ŝz |Di
2
2

◆

=

✓

1
p |U i
2

1
p |Di
2

◆

= |Li

Action of operator on states (not eigenstates)
—> important role.
Look at this mathematical construction
✓
◆ ✓
◆
1
1
1
1
hR| Ŝz |Ri = p hU | + p hD| Ŝz p |U i + p |Di
2
2
2
✓ 2
◆✓
◆
1
1
1
1
p Ŝz |U i + p Ŝz |Di
= p hU | + p hD|
2
2 ◆
✓ 2
◆✓ 2
1
1
1
1
p |U i p |Di
= p hU | + p hD|
2
2
2
2
1 1
1 1
1 1
= p p hU | U i p p hD | Di =
=0
2 2
2 2
2 2
Not an especially useful calculation?
Don't jump to conclusions.
Do again using ∣φ⟩ instead of ∣R⟩.
Then

Used fact ⟨U ∣ D⟩ = ⟨D ∣ U⟩ = 0
(property of basis states).

h | Ŝz | i = (a⇤ hU | + b⇤ hD|) Ŝz (a |U i + b |Di)
⇣
⌘
= (a⇤ hU | + b⇤ hD|) aŜz |U i + bŜz |Di
= (a⇤ hU | + b⇤ hD|) (a |U i
= a⇤ a hU | U i

b |Di)

b⇤ b hD | Di = |a|

2

|b|

2

Mathematical constructions ⟨φ∣ Ŝz ∣φ⟩ or ⟨R∣ Ŝz ∣R⟩
—> expectation (average) values of series of measurements
made on state such as ∣φ⟩ or ∣R⟩ (happens to be 0 for ∣R⟩).

Ŝz not only example of operator
representing measurement of physical quantity.
Operators for other S-G magnet directions,
and position, momentum, energy, and all things that can measure.
Connection of physical quantity <—> operator in quantum theory
different from classical physics.
Classical physics: state = collection of quantities describing object at instant.
Quantities given numerical value.
Classical laws —> rules that connect various quantities together
—> can predict future values.

Quantum mechanics: state = collection of amplitudes for object
to have values of physical quantities.
Physical quantity = operator —> expectation value.
Is average value obtained from set of measurements on identical systems;
none of systems necessarily have value = expectation value.
Operators —> nothing by themselves;
need to act on states for any information extraction.
RULE 7: Every physical variable has associated operator Ô .
Operators have eigenstates ∣ψ⟩ defined by
Ô | i = a | i

where a = value of physical variable get if measured state ∣ψ⟩.
Complete set eigenstates {∣ψ⟩} = basis.
Operator associated with physical variable
—> expectation value of series of measurements
made on collection of systems in same state ∣φ⟩.
Given by

D E
Ô = h | Ô | i

How can we represent operators?
Think of operator as some kind of box,
where we put vector in
and get another(different or same) vector out.

or like color/hardness boxes

Similar to definition of function for space of numbers.
Some properties of operators in Quantum Mechanics:
Q̂ (|Ai + |Bi) = Q̂ |Ai + Q̂ |Bi (linearity)

Q̂ (c |Ai) = cQ̂ |Ai

,

c = complex number

hC| (Q̂ |Bi) = hC | B 0 i = number ⌘ hC| Q̂ |Bi (matrix element)

(Q̂1 + Q̂2 ) |Ai = Q̂1 |Ai + Q̂2 |Ai (linearity)

(Q̂1 Q̂2 ) |Ai = Q̂1 (Q̂2 |Ai) (order matters)

Properties —> operators = LINEAR operators.
QM understood using only linear operators

—> truly amazing - simplest kind of operator that mathematicians can think of.
Nature is very efficient!!
All observables or quantities we can measure are represented by operators in QM.
Repeat the discussion from earlier.
Additional pass(many discussions in between), should greatly enhance understanding.

Suppose make measurements on state ∣ψ⟩
of observable = operator B̂
with eigenvalues/eigenvectors given by
Then
| i=

hbj | i = hbj |

X

X
k

k

B̂ |bj i = bj |bj i

ak |bk i

ak |bk i =

j = 1, 2, 3, 4, .......

OK - eigenvectors = complete set = basis

X
k

ak hbj | bk i =

X

ak

jk

= aj

k

Suppose measurement results(= eigenvalues) are values bk,
each occurring nk times where k=1,2,3,4,…….and where
X
nk = N = total number of measurements
k

From definition of average value, have
X nk
X
D E
1 X
nk bk =
bk =
bk prob(bk )
B̂ = average or expectation value of B̂ =
N
N
k

From postulates (rules) have prob(bk) = ∣⟨bk ∣ψ⟩∣2
D E X
X
2
—>
B̂ =
bk prob(bk ) =
bk |hbk | i|
k

k

k

k

Now ⟨bk ∣ψ⟩∗ = ⟨ψ∣bk⟩.
2

Therefore, ∣⟨bk ∣ψ⟩∣ =⟨ψ∣bk⟩⟨bk ∣ψ⟩ and
"

#

D E X
X
X
2
B̂ =
bk |hbk | i| =
bk h | bk i hbk | i = h |
bk |bk i hbk | | i
k

k

k

Definition of expectation value was
D E
B̂ = h | B̂ | i

IMPORTANT

—> can represent operator B̂ by expression
B̂ =

X
k

(result we have used several times)

bk |bk i hbk |

IMPORTANT

Important way represent operator,
i.e., any operator in terms of its eigenvalues/eigenvectors
—> spectral decomposition of operator.
Projection Operators
Operators of the form

P̂ = | i h |

Can write any operator B̂ as

B̂ =

= projection operators.
X
k

b k Pb k

where

Pbk = |bk i hbk |

Iˆ =

Very important property of projection operators:

X
k

Iˆ | i =

X
k

|bk i hbk | i =

X
k

|bk i hbk |

IMPORTANT

hbk | i |bk i = | i

Clearly the IDENTITY operator or operator that leaves all kets unchanged.
Some Operators
Ôcolor |mi = (+1) |mi

—>

Ôcolor = |mi hm|

,

|gi hg|

Ôcolor |mi = (|mi hm|
Ôcolor |gi = (|mi hm|

Ôcolor |gi = ( 1) |gi

Does it work? We have
|gi hg|) |mi = |mi
|gi hg|) |gi =

|gi

as expected!
Note ∣h⟩ state has equal amounts of magenta/green.
Therefore expectation value of color operator in hard state should = zero.
This is confirmed below.

1
1
hh| Ôcolor |hi = p (hm| + hg|) Ôcolor p (|mi + |gi)
2
2
h
i
1
=
hm| Ôcolor |mi + hm| Ôcolor |gi + hg| Ôcolor |mi + hg| Ôcolor |gi
2
1
1
= [hm | mi hm | gi + hg | mi hg | gi] = [1 0 + 0 1] = 0
2
2
Dirac language is very powerful!

Similarly, can represent an (UP,DOWN) S-G magnet or operator Ŝz by
Ŝz = |U i hU | |Di hD|
IMPORTANT
In words, the sum of projection operators for eigenvectors times eigenvalues
How States Evolve
Operator is not directly a physical variable:
time evolution operator

Û (t)

takes state and moves it forward in time:
Û (t) | (T )i = | (T + t)i

where ∣Ψ(T)⟩ = state of system at time T.

For Û (t) to do this accurately,
it must have all details of behavior of system
i.e., what it is doing and how it interacts with its environment.

Example:
state ∣U⟩ moving through space toward S-G magnet.
Electron interacts with surroundings —> disturb its S-G orientation.
State will evolve from ∣U⟩ to different state, ∣φ⟩,
in smooth and deterministic manner over time.
Energy of electron will determine the type of evolution,
i.e., time evolution operator <— energy operator for electron.
Can always describe any S-G state using {∣U⟩,∣D⟩} basis.

| i = a |U i + b |Di

So, what really happens when Û (t) operator acts is

Û (t) | (T )i = Û (t) [a(T ) |U i + b(T ) |Di] = [a(T + t) |U i + b(T + t) |Di]
Û (t) changes amplitudes values at time T
to new ones at time T + t.
Now take extra time interval t and divide into many smaller intervals, size δt.
If 100 small pieces, then t = 100 × δt.
Time evolution operator works same for very small time intervals as longer ones.
Applying Û (t) once takes ∣Ψ(T )⟩ to ∣Ψ(T + t )⟩.
Must get same answer applying U ( t)100 times.
Apply U ( t) get

Û ( t) | (T )i = Û ( t) [a(T ) |U i + b(T ) |Di] = [a(T + t) |U i + b(T + t) |Di]

For small t , a(T + δt) not very different from a(T) (same for amplitude b).
Applying U ( t) again gives us
Û ( t) | (T + t)i = Û ( t) [a(T + t) |U i + b(T + t) |Di] = [a(T + 2 t) |U i + b(T + 2 t) |Di]

and so forth.

State’s evolution from ∣Ψ(T )⟩ to ∣Ψ(T + t)⟩
takes place via continuously smooth change.
(limit as δt → 0 -> DiffEQ -> Schrodinger Equation)
Evolution completely determined by physics of system, as expressed by Û (t) .
No randomness involved here.
Inclusion of Postulate 4 (collapse)
—> smooth evolution not only way state can evolve.
States can also evolve in sharp(discontinuous)
and unpredictable manner
when measurement takes place

later we will see if
this statement is
necessary
or whether this
view is old and
outdated!!

= definition of measurement.
For the moment, however, let us continue with this line of reasoning…….

When electron in state ∣Ψ⟩ reaches (UP,DOWN) S-G magnet,
state will “change”
into ∣U⟩ with probability ∣a∣2
2

depending on what we measure

or into ∣D⟩ with probability ∣b∣ .
After measurement, the state
has evolved into ∣U⟩ (i.e., a→1 , b→0) or ∣D⟩ (i.e., a→0 , b→1 ).
During a measurement, the amplitudes a and b have not changed continuously
(or so it seems) as they did with the Û (t) operator.
Dramatic and unpredictable change in quantum state as a result of a measurement
—> collapse or reduction of state.
State collapse = radically different process from Û (t) evolution,
can’t be broken down into smooth progression of small steps.
Mathematically impossible for equations of QM as we currently understand them,
to describe state collapse (a non-linear process cannot be described by linear operators).
Remains as add-on assumption, not something can be predicted from within theory it seems.
A significant point(more later).
QM correctly describes evolution of states in time; but doesn’t seem to describe the real world
unless(at this moment) we add the state collapse idea.

World is not = set of evolving possibilities.
Possibilities encoded in quantum state must be linked to actual events in world.
Collapse of state <—> measurement
—> some physicists seek instrumentalist view of quantum states.
Argue that discontinuous change in state
shows state only represents information about system.
Before a dice thrown, information —> 1/6 probability of each face.
After throw, information state collapses, know which face.
Dice has not changed in any physical manner.
Correspondingly when quantum state collapses —> does not necessarily signal
any physical difference in system being described,
just a change of knowledge about it.
To counter this, realist —> quantum state cannot just be knowledge of system,
since how can “knowledge” have direct effect on system’s behavior?
In so-called delayed choice experiments that we will discuss later
our ability/lack of ability to infer information about state of photon
has a direct result on outcome of experiment.
Therefore knowledge must be reflection of something real to do with the system.

Quantum states —> weird and spooky
compared to classical reality we are used to,
but still believe science is revealing truths
about world even if we find truths surprising.
SUMMARY

Û (t) operator evolves state forward in time in smooth and predictable manner
Û (t) | (T )i = | (T + t)i

Exact form of Û (t) operator depends on physics of system.
State collapse is sharp and unpredictable change in state
as result of measurement (state not eigenstate of physical quantity measured).
Why is State Reduction Necessary?
Reasonable to ask how this whole mess came about.
Why are we driven to construct theory that requires this odd concept of state collapse?
Argument is:
(1) Events in microworld, (reflection or transmission of photons from half-silvered mirror)
seem to be random.
—> Must represent state of microscopic objects using probabilities.
Assign number to each possibility,
and number tells us probabilities of events in future.

(2) Mach-Zehnder experiment —> numbers (amplitudes)
= complex numbers -> not probabilities.
Link between amplitudes and probabilities guessed
(probability = ∣amplitude∣2) —> agreement with experiment.
(3) Led us to represent quantum state of system as collection of amplitudes.
(4) In certain cases, appropriate quantum state
= mixture of states that have to be separate classically,
i.e., many experiments only understood
if intermediate state of photon APPEARS
to follow two different classical paths at same time.
Without this, interference effects would not take place
and actual experimental results could not be explained.
(5) Although quantum theory allows these mixed states to occur,
observers seem to be protected from them
—> they are never directly observed as outcomes of experiments.
i.e., photon is never observed on both paths at same time.
(6) Quantum state of system changes.
Prepare beam of electrons for Stern-Gerlach (S-G) experiment,
find 50% exit device along each channel,
indicating electrons were mixed states to start with.
However, if pass all electrons from one channel into another identical S-G device,
then all emerge from same channel.
1st experiment has changed quantum state from unobservable mixed state
into classical-like eigenstate that is definitely ∣U⟩ or ∣D⟩.

(7) Crux of problem.
Certain experiments only explained if classically forbidden mixtures allowed.
However, live in classical world so quantum mixed states
must collapse into more classical-like states that we can directly observe.
Much more later when we solve all these measurement confusions.
Explaining Double-Slit Experiment with Amplitudes
Finally explain the real experiment we started our discussion with!

Quantum mechanical description of double-slit experiment
must involve set of amplitudes
governing passage of electron through slits to far detector.
Start with

Intermediate state A

Intermediate state B

hx | Ii = hx | Ai hA | Ii + hx | Bi hB | Ii all possibilities -> both slits

∣x⟩ is state corresponding to electron
arriving at position x of detector,
∣A⟩ corresponds to passing through slit A,
∣B⟩ corresponds to passing through slit B,
and ∣I⟩ corresponds to the initial state of electron
emerging from electron gun.

Experimentally, see bright and dark interference bands.
Dark band separation given by Dλ/a
where λ is wavelength.
Must add together two terms in overall amplitude,
two possibilities(traveling through one slit or other)
CANNOT be distinguished
in context of experiment as set up.
When combine amplitudes this way interference between terms results as we will see.
If block a slit, then one of terms will disappear —> no interference.
Probability electron arrives at x is complex square of total amplitude.
⇤

2

|hx | Ii| = [hx | Ai hA | Ii + hx | Bi hB | Ii] [hx | Ai hA | Ii + hx | Bi hB | Ii]

Expanding out:
2

bump

⇤

bump

⇤

⇤

⇤

|hx | Ii| = hx | Ai hA | Ii hx | Ai hA | Ii + hx | Bi hB | Ii hx | Bi hB | Ii
⇤

⇤

interference

⇤

⇤

+ hx | Ai hA | Ii hx | Bi hB | Ii + hx | Bi hB | Ii hx | Ai hA | Ii

1st two terms give conventional (classical) sum of probabilities
that one expect(bumps) for electron that goes through one slit or other.
Final two terms is where interesting stuff resides: the quantum interference terms.

Phase and Physics
Digression: review/reconsider complex numbers in different form
—> more useful for this discussion.
The Complex Plane
Complex numbers needed if mathematical objects in QM are to represent reality.
Rethink ideas already introduced,
explore exponential way of writing complex numbers
and introduce geometrical picture to help us understand.
Sometimes convenient to think of complex number
as denoting point on special type of graph.
Mathematicians sometimes picture real numbers
lying on line stretching out to infinity.
As work way along line (either direction)
at some point come across number zero.
At zero point, any points on line to right
are positive real numbers
and those to left are negative real numbers.

negative

positive

When complex numbers appeared,
mathematicians thought in terms of two lines at right angles to one another.
A purely real number lies on horizontal line,
and a purely imaginary number (e.g., 3i or 5i or −2.1678i)

a + ib

lies somewhere on vertical line running through zero point.
Any two lines at right angles map out or define
a 2-dimensional (2-D) region(plane)
—> in this case, the complex plane.
Any complex number, a + ib,
is identified with a point on the complex plane.
To get to point walk along real line distance a,
turn a right angle,
and walk parallel to imaginary line distance b
—> graphical representation of the complex plane.
Horizontal arrow with x next to it
->x coordinate axis.
Normal graph -> vertical arrow with y next to it
-> y coordinate axis along vertical.
Have labelled vertical line iy for illustration (not really allowed - no such distance).

Point of the graph is to represent quantities (numbers with units)
as lengths according to some scale.
Should just put y on vertical axis —> complex number is of form
z = (x coordinate) + i(y coordinate)

Reason not done
—> I want to emphasize
that in figures neither x direction nor y direction is actual physical direction in space.
Figures just represent ways of picturing complex numbers.
On plane always more than one way of getting to particular point.
Rather than walking specific distances along two lines,
can approach same point by more direct route.
Stand on zero point(origin) looking along real line.
Turn in counterclockwise (or anticlockwise) direction
through angle θ
and walk in that direction distance R as shown
—> end up at exactly same point a + ib

Can think of line of length R
as hand of clock
and θ the angle that hand sweeps out
(starts sweeping at 3 o’clock (+ x-axis)
and goes backward (anticlockwise)!).
If R and θ get to the same place as a and b
—> exists some formulas that connects two sets of numbers.
b
a = R cos ✓ , b = R sin ✓ ! = tan ✓ , R2 = a2 + b2
they are
a
Note that R always positive.
Cannot move negative distance away from the zero point.
—> Have two ways of writing same complex number as 2-tuples,
either as z = a + ib = (a,b)
or z = (R,θ).
Magnitude and Phase
1st think about R = magnitude of complex number.
Complex conjugate of number z = a+ib

is

z*= a−ib.

If multiply complex number by its conjugate —> real number.

This number is

zz ⇤ = (a + ib)(a

ib) = a2 + b2 = R2

—> mathematical way to convert complex number into real number.
Earlier, same procedure gave us probabilities from probability amplitudes.
Switch things around.
Many complex numbers have same R.
Draw circle around zero point of radius R;
all points on circumference of circle —> complex numbers with same R.
Figure illustrates idea.
Complex numbers z = a + ib and Z = A+iB have same R
—> equal magnitudes of complex number.
Both lead to same absolute value.
Infinite number of complex numbers —> same absolute value.
All complex numbers with same R differ only in value of θ
—> argument (mathematicians) of complex number;
physics —> call θ the phase of complex number
(corresponds directly to physical phase mentioned earlier in interference experiments).
Will turn out that magnitude of complex numbers is related to observable probability
and phase is connected to quantum interference effects

Multiplying Complex Numbers
If can write complex number z = a + ib in form (R,θ),
then how would we write iz?
iz would be i(a + ib) = ia − b or −b + ia
-> complex numbers z and iz have same magnitude, R.
However, have different phase, i.e., see figure.
Phases of z and iz differ by 90○, i.e., see figure
2↵ + 2 = ⇡ ! ↵ +

= ⇡/2 ! orthogonal

Thus, whenever multiply by i,
rotate phase anticlockwise by 90○,
but leave magnitude alone.
Push these ideas further.
i is number that lies one unit along imaginary axis.
Lots of complex numbers have the same magnitude as i(i.e., R = 1)
but different phases.
Number 1 (= 1 + 0i) for example.
What happens if multiply by other numbers instead?

Take number z = a + ib and multiply by another number w = p + iq
such that p2 + q2 = 1 —> R = 1 for w.
zw = (a + ib)(p + iq) = ap + iaq + ibp

bq = (ap

bq) + i(aq + bp)

What is magnitude of new number?
Square of magnitude = square of real part + square of imaginary part.
R2 = (ap

bq)2 + (aq + bp)2 = a2 p2 + b2 q 2

2apbq

a2 q 2

b2 p2

2aqbp

= a2 p2 + b2 q 2 + a2 q 2 + b2 p2 = a2 (p2 + q 2 ) + b2 (p2 + q 2 ) = a2 + b2

using p2 + q2 = 1.

Thus, multiplying any complex number z by another number complex number w,
when w has magnitude 1(R=1), doesn’t change magnitude of z.
What about phase though?
Tougher to prove - can show, however, that phases add.
Easy proof later using exponential form of complex numbers
and harder proof now using trigonometry (see below).
In fact, the general rule is derived as follows:

MULTIPLYING COMPLEX NUMBERS
When two complex numbers z and w multiplied together,
magnitudes multiply and phases add.
If z = (R1 , ✓1 ) and w = (R2 , ✓2 ), then zw = (R1 R2 , ✓1 + ✓2 )

Proof:(using trigonometry)
z = a + ib , w = p + iq

zw = (ap
tan ✓zw

b
tan ✓z =
a

,

q
tan ✓w =
p

bq) + i(aq + bp)

q
p

+ ab
aq + bp
tan ✓z + tan ✓w
=
=
= tan(✓z + ✓w )
q b =
ap bq
1 tan ✓z tan ✓w
1 pa

More Phase Stuff
Figure shows how two complex numbers
z = a + ib and −z = −a − ib
related on complex plane.
z and −z have same R.
Phases different by 180○
—> Multiplying z by i and again by i, as i2 = −1.
Each multiplication by i shifts phase by 90○, hence 180○ overall.

) ✓zw = ✓z + ✓w

And Pulling It All Together
Complex numbers can be represented in two different, but equivalent ways
-> two numbers a and b —> z = a+ib = (a,b)
or two numbers R and θ —> (R,θ) .
Another way of writing complex numbers —> combines elements of both forms.
Need to review some other mathematics first (stated these relations earlier).
Some functions in mathematics represented by power series
—> real definitions of functions,
i.e., how we calculate them. So as we mentioned earlier….
A power series representation of a function:
f (x) = a0 + a1 x + a2 x2 + a3 x3 + · · · =

Special cases
e

↵x

sin ↵x = ↵x
cos ↵x = 1

1
X

ak xk

k=0
1
n
X

1 2 1 3
↵ n
= 1 + ↵ + ↵ + ↵ + ..... =
x
2
6
n!
n=0
1
2n+1
X
1
1
↵
(↵x)3 + (↵x)5 + ....... =
( 1)n
x2n+1
6
24
(2n + 1)!
n=0
1
X

2n
1
1
2
4
n ↵
(↵x) + (↵x) + ....... =
( 1)
x2n
2
16
(2n)!
n=0

↵

Expansions are still valid if

is a complex number

—> important mathematical result for QM
Now
e

i↵x

1 n n
X
i ↵ n
=
x = 1 + i↵x
n!
n=0

=

✓

2

↵3 3 ↵4 4
↵5 5
i x +
x +i x
3!
4!
5!

◆

✓

3

........ + i↵x

= cos ↵x + i sin ↵x

........

rearrange terms

4

↵ 2 ↵ 4
x +
x
2!
4!

1

↵2 2
x
2!

5

↵ 3
↵ 5
i x +i x
3!
5!

........

◆

—-> Euler relation (16th century)

Then
sin ↵x =

ei↵x

e
2i

i↵x

,

ei↵x + e
cos ↵x =
2

i↵x

Euler relation —> define i without using square root of negative number!!
ei⇡ = cos ⇡ + i sin ⇡ =

Since
p

e

a+b

a b

=e e

a

e =e

a/2 a/2

e

!e

a/2

=

p

ea

and

(ea )n = ena

ei⇡ = ei⇡/2 = cos ⇡/2 + i sin ⇡/2 = i

Now from earlier we had
or

ei⇡/2 = cos ⇡/2 + i sin ⇡/2 = i

1

b
a = R cos ✓ , b = R sin ✓ ! = tan ✓ , R2 = a2 + b2
a

z = a + ib = R cos ✓ + iR sin ✓ = R(cos ✓ + i sin ✓) = Rei✓

new form of complex number

Write complex conjugate z∗ using exponential form.
z⇤ = a ib = R cos ✓
Using cosθ/sinθ this way

iR sin ✓ = R [cos( ✓) + i sin( ✓)] = Re

—> not directly related to geometry
—> convenient to use different measure
for θ than angle(degrees)
Mathematicians/physicists call new measure the radian.
Normal way measure angle
—> take circle, divide circumference into 360 pieces .
Draw lines from ends of pieces to center
—> protractor. Angle(pair lines) = 1○.
No real reason for 360 pieces. A more interesting possibility is….
Circumference = 2π × radius
—> imagine dividing circumference into 2π pieces.
Cannot do(not exactly)
since π requires an infinite digits.
OK since not interested in making a real protractor
but just finding a mathematically convenient measure of angle.

i✓

If divided circle into 2π pieces,
then angle between lines = 1 radian.
Whole circle, = 360○ = 2π radians.

90○ = 1/4 circle = 2π/4 = π/2 radians.

180○ = π radians, etc.
Finally, a very useful property of the exponential form of complex numbers.
Earlier, multiplication rule
—> when multiply z1 by z2, magnitudes multiply and phases add.
Easier proof:
z1 z2 = R1 exp(i✓1 )R2 exp(i✓2 ) = (R1 R2 ) exp (i(✓1 + ✓2 ))

proof now a one-liner

Returning to Phase and Physics
Now we can explain electron interference pattern revealed by detector,
given amplitudes that govern two possible routes from slits to detector.
Existence of dark bands, parts of detector where no electrons arrive
= key point we need to factor into our thinking.
When add up amplitudes for getting dark point on detector,
total amplitude must be zero.
How can we be sure this happens?

If thinking of water waves interfering
—> saying path difference between two routes
equivalent to multiple of half of wavelength,
so that waves arrived out of phase.

out of phase.

Perhaps something similar is happening with amplitudes.

in phase.

To explain dark band at position x on detector, must have
hx | Ii = hx | Ai hA | Ii + hx | Bi hB | Ii = 0

Set ⟨A∣I⟩ and ⟨B∣I⟩ equal ⟨slits∣I⟩

I.e., if source midway between slits, these amplitudes are the same.
hx | Ii = [hx | Ai + hx | Bi] hslits | Ii = 0
Two ways can be true.

⟨slits ∣ I⟩ = 0 —> electrons not getting to slits. Silly = Non-physical.
Or

⟨x ∣ A⟩ + ⟨x ∣ B⟩ = 0
—> related to interference.
Both true —> set up poor experiment.

If ⟨x∣A⟩+⟨x∣B⟩ = 0,
then ⟨x∣A⟩ = −⟨x∣B⟩
—> two complex numbers with same magnitude,
but opposite phases (like z and −z).

Thus

Suppose change position of one slit without moving other
—> changes length of one path compared to other
—> convert a point with destructive interference
into one with constructive interference.
To do
—> moved slit so that path altered by distance equal to half wavelength.
Question: does this alter phase or magnitude, or both?
Move slit even further
—> path difference is 3λ/2
-> destructive interference
-> two amplitudes once again, have same magnitude but opposite phases.
Unlikely that simply increasing path difference
—> magnitude changes.
However, can imagine alterations to path changing phase of amplitude
remember how phase was defined(as # wavelengths in path).
If amplitude of form Rei✓
and θ determined by path length,
then steadily increasing path would increase angle,
taking us round and round circle in complex plane.

Mathematicians don’t limit angles to ≤ 360○ (or 2π radians),
i.e., angle of 370○ —> once round circle and 10○ more.
Comparing two amplitudes of this type could quite easily
move us from situation where their phases are identical
to out of phase and back again as path length changed.
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If right, then wavelength associated with electron
is somehow coded into amplitude phase.

h
=
p

An Experiment with Phase
Write two amplitudes(just complex numbers) in form
hx | Ai = R1 exp (i✓1 (x, t))

,

hx | Bi = R2 exp (i✓2 (x, t))

—> phase θ depends on position and time;
put into probability calculation
—> after wild algebra
(either ignore it and jump to result
or if more mathematically inclined work through algebra).

In last line:
1st two terms
-> uniform probability for electron to arrive at detector(= classical probability result).
If slit 2(or B) blocked off
—> R12 and if slit 1(or A) blocked off, probability —> R22.
Last term(with cosine) -> interference pattern of light and dark bands across detector.

The Interference Term
Whole interference effect relies on
path difference between two routes from slit to screen;
size of path difference not large enough
to affect intensity of electrons arriving at screen from each slit.
So two slits close together
—> assume that R1 = R2 = R.
Using this —>
2
|hx | Ii| = 2R2 [1 + (cos (✓1 (x, t)

✓2 (x, t)))] |hslits | Ii|

2

1st dark band at θ1(x, t)−θ2(x, t) = π
Next dark band when θ1(x, t)−θ2(x, t) = 3π; another at 5π, etc.
So interference term guarantees
series of dark bands at regular intervals across electron detector.
Theoretical formalism seems to work —> explains this particular experiment.
Spatial dependence of phase given by

✓ = px/~ = 2⇡x/

If distance x is different for two amplitudes,
then get interference pattern given by
A0 = Ae2⇡ix1 / + Ae2⇡ix2 /

Gives intensity or brightness on screen of
0 2

I = |A | = |A|

2

⇣

e

2⇡ix1 /

+e

2⇡ix2 /

⌘

2

2

= 4 |A| (1 + cos (2⇡(x2

x1 )/ ))

which agrees with classical result and experiment for the interference pattern!
So our theory of QM works!
We now proceed as follows:
(1) First, we look at
(a) Time development and how to use QM
(b) Uncertainty Principle
(c) Interferometers; Delayed Choice
(2) We then apply our theory to study
(a) Entanglement
(b) Einstein-Rosen Paradox
(c) Bell’s Theorem
(3) Finally we look at the measurement problem
(a) Importance of superposition and entanglement
(b) Schrodinger’s cat
(c) What happens in a measurement
(d) Does anything collapse

Some Review, Some New Details and Explicit Time Evolution
Quantum Theory - How it works in general …… And some new details
Question: How do we predict behavior of physical system using QM algorithms?
General Approach
1. Identify vector space associated with system
—> space where all possible physical states of system can be represented
-–> find suitable basis set.
2. Identify operators associated with measurable properties of system
—> calculate eigenvectors and eigenvalues of observables.
3. Map out specific correspondences
between individual physical states and individual vectors
–> decide how to label(what we can measure) state vectors(inside ket).
4. Ascertain present state vector of system by measurements
—> determine initial labels
—> state preparation.

5. Time evolution of systems determined by time evolution operator Û
—> deterministic equation until next measurement.
Û is specified for each system.

6. Probabilities of particular outcomes of measurement
carried out at future time calculated by a Postulate
—> probability of measuring eigenvalue b of the observable B̂ at t
when in state ∣ψ⟩ at t given by ∣⟨b∣ψ⟩∣2.
7. Effects of measurement taken into account using a Postulate
–> state collapses to appropriate (as determined by value measured)
eigenvector of measured observable.
8. Then [5]-[7] are just repeated over and over again………that is how you use QM.
Remember:
Postulate —> state vector “collapsed”
into eigenvector of measured observable operator.
Postulate —> how state evolves in time
—> standard or Copenhagen interpretation of quantum theory
due to Bohr, Dirac, Born and von Neumann(he was misunderstood… as we will see!)

Now we present standard way of talking(students of physics must master) about
superpositions
and deal with some apparent contradictions
that we saw earlier in discussion of color and hardness measurements:
Right way to think about superpositions of, say, being green and being magenta
—> think of them as situations where color predictions cannot be made
—> situations where color talk is unintelligible.
Talking and inquiring about color of an electron
in such circumstances (in standard view) makes no sense whatsoever.
—> if we follow this rule
—> then earlier contradictions will go away.
—> it is just not so that hard electrons
are not green and not magenta and not both and not neither,
since color talk about hard electrons
—> no meaning at all
and same is true for all other incompatible observables.
This is the way the world works according to the quantum physicist!

Once electron is “measured”
—> green or magenta detected,
then “is” green or magenta
(color talk now applies) according to standard interpretation.
Measuring color of hard electron,
then, is not matter of determining what color of that hard electron is
... it has none
it only has probabilities to have color values
if color is measured.
—> matter of “collapsing” state of measured electron
into one where color talk applies,
and “then” determining color of newly created, color-applicable state.
Measurements in QM (in standard view) are very active processes.
Not processes of merely learning something about system
—> processes which drastically change measured system.
Most important rule:

If going to measure some observable Ĉ ,
then choose as basis vectors the eigenvectors of Ĉ operator
since only with these states does Ĉ−talk makes sense,
i.e., if discussing color measurements
than use color basis where color-talk makes sense!
Same holds true if going to measure anything else!
Some Consequences
We are allowed to use any
orthonormal set (number = dimension) as basis.
If other sets exist,
then they must be eigenvectors of other observables (not color).
Examples…..

Set #1
|1i = 12 |gi +

p

Set #2
|1i = 12 |gi

p

3
2

3
2

|mi and |2i =
|mi and |2i =

p

3
2

p

3
2

|gi
|gi +

1
2

1
2

|mi

Both are basis sets
i.e., orthonormal sets

|mi

—> operators - call observables direction d and truth

t

dˆ —> set #1 = eigenstates with eigenvalues +1(up) and −1(down)

t̂ —> set #2 = eigenstates of with eigenvalues +1(true) and −1(false)

Set #1
p
3
|1i = |direction = +1i = |upi = 12 |gi
+
2 |mi
p
|2i = |direction = 1i = |downi = 23 |gi 12 |mi

direction

Set #2
p
3
|1i = |truth = +1i = |truei = 12 p|gi
2 |mi
|2i = |truth = 1i = |f alsei = 23 |gi + 12 |mi

truth

Remember other basis sets:
|color = +1i = |gi = p12 |hi +
|color = 1i = |mi = p12 |hi

p1 |si
2
p1 |si
2

|hardness = +1i = |hi = p12 |gi + p12 |mi
|hardness = 1i = |si = p12 |gi p12 |mi

Assume states represent a real physical system and think about probabilities. —> can make
these statements (based on our rules):
1. probability electron is “up” will be measured to be “magenta” = 3/4
2. probability electron is “false” will be measured to be “magenta” = 1/4
3. probability electron is “soft” will be measured to be “magenta” = 1/2
4. probability electron is “green” will be measured to be “hard” = 1/2
p
1
3
Do #1:
2
P (up; magenta) = | hmagenta | upi | = | p hm | gi +
hm | mi |2
2
p
p2
1
3
32
3
2
P (up; magenta) = | p (0) +
(1)| = |
| =
2
2
4
2

and so on.
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Now some details and examples —> apply all stuff and expand knowledge and capabilities.

Begin with example that includes only familiar classical properties
like position, velocity, momentum, energy, etc,
then return to further explain the color-hardness experiments
Know behavior of big particles(large mass)
—> rocks well described by classical mechanics of Newton
—> whatever QM theory says about microworld particles
ought to predict that everyday particles, subject to everyday circumstances,
behave in a Newtonian way.
Now position operator x̂ and momentum operator p̂ are incompatible
(i.e., not simultaneously measurable )
—> Heisenberg uncertainty principle exists (as we will see later)
—>

[x̂, p̂] = x̂p̂

p̂x̂ = i~ 6= 0

commutator

Since x̂ = operator representing physical observable,
possible basis of space is set of eigenvectors of x̂ operator.
Similarly, for eigenvectors of p̂ operator.
and since each are Hermitian operators —> each form a possible basis.

Because corresponding operators do not commute,
state of definite momentum (eigenvector of

p̂

)

will be a superposition of states of definite position(eigenvectors of x̂ )
or state of definite momentum can only have probabilities of having definite x−values.
Similarly, state of definite position (eigenvector of x̂ )
—> superposition of states of definite momentum (eigenvectors of p̂ ).
or state of definite position can only have probabilities of having definite p−values.
Vector space when
Vector space when

x̂ eigenvectors are basis —> coordinate representation.
p̂ eigenvectors are basis —> momentum representation.

Most important operator in quantum mechanics is energy operator or Hamiltonian Ĥ
—> will determine time evolution operator.
Vector space when Ĥ eigenvectors are basis —> energy representation.
All are equivalent basis sets.
Choice depends on questions being asked or measurements being carried out.
Choosing an appropriate basis is called “going to HOME SPACE”.
—> coordinate-talk, momentum-talk, energy-talk …….

Possible eigenvalues(allowed measured values) of x̂ and p̂
form continuum extending from

1 to 1 (continuous spectrum).

Basis is infinite(non-denumerable) dimensional
—> many difficult mathematical problems during discussion in full theory.
However, for simple systems we will discuss, infinite dimension causes no difficulties
—> can treat almost all properties as if spaces had finite dimension.
(One exception <—> normalization - only do in advanced class).

Hydrogen Atom

State |xi corresponds to system with definite value of position, namely, x
—> eigenvector of x̂

operator.

State ∣p⟩ corresponds to system with definite value of momentum, namely, p
—> eigenvector of p̂ operator.
State |Ei corresponds to system with definite value of energy, namely, E
—> eigenvector of Ĥ operator.
In general, set of energy eigenvalues
are both a discrete set over some range and a continuous set over a disjoint range.
Operators position x̂ and Ĉ are compatible
—> can simultaneously measure these observables.
—> can say that magenta electron located at x = 7 and that makes sense.
|color valuei |x valuei
We write state representing this case as
i.e., |mi |7i for magenta electron located at x = 7. (formal name for product is tensor-product).

When operators act on such states their operation takes the form
Ĉ |mi |7i = |mi |7i i.e., Ĉ only acts on the color space part
x̂ |mi |7i = 7 |mi |7i i.e., x̂ only acts on the position space part
Similar statements hold for

position and hardness, momentum and color, momentum and hardness,
energy and color, and energy and hardness.

energy eigenvalues

All represent simultaneously measurable pairs.
Operator corresponding to observable energy = Hamiltonian Ĥ

where

Energy basis = most fundamental in quantum theory.

Ĥ |Ei = E |Ei
energy eigenvectors

We will see why shortly.
Now the quantity

E (x)

= hx | Ei

for state vector ∣E⟩ = energy wave function (just a “bracket” —> nothing mysterious!)
since it takes on different values for each value of x it is function of x —> limited use.
Satisfies famous equation that governs time and space dependence,
namely, Schrodinger equation.
Schrodinger equation in 1-dimension is “ordinary differential equation” given by
~2 d2 E (x, t)
+ V (x)
2
2m
dx

E (x, t)

=E

E (x, t)

= i~

d

E (x, t)

dt

Time evolution operator for simple systems
is expressed in terms of Hamiltonian operator Ĥ by relation

Û = e

iĤt/~

—> operator function of Ĥ .
In simple cases, functions of operators are easy to deal with.
If

B̂ |bi = b |bi

i.e., ∣b⟩ = eigenstate of B̂ , then have
for function of operator.

f (B̂) |bi = f (b) |bi

—> operator argument is replaced by eigenvalue inside the function
—> energy eigenvectors have simple time dependence or time evolution, i.e.,
|E, ti = Û |E, 0i = e

iĤt/~

|E, 0i = e

where complex exponential form —>

iEt/~

e

|E, 0i

iEt/~

just replace operator with eigenvalue

E
= cos t
~

Using eigenvectors/eigenvalues of Hamiltonian, namely,

E
i sin t
~
Ĥ |En i = En |En i

as basis —> time dependence of arbitrary state vector can be derived as follows:

Initial state

| (0)i

Expand in energy basis(HOME space of time-evolution operator)
X
| (0)i =
cn |En i
n

Operate with time evolution operator
| (t)i = Û (t) | (0)i = Û (t)

Now
Û (t) = e

X
n

cn |En i =

X
n

cn Û (t) |En i

iĤt/~

Therefore
| (t)i =

X

cn e

iĤt/~

n

|En i

and we finally get (substitute eigenvalue for operator)

| (t)i =

X
n

cn e

iEn t/~

|En i

Short digression for the mathematically inclined(otherwise just sit and listen) to show
you that you can actually already do real QM calculations.
Now repeat some earlier algebra for fun(to see it really is not diﬃcult)
In the discrete spectrum case, we have, using a basis set {∣n⟩}, that
X
| i=
cn |ni , cm = hm | i
n
! same
so that
same
X
X
X
| i=
hn | i |ni =
|ni hn | i =
|ni hn| | i
n

n

which says that

X
n

n

|ni hn| = Iˆ

identity operator
X

Â |an i = an |an i , | i =
cn |an i
X
X n
Â | i =
cn Â |an i =
cn an |an i

and if
then

n

n

now using clever math trick
X
X X
cn an |an i =
cn
am |am i
n

n

and substituting
X
n

so that

as derived earlier

cn (Â) |an i =

m

nm

X
n,m

X
m

=

n,m

cn am |am i

nm

we get
!
X
X
| an i =
cn
am |am i ham | |an i

= ham | an i

cn am |am i ham

Â =

nm

X

am |am i ham |

n

m

as derived earlier

which is spectral representation of operator Â in terms of its eigenvalues and eigenvectors.

Now you are learning math language and we are beginning to get somewhere!
Next derivation more mathematical, but very important. Result is important thing!
Now have all needed tools.
General procedure for figuring out time dependence of states
and then answering questions posed in experiments
goes as follows (go slowly — tricky algebra - just follow along):
1. Ask experiment/theoretical question — the typical form is
- if in state ∣φ⟩ at t = 0, what is probability of being in state ∣b7⟩ at t?
2. Assume ∣b7⟩ one of eigenvectors of measurable operator B̂

.

3. Solve for energy eigenvectors of system,
i.e. find Hamiltonian (energy operator) and do mathematics.
X
cE |Ei where cE 0 = hE 0 | i
4. Write ∣φ⟩ in terms of energy eigenvector basis | i =
E

component

5. Since time dependence of energy eigenstates is easy,

can write down time dependence of state ∣φ⟩ as
| , ti =

X
E

cE |E, ti =

X
E

cE e

iEt/~

|Ei

it is that easy!

6. Write ∣E⟩ in terms of B̂

|Ei =

eigenvector basis

X

dj |bj i where dk = hbk | Ei

j

7. Write ∣φ, t⟩ in terms of B̂ eigenvector basis
| , ti =

X

cE e

iEt/~

E

|Ei =

X
E

hE | i e

iEt/~

j

8. Then probability of finding b7 at time t given by(postulate)
P = | hb7 | , ti |2
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We get

0
X
P = hb7 | @
hE | i e

iEt/~

j

E

or

0
X
P = @
hE | i e

iEt/~

E

Now

hb7 | bj i =

X

X
j

j7

X

1

hbj | Ei |bj iA
1

hbj | Ei hb7 | bj iA

2

2

hbj | Ei |bj i

This means that the sum over j disappears and all j’s get replaced by 7 . We get

P

=

X
E

2

hb7 | Ei hE | i e

iEt/~

Final result expresses answer
in terms of initial and final states
and properties of energy eigenvectors and energy eigenvalues,
and all are known!!
Thus after several passes(to better understand things) through various topics involved,
we see that our formulation of quantum theory
is capable of making the necessary predictions.
We won’t be doing this in general(that is for a regular QM course),
but it is important to know that we can!
Some more mathematical material is on the website in the document
More-Mathematical.pdf
We now look at some intriguing experiments exhibiting QM
phenomena in order to get an idea of how the quantum
world behaves and to also start to learn about non-locality
which will be central to understanding measurement.

Now to look at some important experiments —> give us hints as to how QM works!
An Interference Experiment with Photons
Direct laser beam at a half-silvered mirror.
For intense light beams,

reflected path

such mirrors reflect half of light and allow half to pass straight through.
When intensity of laser beam high,

transmitted path

two beams are seen emerging from mirror,
each having 1/2 intensity of incoming beam.
Arrangement is called beam-splitter.
If turn intensity of laser down(photons emerge with time gaps)
-> only one photon around at any given time,
and use pair of C(harged)C(oupled)D(device) detectors
to detect reflected and transmitted beams,
something very interesting happens.
For each photon that leaves laser,
one photon is detected either at transmission CCD (on transmitted path)
or at reflection CCD (on reflected path).
Photons are not split in some odd manner
so that half photon goes one way at mirror and half other way. See figure.

insert CCD

Instead, seems to be 50:50 chance(probability)
that photon transmitted or reflected by half-silvered mirror.
No measurable difference between photons as they approach mirror,
i.e., no property seems to determine which way they will go (sound familiar).
—> Fundamental point that will come up repeatedly in context of quantum theory.
Next step is to remove detectors and replace them with two mirrors (fully silvered)
that divert two beams(change their directions by 90○)
to second half-silvered mirror as in figure.
At this point,
same thing happens,
with 1/2 of light arriving at each mirror
passing straight through
and other half being reflected.
Two new beams emerge
and eventually travel to pair of detectors
placed at X and Y. See figure

Beam heading to detector X
is combination of light that was reflected by 1st half-silvered mirror (travelled top path),
then transmitted by 2nd half-silvered mirror,
with light that transmitted by 1st half-silvered mirror(along bottom path)
and reflected by 2nd.
Detector Y collects light that is similar mixed combination.
Arrangement of mirrors and detectors called Mach-Zehnder interferometer.
Once set up, it is easy to confirm that
intensity of light reaching each detector depends critically
on distances travelled by light along top and bottom paths.
If equipment finely adjusted
so paths exactly same length,
detector Y records no light
while detector X records all of intensity (all photons)entering experiment.
Without critical adjustment,
X and Y collect light in varying amounts:
more light at X -> less reaches Y (and vice versa).
Using classical physics methods these effects can be completely explained by saying that
light is a wave —> works only when the beam intensity is high.

Interference as Wave Effect (reminder)
Consider ripples crossing surface of lake.
Ripples consist of places where water level is higher than normal (peaks)
and places where dropped below normal (troughs).
Wavelength of ripple is distance between successive peaks(P),
same as distance between successive troughs(T).
Frequency of wave is rate at which complete cycles (peak to trough to peak again)
pass fixed point, and period is time taken for one cycle.

Light(E/M fields) is more complicated than a water wave.
Peaks and troughs of light wave are not physical distances (like height of water wave)
but are variations in strength of fields(E and B).
Mathematically, however, they are the same phenomena since the equations are identical.

Thus, light waves are very sensitive measures of distance.
In interference experiment with interferometer,
divide distance travelled by light wave on route to detector into sections,
each having length equal to wavelength of wave.
Distance probably not whole number of wavelengths.
Furthermore, two different possible routes through experiment
have to be precisely same length to be precisely same number of wavelengths long.
If distances not precisely same,
light traveling along each route consequently will
have gone through different number of complete waves when gets to the detector.
As light in two beams has common source at first half-silvered mirror,
two beams will set off on different routes in phase
(i.e., in step - simplest definition of phase - both at same point on wave) with each other.
Waves labelled A and B in phase(peak to peak),
waves B and C exactly out of phase (peak to trough).
Above statement ->> set off peak for peak so were in phase.

By time they get to detector
two beams may no longer be in phase (different distances travelled).
One could be arriving at peak, and other at trough (B and C).
If this happens, then waves will cancel each out —> no energy entering detector
called destructive interference
If still in phase would add up
called constructive interference).
Exact cancellation only happens if waves meet precisely peak to trough
not possible for any extended length of time
due to small variations in distance (mirrors shaking slightly)
and fluctuations in laser output.
Detailed analysis of interference experiment
also takes into account what happens to light at various mirrors
-> also influence phase of waves.
When light reflects off mirror,
reflected wave out of phase with incoming wave by half wavelength.
Using λ = wavelength, wave has undergone λ/2 phase shift (shift by 1/2 wavelength)
on refection.

Slightly different with half-silvered mirror,
surface that reflects from either side mounted on thin block of glass.
Dashed line in figures indicates reflecting surface.
If reflection takes place off surface before light enters glass block,
then ordinary λ/2 phase shift takes place.
However, any light that passes through block
before reaching reflecting surface not phase shifted on reflection.
See two figures below.

Two light beams reaching detector Y will be (overall) λ/2 out of phase.
Consequently, waves B and C and will completely cancel (if travelled equal distances).
If carry out same analysis for detector X,
i.e., chart progress of waves through interferometer to detector X,
find arrive in phase provided travelled equal distances.
Most experimental setups,
paths through interferometer not exactly equal
so waves not exactly in/out of phase.
Consequently, some light reaches both X and Y.
If equipment allowed movement of fully silvered mirrors,
so relative path lengths were changed,
then variation in brightness of light in X and Y
could be studied as mirror moved - as relative paths changed.
Modern version of Mach-Zehnder interferometer with Single Photons
Suppose we are able to turn down laser intensity
so that light beam made up of single photons entering apparatus at any time.
Assume have done so —> only one photon in experimental apparatus at any time.
Also have control over average rate.

Expect photons arriving at half-silvered mirror
to have 50:50 chance of going through/reflecting off.
Another possibility is
two reduced energy photons emerge from mirror, in each direction.
Can determine experimentally what happens:
place photon detectors just after mirror in path of each possible beam.
Simple experiment produces interesting result.
Half the time, photon is reflected, and half the time it is transmitted;
and never get two photons coming out at same time.
However, no inherent difference
between those entering photons that get through and those that reflect.
No pattern to sequence,
except that after long time half reflect and half get through.
Sound familiar!
Effect is common in quantum physics.
Some aspects of nature’s behavior lie beyond ability to predict (e.g., which way photon will go).
Question - does this reflect fundamentally random aspect to nature,
or is something more subtle going on that have not discovered yet?

Having established that photon reaching
1st half-silvered mirror in Mach-Zehnder interferometer
will either reflect and travel top path through device,
or transmit and follow bottom path,
now turn attention to what happens at detector end of device.
First find, between them, detectors pick all photons that enter experiment.
Number of photons arriving at either detector in given time depends on two path lengths,
i.e., if exactly equal then no photons ever arrive at Y.
If paths not exactly equal, then find that detection rate at each detector
reflects intensity of interference pattern
that would be observed when intensity is turned up.
What do we mean by that?
Let’s imagine that had arranged for path lengths
such that 70% of total light intensity entering experiment arrives at X and 30% at Y.
No double photon firings.
Experiment done under well-controlled conditions and no doubt
that photon arrival rate directly reflects an interference pattern between paths.
Doesn’t sound like a problem, but there is.

If photon is small particle of light,
then how can different path lengths have any effect on one single photon?
Confirmed that photons randomly choose reflection or transmission at half-silvered mirror.
After that, surely proceed along one path or other to detector.
Hard to imagine single photon going along both paths at same time
remember rejected by experimental results
(detectors only registered one photon at a time).
Now a wave can do this.
Can spread out throughout experiment (ripples on lake)
so that parts of wave travel along each path at same time
(i.e., wave energy divides between paths).
When two parts of wave combine at far side of experiment,
information about both paths is being compared,
which leads to interference pattern.
A single photon however, must surely have information about only one path,
so how can single photon experiments produce interference patterns?

Flaw in arguments.
The flaw is extremely subtle
and leads to primary issue physicists face when dealing with quantum world.
We confirmed that photons divert at half-silvered mirror by placing detectors in two paths.
However, doing this eliminated any chance of picking up interference pattern.
If detectors have stopped photons, then have not travelled paths.
In principle, experiment does not tell anything about what happens when no detectors present.
Common sense to assume that photons do same thing with or without detectors,
but as already seen,
interference pattern for photons(all of QM) is not a matter of common sense.
In addition, color/hardness experiments
say that it is important whether or not detectors are present!
Investigate this further.
Place one photon detector after half-silvered mirror - in path of reflected beam.
If detect photon there, then would not get one at far side of experiment.
On other hand, if do not pick one up at detector
then it has passed through mirror rather than reflecting and should see it at far end.

Experiment easily done and confirms
that for every photon leaving laser pick one up either at far end
or in reflected beam as below.
Find for transmitted photons
half of arrive at Y and other half at X,
no matter what length of path is.
In other words, no interference takes place.
Removing detector on reflected path
(and replacing corresponding half-silvered
mirror) opens up that route
to far side of experiment again.
At same time
it removes any direct knowledge that we might have
about behavior of photons at the half-silvered mirror.
We observe that doing this restores interference pattern!
Remember what happened in the color/hardness experiments.

Summarizing logic so we can expose what is happening and find flaw.
(1) Rate of photons arriving at far side of experiment related to intensity of bright beam.
(2) Moving mirror with bright beam maps out interference pattern in detectors.
(3) Reducing intensity of beam does not affect interference pattern - instead arrival rate of
photons now depends on position of mirror
(4) If set up experiment so that can tell which path taken by photon (directly or indirectly),
then interference pattern is destroyed.
(5) If unable to tell paths of photons, then there is interference pattern, implies photons arriving
have information about both routes through experiment.
(6) Opening up top path (removing detector) can reduce number of photons arriving at Y.
In fact, if path lengths are same, opening up top path means never get any photons at Y.
All experimental results equivalent to Young-type two-slit interference experiment
and the two-path color-hardness experiment we discussed earlier.
Changing experiment to a Delayed Choice configuration makes result even stronger!
Let us see how.

Introduce Pockels cell(PC) (can divert photons extremely fast) on one route. Explain in class.
—-> Trying to find out what photons doing while in interferometer.
Consider setup where PC set to divert photons(to extra detector).
Photon leaves laser and arrives at first half-silvered mirror.
If reflected,
then PC will divert it so don’t see at X or Y.
However, if photon transmitted
by first half-silvered mirror,
misses PC, and turns up at either X or Y.
Either case
no interference pattern
If set PC to pass photons,

(have gotten which-path information).
then changes what happens and get interference pattern.
For extreme case of equal path lengths, no photons ever arrive at Y.
Assume two path lengths exactly same. So have:
(1) If PC set to transmit, then get no photons at Y and all at X.
(2) If PC set to divert, then half of photons detected have equal chance of either X or Y.

Result should make us stop and think.
If photon takes lower route with PC set to divert,
then can get to X or Y.
If takes lower route with PC set to pass,
then photon can never arrive at Y.
But if takes lower route it doesn’t go anywhere near PC,
so how can setting of that device affect things?
Is this further hint that somehow or other photon travels both routes at same time?
Again this should sound familiar!
Now experimentalists get devious.
Set PC to divert photons, but while photon in flight,
switch cell over to transmit setting.
Ability to do this very rapidly means can make change
after photon has interacted with first half-silvered mirror.
No magic in doing this. If know when photon left laser,
can estimate how long takes to get to half-silvered mirror.
Provided we switch PC after this time,
but before photon had time to reach detectors X and Y,
then can perform experiment as described.

If setting of PC has(someway) influenced photon,
then original setting should have determined that photon takes one path or other
and certainly not both at once.
Now think we have changed setting after decision made by photon
[NOTE: Of course, word decision not appropriate.
Photons do not make decisions.
Clearly, hard not to be anthropomorphic when describing experiments].
In fact, can trigger PC in random manner.
Record setting of PC and match arrival of photons at one detector or another.
Can then run experiment for many photons
and record arrival at different detector positions.
After experiment run for while,
can analyze data.
Have some photons arriving at Pockels detector
and some at far end of experiment.
Latter group sorted out into those that arrived
when PC set to divert,
and those that made it when PC set to transmit.

Remarkably, when data separated,
photons that arrived at far side with PC set to transmit show interference pattern.
Other photons that arrived with PC set to divert
(obviously committed to other path and so missed it) show no interference pattern.
In every case PC set to divert photons and switched after photon left first mirror.
With PC set to divert, photons follow one route or other.
Then switched PC, destroying ability to know which path photons travelled,
and producing interference pattern.
Hard to believe that changing setting of PC can have influence
that seems to travel backward in (retrocausality) to when photon reaches first mirror.
Last statement, made using ordinary words, not mathematics(nothing strange is
happening), our attempt to use words may be generating total nonsense of course!
From both photon experiments and color/hardness experiments
have seen that quantum physics is contextual theory
-> adequate description of behavior of quantum object (light/electrons)
requires an understanding of whole (the context) experimental setup.
Quantum behavior depends on context!
Experimental results (answers to questions) depend on what questions we are asking!

Another Interference Experiment
Clearly, we get into difficulty with experiments
when we piece together an understanding of the “whole”
by looking at component parts on their own.
When everything is together, things behave differently.

—> whole > sum of parts!!

Results of one experiment are not an accurate guide to another.
If this is case,
then conclude that photons always take only one route,
as indicated in experiments that look for route followed.
However, know that as soon as do not have such ability
to tell path of photons
they take both routes at once
or something that is equivalent to that,
or maybe nothing we can imagine with our macroworld minds/words!
Another experiment we now look at, pushed this notion further
by showing interference pattern can be destroyed
without directly influencing the photons creating it.
Experiment uses crystal known as down-shifter.
Device absorbs a photon to produce 2 new photons, each with half the energy.

Laser light is sent onto 1/2-silvered mirror
and 2 beams separately
directed into down-shifters.
Each down-shifter produces
signal beam and idler beam,
The difference between two beams is
nothing more than subsequent way used.
2 signal beams directed to detector
produce interference pattern (different path lengths)(same as Mach-Zehnder).
Idler beam from down-shifter A mixed (now too weak to activate down shifter B)with that from
down-shifter B
and both beams arrive at second detector.
Upshot is that every time photon leaves laser,
photon of half energy arrives at each detector.
Fact that interference pattern emerges
-> in some manner,
each photon appears to have travelled along both signal beam paths.

Say photon arrives at half-silvered mirror
and goes on top path (only that path).
Photon arrives at down-shifter A
and produces 2 further photons,
one ends up at signal detector
and other at idler.

No interference pattern
since no information carried to signal detector about other route.
Same true if photon took lower route through experiment.
Only way to get interference pattern at signal detector
is for information to arrive from both routes,
i.e., to have to be two signal beams, one from each down-shifter.
If true,
then down-shifters have to be activated
by something arriving at each one —->
makes it appear that photon from laser went both ways at half-silvered mirror.

Presence of two signal beams
doesn’t imply that two photons are arriving at signal detector
i.e., measurement show that there is only one at a time arriving.
Most bizarre feature of experiment
is way in which interference pattern can be destroyed
if we have ability to tell path of the photons, even if don’t choose to use this information.
Threat of doing this, or rather fact that
experiment(context) is set up to allow possibility, is enough to destroy interference!
Dramatically confirmed by blocking one of idler signals, say from down-shifter A
Logic here remarkable.

Whenever photon picked up
at idler detector we know must have come
from down-shifter B.
Means that photon from half-silvered mirror
must have hit down-shifter to be converted
into photon that arrives at idler detector.
Can further deduce that other photon

Arrivals
correlated!

from down-shifter B travelled to signal
detector and therefore is photon detected there.

Tracing argument further back,
photon that definitely hits down-shifter B
must have come from half-silvered mirror.
There is no ambiguity about route that this
photon takes from mirror.
Nothing goes along top route; nothing produced from down-shifter A,
so interference pattern disappears.
As long as idler route from down-shifter A open,
have no way of telling which shifter photon came from.
Ambiguity sufficient to guarantee interference pattern at signal detector.
If don’t know that photon at idler detector came from B (or A),
then don’t know about signal photon either.
Under those circumstances, can’t say which route photon took at half-silvered mirror,
so takes both routes or “something” like that.
Seems that behavior of photon determined by context of experiment as whole.
Know no photons coming from down-shifter A,
why does it matter that idler route from A is blocked?
How is information conveyed back to half-silvered mirror
so as to determine what happens there?

words FAIL us, MATH works!!

Quantum Erasers (Complementarity and Entanglement)
In earlier discussions, we saw that closing the locality loophole involved switching between
different analyzer orientations while emitted photons were still in flight.
The choice between the nature of the measurement was therefore delayed with respect to the
transitions that originally created the photons.
Is it possible to make this delayed choice between measuring devices of a more fundamental
nature?
For example, in discussion of double-slit measurements, found that if allow sufficient number of
photons individually to pass through slits, one at a time, interference pattern will be built up.
It seems that photon has knowledge of the paths as though it passes through both slits.
As noted earlier, a skeptical physicist who places a detector over one of slits to show that
photon passes through one or other does indeed prove their point - photon detected, or not
detected, at one slit.
But then the interference pattern can no longer be observed - have which-path info!
Advocates of local hidden variable theories could argue that the photon is somehow affected
by the way we choose to set up our measuring device.
It thus adopts a certain set of physical characteristics (owing to existence of hidden variables) if
apparatus is set up to show particle-like behavior, and adopts different set of characteristics if
apparatus is set up to show wave interference.

However, if we design an apparatus that allows us to choose between these totally different
kinds of measuring device, we could delay our choice until photon was (according to local
hidden variable theory) committed to showing one type of behavior.
Suppose that photon cannot change its mind after it has passed through slits, when it
discovers which kind of measurement is being made (whatever last sentence given in “words”
may actually mean!!)
Ultimate Delayed Choice or Quantum Eraser Experiment
QM says systems can change behavior depending on measurements made on them or in
response to decision that has not yet been made.
One part of an entangled pair can affect properties of its partner instantaneously, no matter
where in universe partner happens to be.
A so-called quantum eraser experiment has now been done...it dramatizes several aspects of
quantum strangeness at once.
Experiments dramatically show non-local effects, i.e., ability of experiment in one place to
influence outcome of another regardless of time or distance – but without transmitting any
signals.
The idea behind the quantum eraser is to make paths(like those in a 2-slit system)
distinguishable, which eliminates any interference effects, but then erase the which-path
information just before light reaches screen where we actually observe the interference
pattern.
QM predicts that interference pattern should then reappear and it does.

Consider a quantum mystery of the following type.

using words always ends too anthropomorphic

A photon approaching slits will “need to know” whether or not there is an eraser further down
path(in its future), so that it can decide whether to pass through slits as a superposition of all
possibilities (paths are indistinguishable) and produce an interference pattern later on screen or
that should behave as if paths are distinguishable and produce no interference pattern later on
screen!!
An early eraser experiment can be visualized as the two-slit experiment as shown in diagram
below:

Photons passing through double slit are all vertically polarized.
They can get to recombination crystal by two paths as shown, which remakes beam that
produces an interference pattern on screen, i.e., if paths are indistinguishable, then have
superposition of all possible paths(2 paths in this case) and get an interference pattern.

Now insert a polarization rotator on one path only

and rotate the polarization of photons to horizontal in that path.
Since the paths now produce distinguishable photons, we get particle like behavior and the
interference should disappear.
It does!
Now add the quantum eraser after recombination crystal —> a polaroid at 45○.

The polaroid filter produces equal numbers of photons with both vertical and horizontal
polarization (with respect to the new direction).
Half of new vertically polarized photons come from horizontal polarized photons on top path
and half of new vertically polarized photons come from vertical polarized photons on bottom
path (similarly for new horizontally polarized photons).
It is impossible to tell whether photon was vertically or horizontally polarized before the eraser.
Thus, the two paths are once again indistinguishable.
If the interference pattern reappears, then the photon approaching slits somehow needs to
know whether or not there is an eraser down line so can decide whether to pass through slits
as superposition and produce interference effects or as mixture and produce no interference.
The pattern reappears immediately thus confirming the quantum mechanical prediction.
The filter erases the which-path information caused by the rotator.
A truly astounding result.
What does this say about the classical idea that it is the two-slit system that is the real cause
of the interference pattern?
Worry:
Experimenters, knowing the fundamental importance of these results, wanted to leave no
possible source of controversy intact.
In the above version of experiment, there is a potential problem because the which-path
information is carried by same photons that interfere, making experiment difficult to interpret.

New version of experiment...
Here which-path information is not carried by what one would naively call interfering photon.
Instead, carried by 2nd photon and along way it also demonstrates the striking non-local
effects of QM.
Experiment looks like:

High intensity laser photons are sent into a parametric down-conversion non-linear crystal such
as lithium iodate.
The crystal converts some incoming photons(green) into pairs of identical photons with lower
energy and vertical polarization moving at angle to original direction.
The photons are produced as entangled partners (superposition).
Measurement on one photon automatically tells us about other with no direct measurement on
2nd photon necessary.
Twin beams exit the crystal at angle to the original path.
These are the thick red and blue lines

rotator not in place yet

They are reflected back towards the crystal by mirrors and pass straight through it to detectors
(the second-pass intensity is now too weak to cause down-conversions).
These are thick red and blue lines.
However, not all laser light gets converted on 1st pass.
Some goes straight through crystal to another mirror(green) and is reflected back into the
crystal(still high intensity) where the crystal creates more photon pairs which then follow same
path as other beams to the detectors.
These are thin red and blue lines.

As a result, have two different beams heading towards each detector each having follow
different paths.
Each pair of beams corresponds to a separate double slit experiment.
If there is no way to distinguish photons created on first pass through crystal from those
created on 2nd pass(and there is not), both detectors should have interference patterns and
they do!!
Now make one returning beam in one leg distinguishable from other by inserting polarization
rotator into red path(as shown below) converting vertical to horizontal polarization in that leg.

The interference pattern in top detector vanishes instantly as it should since the two
(interfering) beams now have distinguishable paths.
Now, however, also find that interference pattern disappears in bottom detector!!!!!!! Why?
We have done nothing to disturb these beams so that beams in the bottom detector still
correspond to indistinguishable paths and photons!!!!

Remember, however, that photons are created in entangled pairs, so when red-path photons
become labeled with which path info, the same info becomes available to blue-path photons,
no matter where they are!!!
This is non-locality at work.
To erase which-path info, we now add a 45○
polaroid in red path, just in front of detector.
The interference pattern immediately reappears in
the top detector as it should (same as previous
experiment).
It seemed however, that pattern did not reappear in bottom detector.
One might imagine this is so because erasing red-path photon information does not erase any
information from blue path.
In addition, if it did reappear immediately, then we would be able to send signals faster than
light with such an eraser.
However, as in EPR(we will see) experiment we find, if we bring the two data sets back
together and compare them, the pattern had, in fact, been restored along both paths (need
both data sets) to see correlations among individual photons.
It seems like experiment is saying that the correlations are entangled and not the state
vectors!!
That is the key piece of information that we have been looking for as we will see!!!!
We will have more to say about this later when we talk about measurement.

Alternatively, one can do coincidence measurement, which only looks at those photons
counted in each detector simultaneously and one can see interference pattern return directly,
that is, which way and interference effects are being recorded for single photons.
Thus, inserting or removing which-path information transforms behavior of light throughout
entire system simultaneously demonstrating amazing quantum eraser and dramatic non-local
behavior of QM.
This experiment makes it clear that there is direct relationship between tests of
complementarity(the concept that two contrasted theories, such as the wave and particle
theories of light, may be able to explain a set of phenomena, although each separately only
accounts for some aspects) and tests of quantum non-locality.
Interference effects are a direct manifestation of non-local behavior.
These effects can be encoded in the mathematical structure of quantum entanglement - in this
case, the entanglement of the states is responsible for the interference with the state used to
detect the "which way" information.
These states cannot be disentangled without forcing the system to reveal one type of behavior
or other.
They cannot be disentangled to reveal both types of behavior simultaneously.
Though still a subject for debate, consensus is building that complementarity - and hence
non-locality and entanglement - is the mechanism for mutual exclusivity in the dual
wave-particle nature of quantum objects - what Richard Feynman described as central mystery
at heart of quantum mechanics.

Uncertainty Principle
The Heisenberg Uncertainty Principle is at the center of quantum theory —> guarantees the
consistency of the QM view of the microscopic world.
Yet there is a puzzle with Heisenberg’s discovery:
Is it a statement of an epistemological limitation (what we can measure about
world) or an ontological limit(fundamental property) written into world itself?
Let us step back first and get some background ideas.
Expectation is Not Enough
Take collection of quantum objects, all in same state ∣φ⟩ and measure value of physical
property(call it O) for each —> collection of data values {oi}, i=1,2,3,4,……
Find average value of measurements (= to expectation value of operator Ô associated with
property O in this state).
Expectation value, however, does not tell whole story.
Also need to know how wide is range of values.
Collection {oi} could all be very close to average value or some of
measurements might produce values considerably different
from average, not because of experimental mistake,
just due to nature of state being measured.
Whenever physicists think about a perfect set of experimental
values —> normal distribution curve, as shown.

Figure —> results of identical measurements on collection of objects.
Normal distribution applies to all experimental results..

x−axis —> values of results obtained and y−axis —> number of times value turned up.
—> result 5 obtained 10 times and average value over all readings = 5.
However, exist quite a few times when value significantly different from 5 obtained!
Now consider figure.
—> normal distribution curve, but much narrower spread of values
(peak still at 5, average still = 5).
Much higher proportion of results closer to average than before.
—-> To tell full story of set of measurement results, need more than
average - also need width(spread) of distribution as well.
Width obtained by taking each value, working out how far from average and averaging results.

Mathematicians —> standard deviation; quantum theory —> uncertainty. See figure.

In classical physics, spread, or uncertainty in experimental results generally attributable to
normal experimental variations one finds due to small differences in objects being tested.
Also can be attributed to variations in apparatus used or environmental factors.
Experiments in quantum physics suffer from same variations, but in addition have to face what
happens when objects being tested are not in eigenstates of variables being measured.
Taking position as an example. Start with state ∣φ⟩
X
| i=
hx | i |xi
(x) = hx | i
NOTE: I am simplifying by letting x have discrete values!
x

—> making position measurements on set of particles in this state we will find a range of
values, with each possible x value occurring according to probability
⇤

(x) (x) = | (x)|

2

φ(x) = expansion coefficient = component

2

Plotting results and number for each value —> will draw out ∣φ(x)∣ curve with
corresponding uncertainty ∆x -> measurement distribution
Uncertainty —> direct measure of range of x values over which amplitude φ(x) is significant
—> range of x values highly likely to occur when make measurement.
Calculations then yield the uncertainty.
expectation value

h | x̂ | i = hxi
q
x = h | x̂2 | i

p
(h | x̂ | i) = hx2 i
2

hxi2

uncertainty

Shows that ∆x is as much a property of state as ⟨x⟩.

Same state could be expanded over momentum basis ∣px⟩, and experimental results of
momentum measurements plotted —> uncertainty ∆px.
What about case of an eigenstate?
Well, if happen to start with eigenstate, then can predict with absolute certainty what result of
measurement of will be.
Plot of results —> no width (aside from unavoidable experimental fluctuations), giving ∆px = 0.
However, there is a catch.
Momentum eigenstate cannot also be position eigenstate and vice versa.

When we expand a momentum eigenstate(∆px = 0) over position basis —> infinite number of
possible positions, leading to ∆x = ∞ —> if ∆px = 0, then ∆x = ∞ and vice versa!
Heisenberg’s Principle
What about states (majority) that are neither position nor momentum eigenstates?
Given such state ∣φ⟩ have
X
| i=
(x) |xi ) hxi, x ,
x

| i=

X
p

(p) |pi ) hpi,

p

i.e., position representation —> ⟨x⟩ and ∆x and momentum representation —> ⟨px⟩ and ∆px.
Since it is same state expanded in both representations there must exist a connection
between ∆x and ∆px.
Connection was first demonstrated by Heisenberg.
THE HEISENBERG UNCERTAINTY PRINCIPLE

x px

~
2

—-> for given state, the smaller the range of probable x values involved in position expansion,
the larger range of px values involved in momentum expansion, and vice versa.
Key part of expression is ≥ sign —> product ∆x∆px cannot be less than ~/2 .
Measurement results might be such that ∆x∆px is much greater than ~/2 , which is fine; but
can never find situation where ∆x∆px less than ~/2.
Quantum theory places a limit on the precision of two sets of related measurements.

Saying this a different way:
∆x telling us range of x values where φ(x) significantly large if expand state over position basis.
Similary, ∆px is corresponding range of Ψ(px) if expand same state over momentum basis.
Uncertainty principle relating range of φ(x) to that of Ψ(px).
Make position measurement, then most likely get value within ∆x of expectation value ⟨x⟩.

Make momentum measurement instead (not after), then most likely get value within ∆px of ⟨px⟩.
Last statement(“not after” part) important.
Making position measurement, “collapses” state into position eigenstate —> different
momentum expansion than original state.
Uncertainty principle relates ∆x and ∆px for same state.
Here is possible question about the principle.
What about object that is not moving?
Is it not sitting perfectly still (precise momentum, zero) at a precise spot?
Well, ignoring idea that nothing can be perfectly still (orbiting sun, etc), the immediate point is
that uncertainty principle prevents such state from happening in microworld.

So What?
People drew philosophical conclusions from uncertainty principle immediately.
Heisenberg targeted the principle of causality.
Classical physics —> view that powerful computer, given detailed information about positions,
momenta, and forces at work on every particle in universe, could predict future of universe.
Such thinking —> doubts about free will, human mind, morality, etc…
Heisenberg’s attack simple.
Uncertainty principle prevents knowing both position and momentum of any particle with
sufficient accuracy, ultimately rendering predictions impossible.
Causality or notion that everything that happens is caused by something happening
previously had been central to physics for hundreds of years.
Experiments in quantum world undermined this thinking with unpredictable outcomes and then
came uncertainty principle undermining basis of all physics, namely, ability to measure with
infinite accuracy.
—> nature seemed to be built on a set of principles completely contrary to approach science
had been using for generations.

It is possible to regard quantum challenge as being in microworld and of no relevance to
macroworld in which we live.
However, study of chaotic systems has shown that small effects do not necessarily lead to
small consequences and that no measurement (quantum or otherwise) can, even in principle,
yield sufficiently accurate results to do job.
Putting aside the philosophical debate, uncertainty principle is strange.
Basic science education —> vital role of measurement and precision.
Measurement has to be a faithful rendering of what really out there, or no point in exercise.
Realism is natural state of physicist.
When run into quantum physics —> begin to doubt instincts - surely it cannot really be like that!
Some say — I’m Not Sure What Uncertainty Means...
Serious point here.
Much is written about meaning and significance of uncertainty principle.
All depends on what side of realist/instrumentalist divide one stands and on exactly what type
of interpretation one favors.
Most important aspect of uncertainty principle, from philosophical point of view, is
whether to take it to be limitation on what we can know about world
or as an inherent limitation on the world itself.

In philosophical speak, is it an epistemological(potential) statement, or is it ontological(actual)?
Whatever Heisenberg thought: first arguments used to demonstrate uncertainty principle had
epistemological tinge —> famous gamma ray microscope.
Heisenberg envisaged microscope constructed to use gamma rays rather than light waves.
Microscope could be used to determine position of something as small as electron by detecting
gamma rays that scattered off electron.
Path of gamma rays pinpoints location of electron.
Snag is wavelength of gamma rays.
Well known in optics —> limitation on detail that can be seen by microscope.
Limitation depends on wavelength of electromagnetic waves used.
To view level of detail sufficient to locate something as small as electron, quite high-energy
gamma rays (very short wavelength) needed.
Such gamma ray scattering off electron would transfer significant amount of energy
causing electron to recoil in an unspecified direction, affecting its momentum.
No way of determining energy transferred and thus, subsequent disturbance to electron’s
momentum.
If wanted to do that, would have to measure the gamma ray before it hit and that process
would then disturb gamma ray.

Key point:
Gamma ray microscope argument assumes electron has position and momentum;
Problem: interaction with measuring device —> cannot accurately determine these quantities.
Every time measuring device makes measurement, it interacts with thing it is measuring.
In classical physics, scale of interactions either too small to worry us or can be calculated and
accounted for in sensible way.
This cannot be said in quantum physics.
Scale of interaction too large and causes major changes to other properties of object being
measured.
Also interaction is inherently unpredictable.
Any attempt to stick another measuring device in to judge scale of interaction will not work as
second instrument interacts in manner that cannot be detected.
Infinite regression follows, which like most infinite regressions gets us nowhere.
An important argument which cuts once again to nature of quantum state.
If electron happens to be in an eigenstate of position (or momentum) can say with certainty
what result of measuring that position (or momentum) will be.
If electron is not in eigenstate then what can we say?

In QM, can predict various values to be revealed by measurement, and relative probabilities,
but what does that tell us?
What is position (or momentum) of electron in this situation?
If take view that states refer to collections of objects, rather than individual objects, then way
forward quite clear —> statistics!
Inside collection, electrons identical, within limitations laid down by nature of quantum state.

However, could be hidden variables - do not know how to measure - which take different values
in collection.
When measurement made, variables determine outcome, but because do not know values, all
looks random.
Electrons have perfectly well-determined positions and momenta, but cannot know in advance
what they will be since cannot access physics that determines values.
Gamma ray microscope example runs contrary to this way of thinking.
Argument is clearly dealing with single electrons, not collections.
However, does assume that positions and momenta are really there, just partially hidden.
Such hidden variable type view —> uncertainty principle expressing epistemological limits of
current science.
Heisenberg himself took view that uncertainty principle was an ontological thing.

To him uncertainty principle expressed limits to which classical ideas of momentum, or position,
can be applied in given situation.
Harks back to earlier argument about how classical definition of momentum cannot be applied
in quantum physics.
If take this view, then have to say that object that is not in eigenstate of position simply does
not have a position.
Concept has no meaning in such a state.
Heisenberg would have said that position of particle was a latent or potential property.
When measurement occurs, latency becomes actuality and classical ways of thinking can now
be applied.
—> realistic view, but acknowledges that assumptions about what should be classified as real,
may have to be enlarged.
To Heisenberg latent properties should be thought of as real.
Gamma ray microscope was used by Heisenberg as way of introducing uncertainty principle.
However, held back from stating that was an ontologically valid description of what would
actually happen.
Yet More Uncertainty
Have tried to show how uncertainty principle arises as natural consequence of ability to expand
state in various bases.
Although illustrated with position and momentum, are many other physical variables with basis
sets that can be used to expand state.

Unless position and momentum have special significance, must be versions of uncertainty
principle that apply to other physical variables also.
Basic rule:
if choose to expand state over pair of bases,
and physical variables involved
happen to be ”conjugate” or “incompatible” variables,
then going to end up with an uncertainty principle.
State cannot be an eigenstate of two conjugate variables at same time
—> cannot get a definite value from measuring either variable,
and then uncertainty relationship must apply.
Non-Compatibility
If operator acts on its eigenstate, result is that state remains same,
but now multiplied by eigenvalue.
p̂ |p1 i = p1 |p1 i

,

x̂ |x1 i = x1 |x1 i

If state not an eigenstate, then strange things happen.
Consider two physical variables represented by operators Ô1 and Ô2 ,
which happen to be compatible = simultaneously measurable.
Then state ∣φ⟩ can be an eigenstate of both.
What happens when apply both operators on this state, one after other?
Ô1 | i = o1 | i
Ô2 o1 | i = o1 Ô2 | i = o1 o2 | i

In addition, could also do things other way around
Ô2 | i = o2 | i
Ô1 o2 | i = o2 Ô1 | i = o2 o1 | i

which says that
Ô2 Ô1 | i = Ô1 Ô2 | i

or

h

Ô2 Ô1

i

Ô1 Ô2 | i = 0

Bracket is regarded as being so important in quantum theory that given own name:

THE COMMUTATOR
⇣
⌘ h
i h
i
Commutator Ô2 , Ô1 = Ô2 , Ô1 = Ô2 Ô1 Ô1 Ô2
h
i
If two operator commute, then Ô2 , Ô1 = 0 , and can (not must) have simultaneous
eigenstates.
If don’t commute, then simultaneous eigenstates not possible and uncertainty relationship
follows.
RULE:
Non-compatible physical variables represented by operators that do not commute and so are
linked by uncertainty principle.
iE
1D h
O1 O2
i Ô2 , Ô1
Derive later
2
Consider Time Again....
Exists uncertainty relationship that does not follow directly from these arguments, namely,
~
E ⌧
ENERGY/TIME UNCERTAINTY
2
hAi
where τ related to characteristic development time of system, i.e., given by ⌧ =
d hAi /dt
for any physical variable of system.
Let us see how this works.
Rule 7 states a link between operators and measurement of physical variables.
Have seen several examples of such operators and learned to calculate expectation values.

Where things start to go weird is over a possible

t̂

operator.

Can measure position, momentum, energy, etc, but how do you measure time?
Let us be clear about this: we can measure duration (e.g., with stopwatch) but what physical
measurement tells you actual time?
Issues involved are very subtle, and not every quantum physicist would agree with what I am
about to say, but here goes.

Conventional quantum mechanics acted out on stage formed from three directions in space
and one universal time (x,y,z,t).
Think of space arena as giant spider’s web; with threads so closely woven that web appears
to be continuous disk.
Spider able to crawl around and occupies position at any moment on web.
Position of spider is physical variable -> property of spider’s state that can be measured. In
quantum mechanics, position represented by operator x̂ .
In some accounts, spider position operator denoted as q̂ to make clear not same as x-value,
which is part of web, not part of spider’s state.

Time rather different than this.
If can picture it at all, think of it as line stretching out to infinity in both directions.
Spider on line would not be stationary, but sliding along line as time passes.
In most instances cannot conceive of experiment that would enable us to to measure spider’s
position on time line.
—-> time is not property of spider’s state; hence there is no time operator.
But what about a system that is changing with time - a falling ball, for example?
Here the momentum of ball increases as time passes, suggesting that it is “time variable”.
However, a physical variable that is changing does not necessarily change at a uniform rate
(momentum increases at increasing rate),
and when it hits the ground, time as measured by momentum would stop,
although t

continues.

There are some systems in which a physical variable corresponds in a more satisfactory way
with the passage of time —> clocks.
The second hand of analog clock has angular position θ, which changes with time.
Measuring the angle gives a measure of time for system.
In a real clock there will also be an energy, which will tend to depend on θ so that we can
define an energy operator Ê and a time operator ✓ˆ , which will not commute and so lead to
uncertainty relationship.
However, θ is only a physical variable of a clock and cannot be applied as time operator to any
other system.
Think about Energy/Time Uncertainty another way……
Instead, ask this question: how can we tell if something has changed?
A physical system will have various properties that can be measured.
If suspect something changed system state, can go through new set of measurements to see
what’s going on.
How to do it in quantum physics?

Every measurement made will “collapse state” into an eigenstate, so can’t necessarily repeat
measurements on same state.
If do lots of measurements on collection of identical systems in same state,
how do we tell if values are different
because of some change affecting all systems in collection,
or is just normal spread of measurements
that comes with state not an eigenstate to begin with?
Trying to distinguish between range of values caused by inherent uncertainty in state itself
and range caused by some causal evolution ( Û (t) ) taking place in systems.
Way to tell is to compare expectation value ⟨O⟩ with uncertainty ∆O.

If remeasure collection of systems
—> difference between new expectation value ⟨O′⟩ and old greater than ∆O
(i.e., (⟨O′⟩ − ⟨O⟩) ≥ ∆O),
then can be sure that system state has actually changed.
Then becomes question of how long have to leave system to evolve, in given situation,
before change can be detected in this manner.

Can work it out if employ rate of change with time (a derivative)operator, d/dt (a derivative)
In elementary physics, distance traveled by moving object is rate at which traveling (speed)
multiplied by time travels for (d = s × t).
Equally well , if know rate at which any quantity changing and multiply by time period, that will
produce amount by which quantity has changed in that time.
If quantity happens to be an expectation value then d⟨O⟩/dt ∆t is amount by which expectation
value has changed in time duration ∆t.

The condition for a measurable change then becomes
d
hOi t
dt

O

or

t

O
d
dt hOi

—> how we should interpret ∆t in energy-time uncertainty relationship.
It represents duration of time that we have to wait to be sure that energy
has changed by amount at least equal to ∆E.
The Meaning of the Indeterminacy Relations
What is significance of indeterminacy relations in world of experimental physics?
Consider experimental results shown below:

—> frequency distributions for results of independent measurements of Q and P on ensemble
of similarly prepared systems,
i.e., on each of large number of similarly prepared systems one performs a single measurement
(either Q or P ).
Histograms are statistical distribution of results.
Standard deviations (variances) shown must satisfy (according to theory) relation

~
Q P
2
They must be distinguished from resolution of individual measurements, δQ and δP.
Let me emphasize these points:

(1) Quantities ∆Q and ∆P are not errors of measurement.
Errors or preferably the resolutions of the Q and P measuring instruments are δQ and δP .
They are logically unrelated to ∆Q and ∆P and to uncertainty relations except for practical
requirement that if
Q>

Q

( or P >

P)

then will not be possible to determine ∆Q (or ∆P) in an experiment and experiment cannot
test any uncertainty relation.
(2) An experimental test of indeterminacy relation does not involve simultaneous
measurements of Q and P, but involves measurement of one or other of these dynamical
variables on each independently prepared representative of particular state being studied.
Why am I being so picky here?
Quantities ∆Q and ∆P are often misinterpreted as errors of individual measurements.
Probably arises because Heisenberg’s original paper on this subject, published in 1927, was
based on early version of quantum mechanics that predates systematic formulation and
statistical interpretation of quantum mechanics as it exists now.
Derivation carried out in this lecture now was not possible in 1927!

Derivation of the Uncertainty Relations in General(very mathematical - just to show how)
Given two Hermitian operators Â and B̂ and state vector ∣ψ⟩, define two new operators
D E
D E
D̂A = Â
Â
, D̂B = B̂
B̂
where ⟨...⟩ equals average or expectation value in a state ∣ψ⟩.

In statistical analysis of data, one uses quantity called standard or mean-square deviation as
measure of uncertainty of observed quantity.
This is defined, for set of N measurements of quantity q by
N
X
1
( q)2 = (standard deviation)2 =
(qi
N i=1
N
1 X
=
(qi )2
N i=1

= (q 2 )average

N
1 X
(qi qaverage )
N i=1

(qaverage )2

where have used
qaverage

N
1 X
=
qi
N i=1

qaverage )2
N
N
1 X
1 X
(qaverage qi ) +
(qaverage )2
N i=1
N i=1

In analogy, define mean-square deviations for Â and B̂
D

D E 2 ⌧⇣
Â =
Â
D E 2 ⌧⇣
B̂ =
B̂

E

( Â)2 = Â2
D E
( B̂)2 = B̂ 2

Then we have

as

D E⌘2
D E
2
Â
= D̂A
D E⌘2
D
E
2
B̂
= D̂B

D

ED
E
2
2
( Â)2 ( B̂)2 = D̂A
D̂B

Now we assume that
h

i

h

i

h

i

D̂A , B̂ = Â, B̂ = D̂A , D̂B = iĈ

where Ĉ is also Hermitian operator and let
⇣

|↵i = D̂A | i = Â

D E⌘
Â | i

,

⇣

| i = D̂B | i = B̂

D E⌘
B̂ | i

Then we have
⇣

⌘2

D

E

⇣

⌘⇣
⌘
2
2
Â = D̂A
= h | D̂A
| i = h | D̂A D̂A | i = h↵ | ↵i
⇣
⌘2 D
E
⇣
⌘⇣
⌘
2
2
B̂ = D̂B
= h | D̂B
| i = h | D̂B D̂B | i = h | i

Schwarz inequality says that for any two vectors we must have the relation
h↵ | ↵i h | i

|h↵ | i|

2

Therefore we have
⇣

Â

⌘2 ⇣

B̂

⌘2

D

ED
E
2
2
= D̂A
D̂B
= h↵ | ↵i h | i

|h↵ | i|

which gives an uncertainty relation of the form
⇣

Â

⌘2 ⇣

B̂

⌘2

D

D̂A D̂B

E

2

2

= h | D̂A D̂B | i

2

=

D

D̂A D̂B

E

2

Now

hD̂A D̂B i

2

1
1
= h [D̂A , D̂B ] + {D̂A , D̂B }i
2
2

2
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[D̂A , D̂B ] = [Â, B̂] = ÂB̂

B̂ Â
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{D̂A , D̂B } = {Â, B̂} = ÂB̂ + B̂ Â
hD̂A D̂B i

and

and

h

Â, B̂

n

i†

Â, B̂

h

=

o†

2

1
1
= h [Â, B̂] + {Â, B̂}i
2
2

i

Â, B̂ ! anti

n

o

2

hermitian ! expectation value is imaginary

commutator

= Â, B̂ ! hermitian ! expectation value is real

anticommutator

Therefore,
⇣
⇣

Â
Â

⌘2 ⇣
⌘2 ⇣

where a = real number.

B̂
B̂

⌘2
⌘2

D h
1
2

1
4

i

Â, B̂ +
D E
2
iĈ + a

1
2

n

Â, B̂

oE

2

We then have
⇣

Â

⇣

2

Â

⌘2 ⇣

B̂

⌘2 ⇣

B̂

⌘2

⌘2

1
4
1
4

D

E

iĈ + a
D E2
Ĉ

2

=

1
4

2

|a| +

1
4

D E
Ĉ

2

since ∣a∣ /4 ≥ 0.
If

h

i

Â, B̂ = iĈ = 0

then get
⇣
⌘2 ⇣
⌘2
Â
B̂

0

and have no uncertainty relation between observables. They are compatible!
On other hand, if Â = x̂ and B̂ = p̂x

, have

[x̂, p̂x ] = iĈ = i~Iˆ

which means

⇣

Â

⌘2 ⇣

B̂

⌘2

~2
4

or

x̂ p̂x

~
2

which is Heisenberg uncertainty principle. It is simply the Schwarz inequality!! which every
sophomore math student understands!
Hopefully, that removes any mysticism associated with the principle!

Time-Energy Uncertainty Relations
Use of time-energy uncertainty relations in most textbooks is simply incorrect. Now show (very
mathematical) the most one can say about such relations.
Need to derive time-dependence of expectation values. We have
D E
| (t)i = e iĤt/~ | (0)i ! h (t)| = h (0)| e
Q̂ = h (t)| Q̂ | (t)i
so that
D E
d Q̂
d
d
=
h (t)| Q̂ | (t)i =
h (0)| eiĤt/~ Q̂e iĤt/~ | (0)i
dt
dt
dt
d ⇣ iĤt/~
= h (0)|
e
Q̂e
dt
= h (0)|

or

iĤ iĤt/~
e
Q̂e
~

iĤt/~

iĤt/~

h
i
i
= h (0)| eiĤt/~ Ĥ, Q̂ e
~
D E
d Q̂
dt

⌘

iĤt/~

| (0)i

!

| (0)i

h (0)| e

iĤt/~

iĤ
Q̂ e
~

iĤt/~

h
i
i
iĤt/~
| (0)i = h (t)| Ĥ, Q̂ | (t)i
~

iE
1 Dh
=
Q̂, Ĥ
i~

!

| (0)i

Consider dynamical state of system at time t.
Let ∣ψ⟩ be vector representing that state. Call ∆Q, ∆E root-mean-square deviations of Q̂ and Ĥ
respectively. Applying Schwarz inequality (as above) to vectors
(Q̂

hQi) | i

,

hHi) | i

(Ĥ

and carrying out same manipulations as (as earlier), find after some calculations
Q E

iE
1 Dh
Q̂, Ĥ
2

with equality being realized when ∣ψ⟩ satisfies the equation
(Q̂

↵) | i = i (Ĥ

") | i

where α, γ and ε are arbitrary real constants (as eariler).
Putting everything together we get
Q
dhQ̂i

E

~
2

or

dt

where we have defined

Q
⌧Q =
dhQ̂i
dt

⌧Q E

~
2

τQ appears as time characteristic of evolution of expectation value of Q̂ .
It is time required for center ⟨ Q̂ ⟩ of statistical distribution of Q̂
equal to width ∆Q.

to be displaced by amount

In other words, the time necessary for this statistical distribution to be appreciably modified.
In this way can define characteristic evolution time for each dynamical variable of system.
Let τ be shortest of times thus defined.
τ may be considered as characteristic time of evolution of system itself,
that is, whatever measurement carried out on system at an instant of time t′,
the statistical distribution of results is essentially same as would be obtained at instant t,
as long as difference ∣t−t′∣ is less than τ.
According to derivation, the time τ and energy spread ∆E satisfy time-energy uncertainty
relation
~
⌧ E
2
D E
d Q̂
If system in stationary state where
no matter what Q̂ , and consequently τ
=0
dt
is infinite, then ∆E = 0. That is meaning of a stationary state.

Ordinary time t is just a parameter in non-relativistic QM and not an operator! Our derivation
does not say that
t E

~
2

which is an equation that has no meaning!

Now on to EPR and Bell

Entanglement, EPR and Bell
Two threads running through this part of lecture.
1st stems from Einstein’s desire
to discredit quantum physics as fundamental theory of reality
which led to most impressive and far-reaching confirmations of the quantum view.
2nd derives from Schrodinger
who introduced term entanglement to physics community
and showed how entangled states
lead to very bizarre features of quantum world.
Multiple passes through each topic
—> see different derivations, discussions and points of view.
Hopefully this enhances understanding!
Is Quantum theory complete?
Despite being responsible for number of key developments in theory,
Einstein was never happy with final form of QM.
1st objected to uncertainty principle
—> developed thought experiments and arguments to get around it.
Bohr and Heisenberg arguments saved uncertainty principle and QM many times.
Many of proposed devices shown on next slide!!!!

After losing earlier arguments, Einstein then switched from trying to show QM was inconsistent
(different answers in similar cases)
to proving QM incomplete (exist situations not covered by theory).
In 1935 Einstein thought he found way to discredit QM.
With Boris Podolsky and Nathan Rosen (EPR paper),
he constructed an argument that he thought
demonstrated the need for a deeper(more deterministic) theory to replace QM.
Paper titled
‘’Can a quantum mechanical description of physical reality be considered complete?’’
It first defines a complete physical theory:
If theory is complete,
then every element of physical reality
must have counterpart in physical theory.
Reasonable, but we need to know what is meant by element of physical reality?

Not straightforward.
EPR —> cannot guess or try to figure out elements of physical reality.
They have to be found from the results of experiments and measurements.
World is too subtle and surprising to guess correctly.
Need experiments as guide.
Still not simple.
Experiments —> huge amounts of data —> useful info + random noise.
Need to separate key features of information from random (experimental) fluctuations.
EPR directly tied theory with experiment —> following condition must be met:
if, without in any way disturbing the system, we can predict
with certainty the value of a physical quantity
then there exists an element of physical reality
corresponding to this physical quantity
We note that the part about “disturbing system” —> clever trap for quantum theory.
Then EPR apply their condition for reality to specific case.
Quantum theory employs state vector ∣ψ⟩
—> systems and operators
—> physical variables Ô .

If ∣ψ⟩ happens to be eigenstate of Ô , then
Ô | i = a | i

a = corresponding eigenvalue

Then can say with certainty that measurement of physical variable linked to

Ô —> a

(one of our postulates).

Then, EPR condition —> physical variable
represented by Ô = element of reality (not clear if in general or only in that state?).
However, if choose to measure another physical variable
linked to operator Q̂ and ∣ψ⟩ is not an eigenstate,
then cannot predict with certainty what value measurement will produce.
Expand ∣ψ⟩ over basis of eigenstates of Q̂
and calculate expectation value for set of results,
or probability of given result.
Only way to predict with 100% certainty what measurement will give
is to disturb system by turning ∣ψ⟩ into one of eigenstates of Q̂ .
Thus, EPR condition —> physical variable represented by

Q̂

cannot be element of physical reality, or, at least, not at same time as Ô .

Specifically, electron in state ∣p⟩,
eigenstate of momentum operator,

p̂

—> momentum is part of electron’s reality.
However, in this state, position cannot be element of electron’s reality
as ∣p⟩ not eigenstate of

x̂

.

Basis of EPR argument is philosophical view
that cannot create reality
by bending electron to fit words "disturb the system".
Should be able find set of physical variables and theory
-> predict them with certainty,
as reality is out there to be found,
not something created.
Having set up conditions for reality
and illustrated them for simple quantum mechanical case,
EPR spring trap by describing a situation
where it appears quantum theory
fails to describe every element of a system’s reality.

E(instein)P(odolsky)R(osen) Paradox(?) Details
Challenge to standard (Copenhagen) view of QM
—> surprising aftermath - resulted in1960s (25 years later!) work of John Bell.
1st discuss EPR and then fundamental work of Bell.
In 1935, EPR produced argument
—> escape from the standard way of thinking about QM.
1st, define completeness:
A description of the world is complete (for EPR) if nothing
that is true about the world, nothing that is an element of the
reality of the world is left out of the description.
EPR never actually presented a prescription
for determining what all elements of reality are (made any challenge difficult).

Instead, they did something much narrower
(which was sufficient for the purposes of their argument).
They wrote down a condition for a measurable property of system at any instant
to be element of reality of system at that instant.
Condition is that:
if, without in any way disturbing a system, we can predict
with certainty (with probability = 1 ) the value of a
physical quantity, then there exists an element of reality
corresponding to this physical quantity.
What does condition mean?
Consider following question:
If measurement of particular observable Ô of certain physical system S
were carried out at certain future time T,
what would outcome be?
Suppose a method is available so that,
prior to time T,
we can answer question with certainty.

Also, suppose method used —> no disturbance of system S.
Then(via EPR) there must be definite information(hidden)
about outcome of a future Ô measurement on S at T.
For instance, suppose we just measured color of electron.
Since measurements of color repeatable,
can predict with certainty what the outcome of later color measurement will be,
if measurement carried out.
Making prediction need not involve any further interaction with electron.
So EPR reality condition says color must, at that moment,
be element of reality of this electron.

—> Identical to standard way of thinking in QM! Just —> Color talk now applicable

Suppose, instead we measured hardness of electron.
To predict with certainty
what the outcome of a future measurement of color of electron would be
(if made measurement),
need to measure color of electron (interact and potentially disturb state).
EPR reality condition does not say color of electron
is element of reality of electron at that moment.
Again agrees completely with standard way of thinking!

Color talk not applicable!

EPR want to argue the following:
If predictions of QM correct,
then there must exist elements of reality of world
which have no corresponding elements
in Quantum Mechanical description of world
They are attempting to use QM against itself.
They are saying QM is missing something! It is not complete!

Argument:
Consider system consisting of two electrons.
Electron 1 located at position 1,
and electron 2 located at position 2.
Assume that color-space state of two electrons is (was created somehow)
(note —> nonseparable or entangled color state - like two gloves)
1
|Ai = p |greeni1 |magentai2
2

1
p |magentai1 |greeni2
2

State ∣A⟩ is necessarily eigenstate of some observable(always true for all states)
(a Hermitian operator) of this pair of electrons, say Ô ,
where Ô ∣A⟩ = +1∣A⟩(eigenvalue = +1).
We happen to have written ∣A⟩ in color basis.
Now convert to hardness basis. Remember
|greeni = p12 |hardi + p12 |sof ti
|magentai = p12 |hardi p12 |sof ti

Substituting get

1
p
|Ai =
|sof ti1 |hardi2
2

1
p |hardi1 |sof ti2
2

Same nonseparable form in both bases.
In fact, it takes same nonseparable form in any basis!

—> maximal entangled state

Collapse postulate for two-particle entangled states (we develop needed extra theory)
If in state of type ∣A⟩ then the following rules apply during measurements.
1. If, in state ∣A⟩, we only measure particle 1,
then if particle 1 is measured to be green,
state collapses to
|greeni1 |magentai2

1
|Ai = p |greeni1 |magentai2
2

1
p |magentai1 |greeni2
2

i.e., at same time we know 1 is green we also know 2 is magenta,
WITHOUT actually measuring 2.

That is what entangled states do!!

Similar result if measured 1 is magenta —> state would be |magentai1 |greeni2
i.e., at the same time that we know 1 is magenta we also know 2 is green,
WITHOUT actually measuring 2.

2. If, in state ∣A⟩, the probability of measuring 1 is green is still 1/2.
This is now shown below.
Probability for measurement of some property of particle 1
in a 2-particle entangled state is calculated as follows:
(a) Step 1:
Since we not measuring particle 2,
must calculate probability for measuring 1
for all possible states of particle 2.
In this case
prob(1 is green) = prob(1 is green AND 2 is magenta) +prob(1 is green AND 2 is green)

(b) Probability (x AND y) is calculated as shown below:
prob(1 is green AND 2 is magenta) = | hgreen|1 hmagenta|2 |Ai |2

Carry out measurement of color of electron 1 (state in color basis).
Outcome of measurement either green or magenta with equal probability
(using two-particle state probability rules).
In state A

prob(1 is green) = prob(1 is green and 2 is magenta) + prob(1 is green and 2 is green)
since not looking at 2.

Now

prob(1 is green and 2 is magenta) = | hgreen|1 hmagenta|2 |Ai |2 = 1/2

prob(1 is green and 2 is green) = | hgreen|1 hgreen|2 |Ai |2 = 0
Total probability to be green = 1/2. Similarly for being magenta.
Moreover, QM says(this is experimentally confirmed)
that in event outcome of measurement green,
then outcome of any subsequent measurement of color of electron 2
will necessarily be magenta
and in event outcome of measurement magenta,
then outcome of any subsequent measurement of color of electron 2
will necessarily be green.
—> a 2-particle “collapse” occurred!
Both statements follow directly from collapse postulate for two-particle states.
Remember the 2-path experiment for color/hardness where similar things happened.

EPR assumed
(the only assumption (called locality) they make
on top of basic assumption that predictions of QM are correct)
that things could in principle be set up in such a way
as to guarantee that measurement of color of electron 1
produces no physical disturbance whatsoever in electron 2.
To them —> self-evident statement!
What influence could there be???
Any number of ways to satisfy this condition.
Could separate two electrons by immense distance
(no assumption says any properties of QM changes with electron separation).
Then two measurement events,
according to special relativity, could not influence each other
since c = max info speed(called spacelike separated).
Or could insert impenetrable wall between them
(nothing assumed says any properties of QM
depends on what located between electrons).

Or could set up array of detectors to verify that
no measurable signals pass from one electron to other during experiment
(QM predicts array will never register anything ).
Very important point.
Locality assumption says
I cannot punch you in the nose unless my fist gets to
the place where your nose is (in space and time)
Of course, something I do with my fist far from where your nose is
can cause some other fist which is near your nose to punch your nose
(i.e., something I do with my fist might signal
somebody else to punch you in the nose).
Their seemingly obvious assumption is just this:
if my fist never gets anywhere near your nose then I cannot
punch you in the nose directly. If you got punched in such an
arrangement, then it cannot be my fist that punched you
If something I do with my fist far from your nose is cause of your getting punched in nose,
then necessarily some causal sequence of events at contiguous points in space
and at contiguous points in time (propagation of some signal for instance)
stretches all the way without break from whatever it was I did with my fist
to your being punched in the nose.

Important thing about sequence of events
is it necessarily requires some finite time
(exact amount depends on path in space and time)
to completely unfold.
Shortest time possible would occur
if signal(s) travel with speed of light in straight line
(maximum speed of propagation of information).
So summarizing their assumption:
measurement on color 1 has no effect on measurement of color 2
if measurements are spacelike separated(cannot be connected by light)
Returning to color basis entangled state
1
p
|Ai =
|greeni1 |magentai2
2

1
p |magentai1 |greeni2
2

It is clear that one can predict with certainty,
if locality true,
without disturbing electron 2,
what outcome of subsequent measurement of color 2 will be.

Measure color 1
→ know outcome of measurement of color 2
is opposite of outcome of measurement of color 1
or know color 2 without measuring it!
Reality condition then says that color is element of reality of electron 2.
Color of 2 has definite value when in state ∣A⟩.
So both 1 and 2 have definite color values!
Switch to hardness basis —> talk about hardness measurements.
1
1
|Ai = p |sof ti1 |hardi2 p |hardi1 |sof ti2
2
2
Using same arguments in hardness basis
find that both 1 and 2 have definite hardness values!
Since can actually prepare states like ∣A⟩ in real world,
—> EPR say standard interpretation must be false.

WHY?

EPR conclude both color and hardness are elements of reality of electron 2,
even though the two observables are incompatible according to QM.
Thus, formalism must be incomplete,
since some elements of physical reality of world
have no corresponding elements in QM.

Must exist hidden facts(not in postulates)
about color and hardness of 2, when in state ∣A⟩.
Is there way out of EPR’s proposed dilemma?
Nothing in QM formalism allows both color/hardness of electron 2
to be predicted with certainty simultaneously.
Similar arguments hold for electron 1.
EPR were clearly very clever!
If true, statement that system in state ∣A⟩
constitutes incomplete description of state of pair of electrons
—> are some hidden variables.
EPR say QM predicts everything correctly, but is wrong.
EPR noticed something odd about the collapse postulate for two-particle systems.
It was nonlocal.
If two particles are initially in a nonseparable state,
then a measurement carried out on one can cause changes,
instantaneously, in the quantum mechanical description of the other,
no matter how far apart two particles are or what lies in between.

Suppose pair of electrons initially in state ∣A⟩
and measurement of color 1 carried out.
Outcome of measurement either green or magenta(equal probabilities).
Collapse postulate for two-particle systems
says as soon as measurement over,
state of 2 will be either ∣magenta⟩ (if 1 was green)
or ∣green⟩ (if 1 was magenta)
depending on what happened in measurement.

EPR said nonlocality is disposable artifact of particular mathematical formalism,
of particular procedure for calculating statistics of outcomes of experiments
—> must be undiscovered procedures,
which give rise to same statistical properties,
but are local (no infinite speeds necessary).

30 years later, Bell showed that their suspicion was completely wrong!
Bell’s work(discuss later)
—> proof that any attempt to be realistic
about values of observables of pair of electrons in state ∣A⟩,
must necessarily be nonlocal.
More serious than that!!
Bell actually proves(as we will see) that there exists genuine nonlocality in actual workings of
nature, however we attempt to describe it.
Nonlocality is feature of QM,
and via Bell’s theorem
is necessarily feature of every possible manner of calculating
which produces the same probability predictions
(which are experimentally correct) as QM.

What is this quantum nonlocality?
First, in state ∣A⟩,
statistics(probabilities) of outcomes of measurements on 2
depend nonlocally on outcomes of measurements on 1, and vice versa.
But do statistics of outcomes of measurements on 2,
when system in state ∣A⟩,
depend nonlocally on
whether a measurement is actually carried out on 1 (and vice versa)?
Let us figure it out.
Suppose system in state ∣A⟩,
and measure color 2.

1
|Ai = p |greeni1 |magentai2
2

1
p |magentai1 |greeni2
2

Using ∣A⟩ in color basis (color-talk)
plus standard quantum-mechanical rules
for calculating probabilities of measurement outcomes
implies outcome of measurement
equally likely to be green or magenta.
Suppose system is in state ∣A⟩

1
|Ai = p |greeni1 |magentai2
2

1
p |magentai1 |greeni2
2

and measure color 1,
and then measure color 2.
Measurement of color 1 equally likely to be green or magenta.
If green,
collapse postulate says subsequent measurement of color 2
will be magenta,
and if magenta,
collapse postulate says that subsequent measurement of color 2
will be green.

So, when system in state ∣A⟩,
outcome of a measurement of color 2 is equally likely to be green or magenta
whether or not measurement of color 1 carried out first.
Suppose system is state ∣A⟩ and measure hardness 1,
and then measure color 2.

1
|Ai = p |hardi1 |softi2
2
<latexit sha1_base64="g4Kp0zk5HShYDA8AYI4vW336VMM="></latexit>

1
p |softi1 |hardi2
2

Using ∣A⟩ in hardness basis plus probability rules
says outcome of hardness measurement on 1 equally likely to be hard or soft.
If outcome of first measurement is soft,
collapse postulate plus probability rules say outcome of second measurement (color 2)
is equally likely to be green or magenta because 2 is now hard.
Same result true if outcome of first measurement is hard.
So here is where we are:

When system in state ∣A⟩,
outcome of measurement of color 2
is equally likely to be green or magenta,
whether measurement of color 1 is carried out first
or measurement of hardness 1 is carried out first
or no measurement on 1 is carried out
Probabilities of various outcomes of measurement on 2
do not depend in any way
on whether or not a measurement is made on 1 first.
Since the predictions of QM are correct,
there must be non-local influences in nature
and they must be of particularly subtle kind.
Outcomes of measurements do sometimes
depend non-locally on outcomes of other, distant measurements,
but outcomes of measurements invariably do not depend non-locally on
whether any other distant measurements actually get carried out.

Another way (tricky…you must think about this one) to say this:
Non-local influences are so subtle that they cannot be used
to transmit any signal containing information, non-locally,
between two distant points.
They cannot encode information you want to send
on decision to make a measurement or not to make one,
or on a decision about which measurement to make,
since no such decisions can have detectable non-local effects.
NOTE: Nonlocality existence is crucial. As we will see later, the solution to the
measurement questions depends on the existence of nonlocality in QM.
Look at simple experiment (1980 with photons —> it took experimentalists 35 years!)
that refutes EPR and agrees with Bell’s results (will derive shortly).
Will discuss experiment again later (more detail and mathematical rigor).
Before looking at experiment we must talk about electron spin!

Digression about Electron Spin
Electron spin is real-world measurable property of electrons.
Measuring devices are Stern-Gerlach(SG) boxes.

Operator for electron spin

Ŝ

has following properties.

1. When electron measured by SG device oriented in particular direction (say z)—> SGz box
and measured values for electron spin observable in z-direction are only ±1/2.
SGz box is represented by observable Ŝz .
2. Same result holds for any other direction, in particular x-direction with an SGx box.
SGx box represented by observable Ŝx (only ±1/2).
3. Corresponding eigenvectors/eigenvalues given by
Ŝz |U i = +1/2 |U i

From earlier:

,

Ŝz |Di =

1/2 |Di

1
|U i = p (|Ri + |Li)
2

,

Ŝx |Ri = +1/2 |Ri
1
|Di = p (|Ri
2

,

Ŝx |Li =

1/2 |Li

|Li)

Can see from mathematical formalism,
electron spin in z and x directions are mathematically the same as color and hardness.

One very different feature of this real-world system
is that can orient SG boxes at any arbitrary angle θ (only 2 ways in color-hardness world)
where θ = 0○ correspond to the +z direction,
θ = 90○ correspond to the +x direction
and θ = 180○ correspond to the −z direction and so on.
Thus, any arbitrary direction states can be written(from QM studied at junior level) as
✓
✓
|U✓ i = cos |U i + sin |Di
2
2

|D✓ i =

✓
✓
sin |U i + cos |Di
2
2

EPR experiment with electron spin- actual experiment done
Consider pair of electrons in entangled state like ∣A⟩
where we use the observable spin(up/down in any direction).
1
|Ai = p |U i1 |Di2
2

1
p |Di1 |U i2
2

1
= p |U0 i1 |D0 i2
2

1
p |D0 i1 |U0 i2
2

This state arises from the decay of an atom in Spin = 0 state of an atom where spin angular
momentum is conserved : 0 —> (1/2) +(-1/2)
The experiment has been done!

Electrons separate in physical space without changing the state vector.
We end up with two separated electron beams.
Each beam has equal numbers of ∣U⟩ and ∣D⟩ electrons (probability = 1/2 for each component).
Each electron in one beam
is correlated with a partner in the other beam
since if measure electron in one beam in state ∣U⟩,
then partner(same magnet orientations) in other beam is in state ∣D⟩ due to
entanglement/collapse
and vice versa.
This nonseparable state remains nonseparable
no matter what basis (direction we measure spin) we use.
A state in an arbitrary direction basis is
1
|Ai = p |U✓ i1 |D✓ i2
2

1
p |D✓ i1 |U✓ i2
2

Now suppose we measure beam 1 in direction θ1 and beam 2 in direction θ2
and count number of times (these are not necessarily the same directions)

beam 1 up and beam 2 up
or

= a MATCH

beam 1 down and beam 2 down
beam 1 up and beam 2 down
or
beam 1 down and beam 2 up

= a MISS

QM says (straightforward but messy calculation) that the experimental results depend only on
the angle difference
' = ✓2

✓1

and not separately on θ1 and θ2. Non-locality in action!!
That is the sign that a correlation exists!
Results are confirmed experimentally
no matter where the two detectors are located………
in same room, or on opposite sides of city or wherever!!!!
- Have now reached 144 km apart!.

Suppose we code results coming from two detectors as follows.
If

' = 0 , z−axes of 2 detectors are in same direction and get
beam 1 !"#"##"###""#"##" ...........
beam 2 !#"#""#"""##"#""# ..........

i.e., ALL MISSES (remember if 1 is up, 2 is down in this case).
Get two opposite binary data sequences in two detectors
1010010001101001.......
0101101110010110.......

If ' = 180 , z−axes of 2 detectors are in opposite directions and get ALL MATCHES, i.e.,
beam 1 !"#"##"###""#"##" ...........
beam 2 !"#"##"###""#"##" ..........

(up in 1 is in opposite direction to up in 2 or up in 2 is down in 1).
—> get identical(not opposite) binary sequences in this case.

Quantum mechanics predicts number of MATCHES, etc varies like
[#MATCHES] = [#ELECTRONS] sin2 '2
[#MISSES] = [#ELECTRONS] cos2 '2
[#MATCHES + #MISSES] = [#ELECTRONS][ sin2
= [#ELECTRONS]

'
2

+ cos2 '2 ]

as it should!
Now set angle between detector axes to be ' = 120 .
Quantum mechanics predicts(from our formalism)
3
[#MATCHES] = #ELECTRONS
4

What would EPR say?
1
If ' = 60 , then [#MATCHES] = #ELECTRONS
4

(same as quantum mechanical prediction!)

So now EPR align detectors ( ' = 0 ).

Then rotate detector 1 such that

' = 60

—> would get 1/4 MATCHES.
So now EPR re-align detectors ( ' = 0

).

Then rotate detector 2(opposite direction) such that ' =

60

and also

—> would get 1/4 MATCHES.

EPR then predict

1 1
1
3
+ = MATCHES (not )
4 4
2
4

i.e., two separate measurements
cannot affect/change each other
—> prior results are unchanged

EPR two measurements do not influence each other and therefore totals just ADD.
Experiment says answer is 3/4!!. Quantum mechanics is correct!
—> Local view of reality due to EPR cannot be correct.

Somehow information seems to be flowing
between detectors 1 and 2 NO MATTER WHAT WE DO.
Speed of information flow(if assume any signal exists…..) might be infinite
(best measurement so far ≈ 107 c = 3 × 1015 m/ sec - might not mean anything!!).
Important to emphasize that
have not observed any non-local interactions directly,
but have only indirectly demonstrated need for them.

Each measurement is separately local,
i.e., measure any spin direction in either detector
and always get 50-50 up and down
no matter what other detector is doing.

It is the sequences that differ(in a random way)
as we change the angles.
This means, as before,
that we cannot transmit any instantaneous messages(violate SR).
We only find out the sequences(messages) when we bring them together,
which takes some time.
So, it seems in QM, that my QM fist can punch
your QM nose without being at your QM nose!!
Bohr and EPR - A Discussion
Bohr produced a reply to EPR within 2 months of its publication.
His counterargument uses the contextuality of quantum theory
and the principle of complementarity to punch holes in EPR’s definition of reality.

Complementarity
Bohr had unique, deeply thought out, and very subtle view
on nature of science and interpretation of quantum theory.
Defies any easy and compact summary.
Some writings might —> instrumentalist viewpoint —-> oversimplification of his view.
Bohr was convinced that humans could never “picture” the inner mechanisms of atoms
(Feynman will have more to say about this crucial point later).
His conclusion follows from nature of our human language.
Daily experience
—> ideas and concepts we deal with comfortably and express
in language restricted to classical world; but may not extend easily into quantum world,
hence, may need to abandon classical thinking and develop new concepts.
—> need new language as we already have seen

Snag(??)
Experiments rely on gathering together instruments and equipment
very much bigger than atomic scales
—> described by everyday language (including adding technical terms for brevity).
All measurements on atoms and particles
-> numbers read from dials on measuring apparatus (macroworld scale).
Essential to success of science that equipment be described in ordinary terms
—> makes possible for others to understand and reproduce experiment.
Caught in dilemma.
Experiments should not only be capable of being described,
essentially, in everyday language, but must also be so to make science possible.
Yet, when we gather the results of experiments together —> description of atomic world,
we find that same everyday language and ideas fail to provide explanations.
Photons act as particles in some circumstances and as waves in others or maybe neither.

Can find appropriate mathematics to describe situation
but does not help us “visualize or speak” about photons.
Bohr hoped for a way out of trap <—> principle of complementarity.
He accepted that the two completely contradictory pictures of photon
could not be tied together into one picture, but he said that does not matter,
since we never do experiment that required the use of both pictures at same time.
never ask questions requiring wave and particle answers at same time
never set context implying wave and particle properties at same time
—> Acceptable to employ this sort of "double think"
or using only one of pair of complementary views at any one time,
depending on what was most appropriate.
Actual true nature of photon can never be expressible in any language
which we we use to describe classical world,
but we could shadow what was going on by keeping complementary pictures in mind:

—> concepts such as position, momentum, frequency, energy, and so on,
can be defined only in context of an experiment to measure them.
If want to talk about frequency of light (wave picture)
then need to do experiment where the wave picture appropriate.
If want to talk about momentum of photon (particle picture)
then do totally different sort of experiment.
By insisting, Bohr ensured that concepts such as momentum, energy, frequency, and so on,
remained rooted in classical world, while at same time acknowledging that
they would have only a limited application in quantum world.
Bohr wrote “quantum theory forces us to adopt a new mode of description
designated as complementary in sense that any given
application of classical concepts precludes simultaneous use
of other classical concepts which in a different connection are
equally necessary for elucidation of phenomena”.

—> Copenhagen interpretation of QM

Emphasis on relating meaning of theoretical terms
to experiment where terms are measured gives Bohr’s thinking an instrumental tinge.
However, careful reading of his writings
confirms that Bohr retained ambition of a realist tempered by conviction that atomic world
could not be described by limited human experience and language.
Bohr’s Reply to the EPR Argument
Bohr’s main point is that measurement of particle A
may not physically disturb state of particle B,
but measurement on A does set up the context for any information about B.
EPR used position and momentum instead of color and hardness (Same math).
1
1
p
p
|Ai =
|xi1 |pi2
|xi2 |pi1
2
2
To measure momentum of A —> must build specific device.
Let it interact with something with pre-determined momentum and see what change it makes.

If want to measure momentum of device, find uncertainty principle gets in way.
Accurately measuring momentum of device destroys any information about where exactly it is.
In which case, cannot act as position reference point as well.
Applies to both particles.
Measurement of position needs fixed reference point to work from.
When set up equipment to measure momentum of particle A,
automatically prevent that equipment from forming
precise reference point for position measurement of A.

Set out to measure position of particle B.

Cannot compare position of B with anything of particle A
since cannot fix position of equipment at B’s end relative to A.
Have effectively blurred position of particle B by measuring momentum of particle A.

As Bohr puts it:

“If choose to measure momentum of one of particles, lose
through uncontrollable displacement inevitable in such
measurement any possibility of deducing from behavior of
particle position of apparatus, and thus no basis whatever
for predictions regarding location of other particle. “

Similar argument applies if choose to measure position of A instead.
Accurate position measurements rely on fixed objects to act as reference points.
When particle A collides with device designed to record its position,
bound to be exchange of momentum between device and particle
i.e., it interacted with measuring device.
With device fixed in place cannot measure that momentum exchange.

Any attempt to measure momentum of measuring device,
so one can figure out how much it has been changed,
is bound to run into uncertainty problems.

Need an accurate fix of position of device to measure position of A,
so cannot be sure of momentum of device.
Ruins potential momentum measurement on B.
Momentum only known relative to object.
Cup of tea on table may be stationary to us,
but if on train passing through station
—> tea in rapid motion for observer standing on platform.
If set up momentum measurement of B, have no basis to compare with A.

Bohr explains:

By allowing uncontrollable momentum to pass from first
particle into support, have cut ourselves off from any future
possibility of applying law of conservation of momentum to
system consisting of .... two particles, and therefore lost
only basis for unambiguous application of idea of
momentum in predictions regarding behavior of second
particle.

Key difference between philosophical positions of EPR and Bohr
—> statement “without disturbing the system”.
To Bohr, a property, such as momentum or position,
has meaning only in context of experimental equipment used to measure it.
Particle B may not come in contact with any equipment at all;
in such case any information have about it is useless - nothing one can do with it.
If want to use information,
say to predict where second particle will be after a while
and check that information experimentally,
then second particle has to come into contact with measuring equipment,
or some other stuff has to be linked to it.

As far as complementarity concerned,
Bohr insisted that concepts of momentum and position
work only within specific experimental context.
Two particles can live either in same context,
in which case limited comparisons of same properties can be made,
or not, in which case have two separate bundles of information
that cannot be related to one another.
Einstein and Bohr
Never able to reach common ground; philosophical viewpoints entirely different.
Einstein - probabilities in QM unacceptable.
Use of statistics when calculating behavior of large numbers of particles different
All particles involved have properties such as position and momentum;
but so many —> calculations could not be done,
hence need to average and use statistics to calculate system probabilities.

Bohr - probability in QM fundamental,
not consequence of inability to measure/calculate.
Einstein —> would be another layer of theory underneath QM
—> hidden variables of theory
—> no probability —> QM incomplete.
Einstein(sick of arguing/losing with Bohr) turns to Schrodinger
who also said that fundamentally statistical character of theory
is simply a consequence of incompleteness of description.
Then Schrodinger Introduced idea of Entanglement
Schrodinger argued that state of system of two particles(that have interacted)
cannot be written as simple product of individual states for each particle.
|Particle A interacting with Bi =
6 |Ai |Bi

State where particles have interacted
—> entanglement of individual states
where we cannot say with certainty which particle is in which state.
State such as

1
|singleti = p (|U i |Di |Di |U i)
2
is an entangled state: first particle either ∣U⟩ or ∣D⟩.

Basis of EPR argument, and Bohm variation,
is that system starts in entangled state.
Schrodinger saw entanglement as defining characteristic of QM
it is what —> QM totally different from classical physics.
Emphasized view by discussing disentanglement that happens when measurement made.
—-> Entanglement disappears and particles have properties!
Measuring spin of particle A
—> can deduce spin of B if they are in singlet state.
—> Have collapsed combined state into one of two entangled possibilities.
In Schrodinger’s view disentanglement is of key (possibly sinister) importance
since involved in every act of measurement.
Entanglement and Measurement
Remember earlier argument about measurement/collapse on entangled states.

Possible vertical spin states of electron moving toward S-G magnet
are ∣U⟩ and ∣D⟩ in direction appropriate to particular device.

If use QM to describe S-G magnet(the measuring device),
possible states are going to be ∣φn⟩ (n for neutral, resting state of apparatus),
∣φU⟩ (U for UP showing apparatus registering UP state of electron),
and ∣φD⟩(D for DOWN registering DOWN state of electron).
Might know electron in ∣U⟩ before reaches S-G magnet (passed through one beforehand)
—> state of combined system
before interaction of electron and S-G magnet = ∣U⟩∣φn⟩. U-beam + pointer at 0
After interaction, if measuring device any good,
state evolved into ∣U⟩∣φU⟩

U-beam + pointer to +1

in process governed entirely by equations of quantum theory
(Schrodinger equation or time-evolution operator
|U i |

ni

)

evolves into

|U i |

Ui

or

|U i |

Ui

Û (t) ).

= Û (t) (|U i |

n i)

Note: no collapse of state has taken place,

i.e., a pointer moved!

just evolution of state of S-G apparatus from ∣φn⟩ to ∣φU⟩

i.e., measurement
device state
changed!

during interaction or dial pointer moving from 0 to +1.
First time we are treating measuring device as described by QM,
rather than incomplete statements(earlier)
that measuring device collapses state.
If take quantum theory seriously
as an underlying theory of reality, then

have to describe measuring device, (S-G magnets), in quantum way.
—> state does not collapse when measurement takes place;
Quantum states simply entangle with states of equipment!
To see why this happens, consider…..
Assume we do not know initial state of electron.
Have to write state as

| i = a |U i + b |Di

2

2

where ∣a∣ + ∣b∣ = 1

Then, initial joint state of electron and S-G devices is

| i|

ni

= (a |U i + b |Di) |

not entangled!

ni

Based on linearity property of QM, evolves into
(a |U i + b |Di) |

ni

) a |U i |

Ui

+ b |Di |

Di

—> time evolution seems to gives the entangled state that we need to deal with.
Problem is that state has not collapsed in this view.
What to do?
Consider what happens when passing physicist comes to apparatus
to read off measurement results.
If consider ourselves part of same universe as everyone else
—> described by QM as well.
Must have states such as

|physicist has not looked yeti , |physicist sees UPi , |physicist sees DOWNi

To record results, have to interact with apparatus so that
(a |U i | U i + b |Di | D i) |physicist has not looked yeti )
a |U i | U i |physicist sees UPi + b |Di | D i |physicist sees DOWNi

and we become part of entanglement as well!
Probably why Schrodinger felt entanglement was sinister:
no way to stop it from spreading until
whole universe part of a stupendous entangled state.
—> infinite regression.

Schrodinger was just driving down the WRONG road as we will see!!

That Damned Cat - 1st Pass
The sorry tale of Schrodinger’s cat
has assumed the status of a
quantum mechanical fairy tale.
Amazing how thoroughly this cat
has entered quantum lore,
especially when we consider that 1 quote
is only reference to unfortunate creature in all of Schrodinger’s prodigious written output.
In standard Schrodinger’s cat experiment
small radioactive device linked to trigger controlling release of poison gas.
After period of time, quantum state of radioactive device is in superposition of states
|decayedi + |not decayedi

State of gas and ultimately state of cat are entangled with this state(or thought to be)
—> not possible to tell in quantum description
if cat is alive or dead(more details later).

Schrodinger introduced cat as a means of
illustrating bizarre nature of entanglement
and superposition of quantum states.
(actually wanted to ridicule idea so people would replace it)
Remember when we introduced superposition
—> quantum states can be combinations of states that don’t make sense classically
we did so because such things were needed to describe quantum systems.
Entanglement then follows directly once that is allowed!!.
Schrodinger’s cat illustrates the associated problem of scale.
At what scale do classically forbidden combinations stop being allowed? Is there a size limit?
Experimentally photon seems to travel in two directions at once,
but surely cat cannot be alive and dead at same time!
(or easier for cat lovers to deal with —- a cat cannot travel two paths at the same time!!)
Look inside experiment
—> can see if cat alive or dead, but that doesn’t improve situation.
Our state just becomes entangled and so on…….infinite regression…………..

This discussion which is ultimately probing the measurement problem
—> crucial issue for any interpretation of quantum theory.
Bohr dissolved problem (in his mind) by insisting that at
some point measuring device or cat or person
is described classically, breaking the chain of entanglement. (Remember this point!)
According to Copenhagen interpretation,
the state vector for 2-particle quantum state
does not disentangle
as the particles separate in space-time.
Instead of changing into two separate vectors, one associated with each particle,
state vector remains entangled
and, when a measurement made,
state collapses instantaneously no matter how large separation distance might be.
That is what our theory presently says!
EPR’s view of physical reality
—> if two particles are isolated from each other,
then they are no longer described by single state vector
when a measurement is made.

Reality EPR referring to
=> local reality
and ability of particles to separate(become space like)
into 2 locally real independent physical entities
=> Einstein separability.
In EPR experiment,
Copenhagen interpretation or standard view of quantum theory
denies that 2 particles are Einstein separable
and thus denies they are locally real
until a measurement is made on one or other,
at which point both become localized and real (the collapse process).
Schrodinger’s Cat - Another Presentation
Earlier, collapse of state vector presented without reference
to the point in measurement process when collapse occurs.
Might assume collapse occurs at moment microscopic quantum system interacts
with macroscopic measuring device.
Is this assumption justified?

Macroscopic measuring device is composed of microscopic entities.
Interactions on microscopic level are supposed to use QM for their description.
Suppose a microscopic quantum system
described by state vector ∣ψ⟩ interacts with measuring instrument
(= device which responds to interaction with quantum system
producing macroscopic results like pointers or dials)
with two possible measurement eigenstates ∣ψ+⟩ and ∣ψ−⟩.

These eigenstates combine with the macroscopic device
to reveal one of 2 possible outcomes of a measurement,
deflection of pointer to left (+ result) or right (- result).
Recognizing that the instrument consists of quantum particles,
must describe state of instrument (repeating earlier arguments - will do many times)
before measurement by state vector ∣φ0⟩,
corresponding to central pointer position.

Total state of quantum system+measuring instrument
before measurement described by ∣φ0⟩, is
1
| 0 i = | i |'0 i = p (|
2

+i

+|

1
i) |'0 i = p (|
2

+ i |'0 i

+|

i |'0 i)

just multiply out…..

where ∣ψ⟩ expressed in terms of measurement eigenstates
(assume = orthonormal basis) so that amplitudes are
h

| i=h

+

1
| i= p
2

i.e., —> both final pointer results are equally probable.
Description of what happens if we treat
macroscopic measuring instrument as quantum object(repeat of earlier argument).
First, how does initial state ∣Φ0⟩ evolve in time during act of measurement?
Earlier, the application of time evolution operator Û
allowed us to calculate state vector at later time —> ∣Φ⟩, as
⌘
1 ⇣
| i = Û | 0 i
—> | i = p2 Û | + i |'0 i + Û | i |'0 i
What is effect of

Û

on these states?

If instrument interacts with quantum system
already present in one of measurement eigenstates (∣ψ+⟩ say),
then total system (quantum system+instrument)
must evolve into product quantum state ∣ψ+⟩∣φ+⟩, i.e.,
or, in other words,

Û |

+ i |'0 i

=|

pointer must move to +

+ i |'+ i

if quantum system in state(probability = 1)
corresponding to definite pointer position,
then measuring device state must evolve into state

a postulate!

where pointer is pointing to proper place.
This actually happens in laboratory!!
Similarly, must have

Û | i |'0 i = | i |' i
pointer must move to -

Using special case results, have for evolution of arbitrary initial state
1
p
| i=
(| + i |'+ i + | i |' i)
QM linearity
2
where measuring device states ∣ '+ ⟩ and ∣ ' ⟩
correspond to pointer ending up at + or -

—— A macroscopic event!

Result suggests that measuring instrument
evolves into superposition state
in which pointer has equal probability
to point either to the left or right.
——> It is not in a definite pointer state.
Thus, neither the quantum system nor the pointer has a definite value.
This state will remain a superposition (pointer does not point)
unless we allow for collapse
so that pointer can point (take on definite value)!
If this were final state of system,
then pointer should never settle down and point somewhere!
Even been suggested by some that it would flutter back and forth
between two macroscopically different pointer positions. Wow - how dumb!
Collapsing state vector of system + measuring-device
seems to require a further measurement.
Whole argument repeated ad infinitum(infinite regression).
Are we therefore always locked into an endless chain of measuring processes?

At what point does chain stop
or at what point does state vector “collapse”
—> pointer actually pointing?
Problem created by inability to obtain collapse of state vector
using continuous, deterministic equation of motion
i.e., via the time evolution operator.
Schrodinger called state vector ∣Φ⟩ entangled because,
once generated,
impossible to separate into constituent parts
except by invoking nondeterministic collapse
i.e, some discontinuous process
i.e., some non-unitary time evolution.
Such collapse is not accounted for in equations of orthodox quantum theory
—-> why we had to add a postulate.
Paradox of Schrodinger’s cat is designed
to show apparent absurdity
by shifting focus of difficulty from microscopic world to macroscopic world.

Repeat(more details): Cat placed in steel chamber together with
radioactive source, a detector, a hammer mounted on pivot and bottle of prussic acid.
Chamber is closed.
From amount of radioactive material in source and known time for decay(half-life),
expected that within one hour probability is 1/2 that one atom has disintegrated (decayed).
If atom does disintegrate,
then detector is triggered sending signal to release hammer
that smashes bottle releasing prussic acid which kills cat.
The essential ingredients are shown below

Prior to actually measuring disintegration(decay),
state vector of radioactive atom = linear superposition of measurement eigenstates,
corresponding to physical states of undecayed atom and decayed atom.

Treating measuring instrument as quantum object and using equations of QM
—> superposition of two possible outcomes of measurement.
But what about cat?
These arguments (now see trouble we are in…)
—> must express state vector of (system + cat) as linear superposition
of products of state vectors
describing disintegrated atom and dead cat
and describing intact atom and live cat, i.e.,
1
| i = p (|no decayi |live cati + |decayi |dead cati)
2
where, for example, state vector of dead cat
—> state corresponding to
triggered detector, released hammer, smashed bottle, released prussic acid and dead cat.
Prior to measurement, physical state of cat must be “blurred” (whatever that means)
—-> neither alive nor dead but some unknown combination of both alive and dead states.
Can perform measurement on (system+cat) by opening chamber
and thus determining physical state.
Do we suppose(imagine) that at that point (system+cat) collapses
and we record our observation that cat is either alive or dead as appropriate?

What happens?
QM is clear!
Only result that QM predicts is that
if set up N (N large) similar systems,
then when open N boxes after 1 hour
find 1/2 the cats alive and 1/2 the cats dead.
That is what actually happens experimentally.
Millions of measurements and probability always wins!
Although obviously intended to be somewhat tongue-in-cheek,
Schrodinger’s paradox nevertheless brings attention to an important difficulty we must confront.
Copenhagen interpretation
—> elements of empirical reality defined by
nature(context) of experimental apparatus we construct
to perform measurements on quantum system.
Interpretation insists we resist temptation to ask
what physical state particle (or cat) actually in prior to measurement
as question is without any meaning within this interpretation of QM.

This positivist interpretation sits uncomfortably with some scientists,
particularly those with special fondness for cats.
Thus, some have accepted the EPR argument that quantum theory is incomplete.
They set about searching for alternative theory
that allows attaching physical significance
to properties of particles
without need to specify nature of measuring instrument,
That allows us to define independent reality
and that reintroduces strict causality.
Even though searching for such a theory
might be engaging in meaningless metaphysical speculation,
they believe that it is a search that has to be undertaken.
These are hidden variables people!
Have not succeeded with this approach and as will now see
Bell/EPR arguments say it is a futile search.

John Bell and Bohm’s EPR
Einstein believed in layer of reality underneath quantum theory
that contains hidden variables (not yet discovered)
—> properties of particles —> return to having definite values before measurement.
When you look at old-fashioned mechanical clock face,
you see hands going around,
but may not be able to see hidden mechanisms driving them.
Careful study of moving hands might
—> can figure out properties of clock,
but would have much better understanding if get inside - see workings.
In Einstein’s view quantum mechanics = theory of clock hands;
—> need another theory that looks inside at mechanism
(Would that ever end?).
At moment cannot see mechanism inside quantum systems
<—> have not discovered hidden variables involved.

Since do not have technique for measuring hidden variables (if they exist)
we cannot make definite predictions about outcome of experiments.
When repeat experiments, we are effectively
averaging over various (unknown) possible values of variables
and this ignorance is reason —> why we end up using probability in QM.
—> why probability not intrinsic to world
according to Einstein and other hidden variable people!!!
In 1964, John Bell demonstrated to physics community that any hidden variable theory
with EPR-type entangled states would break
another of Einstein’s most cherished assumptions
about way world works: local causality.
Causality = view that everything happening in world
is due to something else (cause) happening first, and then if we glue it to assumption
that nothing can travel faster than light (Einstein’s theory of relativity)
—> local causality.

When particles interact, they might influence other’s properties,
i.e., measure spin state A,
—> possible that result of measurement influences properties of B:
but —> there must be time delay.
Whatever connection exists between A and B,
information flows between them only at speeds less < c.
So, if measure A and then B somewhere far enough away,
fact that A has been measured
will not have reached B at time of measurement
and so can have no influence on measurement make of B
—> local causality.
Particle A can only influence other particles that happen to be in its locality.
Inside its light cone!
Bell wondered if local hidden variable theory
could properly reproduce all results of quantum theory,
especially when dealing with EPR-type entangled states.

Now look at Bohm-type EPR experiment using spin states(some repetition).
Assume existence of a set of hidden variables
that determine results of spin measurements on the particles.
If create two particles in so-called "singlet" state,
1
1
|Ai = p |U i1 |Di2 p |Di1 |U i2
2
2
—> hidden variables must have opposite values for each particle.
In experiment, two particles, created in singlet state,
heading toward pair of separated S-G magnets.
Assume right-hand side S-G magnet much closer to place where particles created.
If could read these hidden values would know particle A was UP (say)
and particle B was DOWN.
Don’t know(ignorant) values —> have to mix both possibilities
or say particles in an entangled state.
If we did a series of repeated measurements
and found A always UP and B always DOWN,
then could avoid using entangled state —> IS only one part of entangled state.

Since we do not see this happening in these experiments
—> we must assume that values of hidden variables
are randomly determined when particles were created.
The spins are always opposite, but which value each one has comes out randomly.
Particle A now reaches S-G 1, magnet set to arbitrary angle.
As result of measurement either get UP along this S-G angle or DOWN.
Probability of each not 50:50 unless S-G angle happens to be vertical(depends on angle).
If want to calculate probability of UP along the S-G angle,
have to look at angle between S-G 1’s axis and original vertical.
Standard quantum theoretical calculation works and details not important here.

Point we are making.
While particles able to interact
—> possible that values of hidden variables in one
alter values in other.
When A is measured, the interaction between A and S-G 1
might alter hidden variables,
and that information could be communicated to B and
—> influence what happens when measure B.
If set things up —> S-G 1 and S-G 2 far apart,
there is not time enough for any information to travel from S-G 1 to S-G 2
before particle B reaches S-G 2.
So only things that can influence what happens when particle B reaches S-G 2
are the values of its own hidden variables,
supposedly set when particles were created.

Compare to quantum mechanical point of view.
When first measurement takes place at S-G 1,
entangled state of both particles will collapse producing 50:50 UP:DOWN result
no matter what angle of S-G 1 is.
Remember an entangled state has same nonseparable form in any basis.
At that moment when spin direction of A
manifests along line in direction of magnetic field in S-G 1
then at same moment spin direction of B must manifest itself opposite.
If S-G 1 records UP, B arrives at S-G 2 in DOWN state along axis of S-G 1.
If S-G 2 is pointing along same axis, must record DOWN for B,

only same direction fixed!

if not, -> UP and DOWN along its axis relative to how oriented with respect to S-G 1.
this can be calculated in QM

Crucial thing is collapse of state is affecting both particles at same time.
If hidden variable theory is going to match the effects of state collapse,
information from one measurement has to get to other
and if set up experiment correctly,
—> must do so faster than speed of light.
By assuming hidden variable theory had to obey rule of local causality,
Bell was able derive formula to compare results of each measurement
over long run of trials.
Experiment can then test Bell’s formula
—> either quantum description is correct or local hidden variables can work.

Bell’s Formula
Build experiment
—> S-G magnets that can be set to one of three angles 0○, 45○ and 90○.
Allow magnets to switch between angles randomly as experiment goes on.
Then simply sit back and watch singlet states
pass through both magnets and count up results.
If results from two magnets have no influence on one another, then should find that
N [S-G1(0 )U P, S-G2(45 )DOW N ] + N [S-G1(45 )U P, S-G2(90 )DOW N ]
N [S-G1(0 )U P, S-G2(90 )DOW N ]

N is number of pairs of particles counted satisfying set of conditions […],
conditions are inside square brackets, i.e., in term like
N [S-G1(0 )U P, S-G2(45 )DOW N ]

N [S-G1(0 )U P, S-G2(45 )DOW N ]

N is number of times A registered spin UP
in S-G1 when set to 0○
along with particle B registering DOWN
when S-G2 set at 45○.
Although predicted formula looks complicated,
can see how works with aid of figure below, which shows how Bell’s formula
N (A, B̄) + N (B, C̄)

N (A, C̄)

is derived
Note in formula, if A means passes test A, then

Ā means fails test A.

Making things easier, we forget about particles for a moment. and use passing/failing tests - it
is same mathematics - that is what is great about mathematics use in physics!
So, replace idea of measuring particle spins
with that of passing or failing 3 different tests - A, B, and C.
i.e., Bell’s derived result is a very general result (just a property
of numbers and mathematics) that always should be satisfied
everywhere if his classical type reasoning is valid!

Different tests going to stand for different angles of S-G magnets.
Passing means spin UP and failing means spin DOWN along that angle.
First test set up will be equivalent of measurement of S-G1 and second one S-G2.
Also going to assume that result of one test has no effect on next
—> assuming local causality

Symbol like N(A, C̄) going to stand for number of times pass test A first
and then fail (C̄) test C,
or in experimental terms number of pairs that were spin UP in S-G 1 set to angle A
and spin DOWN in S-G 2 set to angle C.

Now look at figure.
Figure broken up into three pie charts,
each stands for one part of formula.

Each pie chart divided by vertical
and horizontal lines.
Left-hand side of each vertical line
stands for passing test B,
right-hand side for failing test B.
Above horizontal line
stands for passing test C
and below for failing test C.
Scattered around segments of pie charts
are passing and failing tests A.
All three possibilities are
equally represented in pie charts.

In top left chart,
lined segments represent times
that test A passed and test B failed:
N(A, B̄ ).

In top right chart, lined segments
are number of occasions that
B was passed and C failed: N(B, C̄ ).
Finally, in bottom chart lined segments
are passing A but failing C: N(A, C̄ ).
Look closely and compare three charts,
—> marked segments in bottom chart already
been covered by marked regions in other
two charts - with area to spare!

So,

N (A, B̄) + N (B, C̄)

N (A, C̄)

—> d’Espagnat’s version of Bell formula.
Startling thing about this demonstration
is that it shows how few assumptions
need to be used in deriving Bell’s formula
and that it is simple classical property of
numbers and standard logic.
Formula itself has nothing to do with quantum theory.
It’s simply a relationship between numbers that
fall (using standard classical logic) into certain categories.
Classical physics does obey this formula!!
Amazingly, as we will see, quantum physics does not obey this formula!!

Aspect’s Experiment -1st pass
Although d’Espagnat’s version of Bell’s formula
might be relatively easy to demonstrate mathematically,
it is not easy to test in experiment.
Different formula was used, quote here which we will not derive(too complicated):
|E(a, b)

E(a, b0 )| + E(a0 , b) + E(a0 , b0 )  2

is valid for a local hidden variable theory (with E(a,b) is defined below).
This expression is once again simply a relationship between numbers that fall (using
standard classical logic) into certain categories.
Vertical lines in first term simply —> absolute value.
Collection of terms on left-hand side = S parameter, Bell result—> S ≤ 2.
Idea of experiment
—> measure S value
and see if fits quantum theoretical description which —-—> S > 2.
Terms in expression directly relate to experimental arrangement
in figure below which shows Aspect’s experiment to test Bell’s formula.

In 1982(47 years after EPR) Alain Aspect’s team at Institute for Optics in Paris
performed significant test of Bell’s formula
since it was first experiment
that allowed detector angles
to be changed while particles were in flight (figure).
Describe experiment with more details later……
Source S produces pair of photons in combined singlet state.
Either side of source are equivalent of S-G magnets for photons (polarizers).
These devices, labelled a and b, check polarization of photons (equivalent of spin).

If photon entering device A(left side) is spin UP along device’s angles,
detected by D+, otherwise picked up by D−.
Same true on right-hand side in device B.
Devices can be set to different angles:
left-hand one can be set to either angle a or a′ , right-hand one to b or b′ .
Each of four detectors feeds into coincidence monitor (CM),
which counts number of times get each possibility (in coincidence => simultaneously):
N++ which is UP at A and UP at B

N

N+

N

which is UP at A and DOWN at B

which is DOWN at A and DOWN at B
+

which is DOWN at A and UP at B

Experiment run while allowing a and b
to randomly switch their angles between a and a′ and b and b′, respectively.
Finally use these counts to construct

(N++ + N ) (N+ + N + )
E(a, b) =
N++ + N
+ N+ + N +

Sort of an expectation
value for results.

Aspect’s experiment conducted with angles a = 0○, a′ = 45○, b = 22.5○, and b′ = 67.5○;
a combination predicted by quantum mechanical calculation
to break Bell’s formula by largest amount.
In all detail,
important not to lose sight of purpose of experiment
and significance of Bell’s formula.
If experimental information fits Bell’s formula, so that S ≤ 2,
then quantum mechanics is wrong
and could possibly be replaced by hidden variable theory
subject to condition of local causality.
If S > 2 local causality is broken
and it seems that results of one measurement can influence results of another,
although even a signal traveling at speed of light would
not have chance to reach second measurement in time.
Experiment then represents a crucial step in our understanding of quantum reality.

Working with angles in Aspect’s experiment, QM predicts S = 2.828.
Correcting for detector efficiency (sometimes miss things)
—> S = 2.70 = prediction of QM.
Aspect measured S = 2.697 ± 0.015
—> agreement with QM and breaking Bell’s formula(S ≤ 2).
Since Aspect’s pioneering experiment,
other(more accurate) such experiments —> quantum theory correct always.
In 2001, team from University of Innsbruck used
two detectors (Alice and Bob) 400 m apart to check formula.
(Now, experiments up to 144 kilometers apart)
Their detection efficiency was such that quantum mechanical prediction was S = 2.74
and they measured S = 2.73 ± 0.02.

Conditions of 2001 experiment place an even greater restriction on things,
since choice of angle at each detector was truly random,
and angles set after photons had left source
and results stored at each detector
and compared only after experiment had been completed.
All of these totally rule out any communication between two photons,
or even two detectors, that could explain results.
BELL’S THEOREM - An Alternative Presentation
Bell demonstrated that under certain conditions
quantum theory and local hidden variable theories
predict different results for same experiment on pairs of correlated particles.
This difference,
which is intrinsic to all local hidden variable theories
and is independent of exact nature of theory,
is summarized in Bell’s derived inequalities.

This proof forced questions about hidden variables to immediately change character.
They were no longer academic questions about philosophy
but practical questions of profound importance for quantum theory.
Choice between quantum theory and local hidden variable theories
was no longer matter of taste, but matter of correctness.
Bertlmann’s Socks
Derive Bell’s theorem with help of famous Dr Bertlmann
(this whimsical story is by Bell himself).

Any philosopher in the street,
who has not suffered through a course in quantum mechanics,
is quite unimpressed by Einstein-Podolsky-Rosen correlations.
She can point to many examples of similar correlations in everyday life.

Bertlmann decides to subject his left socks (socks A from now on)
to 3 different tests:
test a washing for 1 hour at 0.0 C
test b washing for 1 hour at 22.5 C
test c washing for 1 hour at 45.0 C

He is particularly concerned about numbers of socks A that survive intact (a + result)
or are destroyed (a − result)
by prolonged washing at these different temperatures.
He denotes number of socks that pass test a and fail test b as

n[a + b ]
Being a theoretical physicist,
he knows can discover simple relationships between such numbers
without actually performing tests using real socks and real washing machines.
Makes study inexpensive and more attractive to research sponsors.

He reasons as follows: n[a + b−]
can be written as sum of numbers of socks belonging to two subsets,
one where individual socks pass test a, fail b and pass c
and one where socks pass test a, fail b and fail c, i.e.,
n [a + b ] = n [a + b

c+] + n [a + b

c ]

This works probabilistically because
P (C) + P (not C) = 1

Also where individual socks pass test b, fail c and pass a
and one where socks pass test b, fail c and fail a and
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n[b + c ] = n[a + b + c ] + n[a

b+c ]

<latexit sha1_base64="+ZlWv0zVP+qN66D/2I1wwKALHg0=">AAACEHicbVBLSgNBFOzxG+MvmqWbxiAkCGFGRAMiJLhxGcF8IBlCT6eTNOnpGbrfCMOQS3gBt3oDd+LWG3gBz2EnmYVJLHhQVL1HPcoLBddg29/W2vrG5tZ2Zie7u7d/cJg7Om7qIFKUNWggAtX2iGaCS9YADoK1Q8WI7wnW8sZ3U7/1xJTmgXyEOGSuT4aSDzglYKReLl8v1krn9aIMAHdvcK2Eb51ermCX7RnwKnFSUkAp6r3cT7cf0MhnEqggWnccOwQ3IQo4FWyS7UaahYSOyZB1DJXEZ9pNZs9P8JlR+ngQKDMS8Ez9e5EQX+vY98ymT2Ckl72p+J/XiWBQcRMuwwiYpPOgQSQwBHjaBO5zxSiI2BBCFTe/YjoiilAwfS2keIqMGUyyphhnuYZV0rwoO1dl5+GyUK2kFWXQCTpFReSga1RF96iOGoiiGL2gV/RmPVvv1of1OV9ds9KbPFqA9fUL5Tiacg==</latexit>

P (A) + P (not A) = 1

From first equation follows that
n [a + b ]

n [a + b

c ]

since all numbers involved are ≥ 0.
Similarly, from second equation follows that
n [b + c ]

n [a + b + c ]

Adding last two equations gives result
n [a + b ] + n [b + c ]

n [a + b

c ] + n [a + b + c ] = n [a + c ]

or
n [a + b ] + n [b + c ]

n [a + c ]

derivation only used standard logic and inequalities among numbers
At this stage, Dr. Bertlmann notices flaw in his reasoning,
which all of you will, of course, have spotted right at beginning.

Subjecting one of socks A to test a
will necessarily change irreversibly its physical characteristics such that,
even if it survives test,
it may not give result for test b that might be expected of brand new sock.
And, of course, if sock fails test b, it will simply not be available(destroyed) for test c.
Thus, numbers like n[a + b−], etc, have no practical (cannot measure in real world) relevance.
Bertlmann now remembers his socks always come in pairs.
He assumes that, apart from differences in color,
physical characteristics of each sock in pair are identical.
Thus, test performed on right sock (sock B)
can be used to predict what result of same test would be
if test had been performed on left sock(sock A),
even though test on A not actually carried out
Remember this is a counterfactual statement - relating to or expressing what has not
happened or is not the case!. No test is done on A!

Must further assume that whatever test
he chooses to perform on B sock in no way
affects the outcome of any other test he might perform on A sock,
but this seems so obviously valid that
he does not give it any thought whatsoever!!!!
Can you figure out where we are in the EPR argument?

Think causality…….

Bertlmann now devises three different sets of experiments
to be carried out on three samples
each containing same total number of pairs of socks.
In experiment 1, for each pair,
sock A is subjected to test a and sock B is subjected to test b .
If sock B fails test b, this implies that sock A would also have failed test b
had it been performed on sock A.

Thus, number of pairs of socks for which sock A passes test a and sock B fails test b,
which we denote by N+ (a, b)
must be equal to (hypothetical) number of socks A which pass test
a and fail test b(same sock), i.e.,

N+ (a, b) = n [a + b ]

In experiment 2, for each pair,
sock A is subjected to test b and sock B is subjected to test c.
N+ (b, c) = n [b + c ]

Same kind of reasoning allows Bertlmann to deduce that
where N+−(b,c) denotes number of pairs of socks
for which sock A passes test b and sock B fails test c.
Finally, in experiment 3, for each pair,

sock A is subjected to test a and sock B is subjected to test c.
In a similar manner, Bertlmann thus deduces that

N+ (a, c) = n [a + c ]

where N+−(a,c) denotes number of pairs of socks
for which sock A passes test a and sock B fails test c.

Experimental arrangements summarized below.

Bertlmann, now using revised calculations, concludes again that we must have inequality
N+ (a, b) + N+ (b, c)

N+ (a, c)

to represent the experiments.
Bertlmann generalizes this result for any batch of pairs of socks
by dividing each number by total number of pairs of socks
(same for each experiment)
to arrive at frequencies with which each joint result was obtained.
He identifies frequencies with probabilities
for obtaining results for experiments to be performed
on any batch of pairs of socks that, statistically, have same properties.

Thus, he finds that
P+ (a, b) + P+ (b, c)

P+ (a, c)

—> Bell’s inequality for this experiment.
Again, just standard classical ogic and properties of numbers!
Now follow above arguments again, replacing
1. socks with photons
2. pairs of socks with pairs of entangled photons
3. washing machines with polarization analyzers
4. temperatures with polarizer orientations
we still arrive at Bell’s inequality,
i.e., only change words in our description of experiments and not conclusions!
Three tests now refer to polarization analyzers set
with their vertical(optic) axes oriented at
a→0.0○, b→22.5○, and c→45.0○.

Different experimental arrangements summarized as follows:

Probabilities predicted by quantum theory
for given angle difference ∆ between polaroids in each test given by
1
P = sin2
2

i.e., remember matches and misses arguments.
Putting angles above into Bell inequality get
1
1
2
sin 22.5 + sin2 22.5
2
2

or

0.1464

0.2500

1
sin2 45.0
2

which is obviously incorrect!

Thus, for these particular arrangements of polarization analyzers,
the probability formula from quantum theory predicts results
that violate Bell’s inequality.
However, the quantum mechanical probability formula results
agree with all experimental observations!!
Implications:
Einstein could not have seen where EPR argument would lead:
from Bohm’s simpler and more practical version,
to Bell’s analysis in terms of local hidden variables
to Aspect’s experiment and the results that have been produced since.
Quantum theory has survived every test thrown at it and thanks to Bell’s argument,
now seems impossible that it will ever be replaced by local hidden variable theory.
Of course, the option of hidden variable theory
that does not obey local causality is still on the table.

Experimental results showing correlations
between two detectors could be explained by communication between two particles
traveling faster than the speed of light,
something that would hardly have made Einstein feel any better about things.
Quantum theory survives Bell’s test
because entangled states collapse at first measurement.
Remarkably this collapse affects both particles in entangled state
no matter how far apart they may be.
Bohr simply shrugged this off
as a consequence of having to use the
same experimental context for both particles,
an argument that is logically compelling
but does not seem to do justice to the remarkable properties of entangled states.

Bell’s formula is broken by entangled state,
so if want to take realistic view of what’s happening,
state collapse has to be real physical change
happening everywhere at once.
Perhaps we ought to stop thinking of
two entangled particles as being separate at all.
Comparison of quantum mechanics and Bell inequality from 1st experiments is shown in
figures below:

Clearly, quantum mechanics is correct. Even better data exists now!
Most important assumption made in reasoning
which led to inequality was Einstein separability
or local reality of photons(or socks).
Inequality is quite independent of nature of any local hidden variable theory
that could be devised.
Conclusion is inescapable.
Quantum theory is incompatible with any local hidden variable theory
and hence incompatible with any form of local reality.

Means that any theory that has same probabilistic predictions as quantum mechanics
must be nonlocal.
Should not be too surprised by this result.
Predictions of quantum theory are based
on properties of 2-particle state vector which,
before collapsing into one of measurement eigenstates,
is delocalized or entangled over whole experimental arrangement.
2 particles are, in effect,
always in contact prior to measurement
and can therefore exhibit a degree of correlation
impossible for 2 Einstein separable (locally realistic) particles.

Now for some details of the Aspect experiments.

The Details of the Aspect Experiment at Orsay - Alain Aspect -Institute of Optics - Paris 1980
Light source is beam of calcium atoms, excited by two
focused laser beams having wavelengths λʹ = 406 nm and
λʹʹ = 581 nm respectively.
Two-photon excitation produces state having the quantum
number J = 0 (angular momentum).
When it decays, this state emits two monochromatic
photons having wavelengths λ1 = 551.3nm and λ2 =
422.7nm respectively, in a cascade of two electronic
transitions from the initial J = 0 level to the final J = 0
state, passing through an intermediate J = 1 state, as shown
in figure which shows excitation and decay of calcium
atom.
Mean lifetime of intermediate state is 4.7ns.
Simplify terminology, call λ1 = 551.3 nm light
green, and λ2 = 422.7 nm light violet.
Polarizers in experiment = Wollaston prisms is
shown in figure where we can see its two-valued
response.

Calcium based light source - Energy Levels

Wollaston prism is made of quartz or of calcite.
It splits incident beam of natural (unpolarized) light into two beams of equal intensity, polarized at 90○
to each other.
If only single unpolarized photon incident, it emerges either in state ∣x⟩, with probability 1/2,
or in state ∣y⟩ , with probability 1/2 (50-50).
Thus, response of system is two-valued.
Photons are detected by photomultiplier tubes (PM) downstream from prism.
Every electric pulse from detectors corresponds to passage of a photon, allowing photons to be counted.
Experimental layout sketched in figure, which shows first Orsay experiment.

It uses coincidence circuit which registers an event whenever two photons are detected simultaneously.
In this way four separate counts are recorded simultaneously, over some given period of time.
In simpler EPR experiment(Bohm), only 2 possible responses are (+1,−1) or (−1, +1).
In situation realized by Aspect four different responses are possible.
N++ the number of coincidences corresponding to α = 1 and β = 1, that is, to αβ = 1
N+− the number of coincidences corresponding to α = 1 and β = −1, that is, to αβ = −1
N−+ the number of coincidences corresponding to α = −1 and β = 1, that is, to αβ = −1
N−− the number of coincidences corresponding to α = −1 and β = −1, that is, to αβ = 1

Resolving time of coincidence circuit is 10ns, meaning that says two photons coincident if they are
separated in time by no more than 10ns. Mean lifetime of the intermediate state of the calcium atom is
4.7ns —-> on average only one photon per mean lifetime in the experiment.
Therefore, after lapse of 10ns = more than twice mean lifetime, almost all atoms have decayed (actually
88%). In other words, efficiency of coincidence counter is very high. Even better now!
Experiment consists in counting, over some given time interval, the four kinds of coincidence:
N++, N+−, N−+ and N−−. The total number of events is N = N++ + N+− + N−+ + N−−.
Accordingly, the different kinds of coincidence have probabilities

and the measured average of αβ is
Each set of four coincidence counts corresponds to one particular relative angular setting of (A, B)
prisms, and yields a mean value ⟨αβ⟩. But in order to determine the correlation function ⟨γ⟩ (equivalent
to S parameter) used in the BCHSH form of Bell inequality, we need four mean values ⟨αβ⟩.
Therefore, we choose, in succession four different settings(explain) as shown in figure above four
counting runs then yield the four mean values ⟨α1β1⟩ , ⟨α1β2⟩ , ⟨α2β1⟩ , ⟨α2β2⟩ which then determine
the value of ⟨γ⟩ via

The Results of the First Experiment at Orsay
Results of first Orsay experiment shown in figure. Angle θ which specifies relative setting of polarizers
plotted horizontally, and mean value ⟨γ⟩ vertically.

Correlation function predicted by mathematics of quantum mechanics is

It is drawn as solid curve on graph. According to Bell-Clauser, Horne, Shimony and Holt (BCHSH)
version of inequality

so that any hidden-variable theories exclude cross-hatched regions of plane, which correspond to
⟨γ⟩ > 2 or ⟨γ⟩ < −2. Notice experiment goes into cross-hatched regions violating bounds!!

Clearly, can be no doubt that BCHSH inequality is violated; many of experimental points fall outside
interval [−2, 2]. At point where violation is maximal (θ = 22.5○), one finds

which represents departure of over 40 standard deviations from extreme value of 2. What is even more
convincing is precision with which experimental points lie on curve predicted by quantum mechanics latest experiments are even more dramatic (curve and data exactly same!).
Evidently, for EPR scenario, must conclude not only that hidden-variable theories fail, but also that
quantum mechanics is positively the right theory for describing observations.
The Relativistic Test
EPR experiment just described shows that measurements in A and B are correlated.
What is origin of correlations?
According to quantum theory, before measurement each particle pair constitutes single system extending
from A to B, whose two parts are non-separable and correlated. This interpretation corresponds to a
violation of Bell’s inequality and agreement with experiment.
According to hidden-variables theories, particle pair characterized, at instant of decay, by its hidden
variable, which determines correlation between polarizations measured in A and B. This interpretation
satisfies Bell’s inequality but disagrees with experiment.
Accordingly, Orsay experiment supports quantum interpretation (in terms of correlation between
two parts A and B of a single system).

However, to reinforce conclusion, must ensure that no influence exerted in ordinary classical sense
through some interaction propagated between two detectors A and B, that is, no influence which might
take effect after decay at S, and which might be responsible for correlation actually observed.
Let us therefore examine Orsay apparatus in more detail as in figure below where we attempt to test
Einsteinian non-separability.

When detectors at A and B record a coincidence, means that both have been triggered within a time
interval of at most 10 ns, the resolving time of circuit.
Could it happen that, within this interval, A sends to B a signal capable of influencing the response of B?
In most favorable case, such a signal would travel with speed of light in vacuum, which according to
relativity theory is upper limit on propagation speed of information, and thereby of energy.
To cover distance AB, which is 12 m in figure, such a signal would need 40 ns.
This is too long by at least 30 ns, and rules out any causal links between A and B in the sense of classical
physics.
One says that interval between A and B is space-like.

One of advantages of Orsay experiment is that it uses a very strong light-source, allowing sufficient
distance between detectors A and B while still preserving reasonable counting rates.
By increasing distance AB step by step, Aspect could check that correlation persists, even when interval
between A and B becomes space-like.
This is check that guarantees that two-photon system is non-separable irrespective of distance AB.
It has become customary to speak of principle of Einsteinian separability in order to denote absence
of correlations between two events separated by a space-like interval.
This is principle that Orsay experiment invites us to reconsider, even though our minds, used to the
world at the macroscopic level, find it difficult to conceive of two microscopic photons 12m apart as a
single indivisible object (remember this point for later!!!).
The Final Stage of the Experiment at Orsay
Though results of first Orsay experiment are unarguable and clear-cut, conclusion they invite is so
startling that one should not be surprised at appearance of a last-ditch objection, which as it happens
gave experimenters a great deal of trouble.
In the preceding section we discussed possible role of interactions between A and B operating after
decay at S, and duly eliminated objection.
But one can also ask whether correlations might be introduced through an interaction operating before
decay.

We could imagine that the decay itself is preconditioned by setting of detectors A and B, such influences
taking effect through exchange of signals between detectors and source.
No such mechanism is known a priori, but we do know that, if there is one, then Einsteinian
non-separability would cease to be a problem, because the mechanism could come into action long
before the decay, removing any reason for expecting a minimum 30 ns delay.
Though such a scenario is very unlikely, objection is a serious one and must be taken into account;
To get around it, experimenter must be able to choose orientation of detectors A and B at random after
decay has happened at S.
In more picturesque language,
we would say that two photons must leave source without knowing orientations of polarizers A and B.
Briefly put, this means that it must be possible to change detector orientations during 20 ns transits
over paths SA and SB.

Solution adopted at Orsay employs periodic switching every 10ns.
These changes are governed by two independent oscillators, one for channel A and one for channel B.
The oscillators are stabilized, but however good the stabilization it cannot eliminate small random drifts
that are different in the two channels, seeing that the oscillators are independent.
This ensures that the changes of orientation are random even though the oscillations are periodic,
provided the experiment lasts long enough (1 to 3 hours).

The key element of the second Orsay experiment is the optical switch shown in figure below.
Pockel cell
In a water tank,
a system of standing waves is produced by
electro-acoustic excitation
at a frequency of 25 MHz
(corresponds to 10 ns between switchings).
now even better!!

Fluid keeps changing from a state of perfect rest to one of maximum agitation and back again.
In state of rest, light beam is simply transmitted.
In state of maximum agitation, fluid arranges itself into a structure of parallel and equidistant plane
layers, alternately stationary (nodal planes) or agitated (antinodal planes).
Thus, one sets up a lattice of net-like diffracting planes.
Diffracted intensity is maximum at so-called Bragg angles, just as in scattering from a crystal lattice.
Here, light beam is deviated through 10-2 radians (angles in figure are exaggerated for effect).
The two numerical values, 25 MHz and 10-2 radians, suffice to show magnitude of the technical
achievement.
With the acoustic power of 1 watt, the system functions as an ideally efficient switch.

The second Orsay experiment (using optical switches) is sketched in Figure below.

Now using Optical Switches
In this set-up, photons a and b leave S without knowing whether they will go - the first to A1 or A2 and
the second to B1 or B2.
Second experiment is less precise than first, because light beams must be very highly collimated in
order to ensure efficient switching.
Nevertheless, its results exhibit an unambiguous violation of Bell’s inequality, reaching 5 standard
deviations at the peak;
Moreover the results are entirely compatible with the predictions of quantum mechanics.

Some final thoughts about all these ideas before we proceed to the quantum
measurement discussion.
Bell’s theorem follows from classical rules for probability.
QM does not agree with the theorem.
The way QM probabilities work is diﬀerent.
Fort example: Quantum mechanics make us wonder:
Is FALSE the SAME as NOT TRUE?
The statement
"there is a 70% chance that the proposition - if A is measured,
then the result will be a - is true"
is quite different from
"if A is measured, then there is a 70% chance that the result will be a".
It is the latter that is intended in quantum mechanics by the statement:
Prob(A=a|Wave function) =0.7
QM works and NOTHING ELSE works!

Statements from the Pioneers
Bohr once declared when asked whether quantum mechanical algorithms could be considered
as somehow mirroring an underlying quantum reality: He said :
There is no quantum world. There is only an abstract quantum mechanical
description. It is wrong to think that the task of physics is to find out how
Nature is. Physics is concerned only with what we can say about Nature.
Heisenberg said:
In the experiments about atomic events we have to deal with things and
facts, with phenomena that are just as real as any phenomena in daily life.
But the atoms or the elementary particles are not as real; they form a world
of potentialities or possibilities rather than one of real things or facts.
Jordan declared:
That observations not only disturb what has to be measured, they produce
it. In a measurement of position of an electron, the electron is forced to a
decision.
We compel it to assume a definite position; previously it was, in general,
neither here nor there; it had not yet made its decision about a definite
position.
Since measurement is so crucial to QM, let us now look at various aspects of measurement
theory.

Quantum Measurement
We now review the standard formulation of quantum mechanics
based on the 4 postulates listed below(with some embellishments):

•

All physical systems are represented by ket vectors ∣ψ⟩ normalized to 1, i.e., ⟨ψ ∣ ψ⟩ = 1.
The ket labels represent everything that we know about the system.

•

Measurable properties of physical systems are represented by linear operators called
observables.
So restating part of the first postulate, the ket labels represent the values of all
observables of the system that have been measured - we PREPARED the state!!!
If a vector associated with a particular state ∣ψ⟩ is an eigenvector, with eigenvalue α,
of operator Â associated with a particular measurable property of the system, i.e., if
Â | i = ↵ | i , then the system in that state definitely has the value α of that measurable
property.
This implies that if one performs a measurement corresponding to the observable
represented by A on a system in the state ∣ψ⟩, then with certainty (probability = 1) the
measurement yields the value α for that measurable property.
Observables are represented by Hermitian operators (real eigenvalues). Since the
eigenvectors of any Hermitian operator form a complete, orthonormal set, they can be
used as a basis for the Hilbert space of the system

Finally, if the system is in the state ∣ψ⟩ and one measures an observable B̂ , where ∣ψ⟩
is not an eigenvector of B̂ , then the only possible results of the measurement are
one of the eigenvalues {bk} of B̂ .
● Dynamics of state vectors
The state vectors of any system change with time via deterministic laws (similar to
classical rules).
We define the time evolution or time development operator that governs how a state
vector changes in time by the relationship
|A, t +

ti = Û ( t) |A, ti

or the state vector at time t+ t is given by the time evolution operator (Unitary) Û
operating on the state vector at time t.
In general, the ket labels(which contain whatever we know (have measured) about the
state) are the only thing that changes.
The time evolution operator is a unitary operator since the state vector must remain
normalized to 1, i.e., the vector length cannot change, and this is guaranteed by the use
of a unitary operator. The only changes to state vectors in quantum mechanics are
changes in direction (phase).
The time evolution operator is related to the energy operator (this follows from time
translation invariance)
Û (t) = e iĤt/~

● Connection with Experiment/Measurements
We have specified above what happens when one measures a certain property of a
physical system at the moment when the state vector of the system is an eigenvector
of the operator representing the property - probability = 1 that we get the
corresponding eigenvalue.
What if one measures a certain property of a physical system at a moment when the
state vector of the system does not happen to be an eigenvector of the operator
representing that property (which is most of the time) - what are the probabilities?
We need a new assumption.
Suppose the system is in the state ∣ψ⟩ , and one carries out a measurement of a
property (observable) associated with the operator B̂ . We assume the eigenvectors of
are the vectors (states) |bi i , which means that B̂ |bi i = bi |bi i , i=1,2,3,….
B̂
where the bi are the corresponding eigenvalues.
Quantum theory now assumes that the outcome of measurement is strictly a
matter of probability.
Quantum theory stipulates that the probability that the outcome of a measurement of B̂
on the state ∣ψ⟩ (not an eigenvector) will yield the result bi (remember the only
possible results of measurement are the eigenvalues of B̂ no matter what state the
2
|
hb
|
i
|
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system is in), is equal to
(the Born rule).
The probability is given by the absolute square of the corresponding component.
remember that

component = amplitude

The quantum mechanics formalism based on these postulates + embellishments
correctly predicts experimental results for all known experiments (over 100 years).
Some ideas implied by these rules are:
These rules imply that one cannot say anything definite about the value of the observable
represented by B̂ when system is in a state ∣ψ⟩, which is NOT an eigenvector of B̂ .
One can only make probability statements.
Before one measures the observable represented by B̂ when the system is in a state ∣ψ⟩,
which is NOT an eigenvector of B̂ , the system does not have a value of that observable,
according to quantum theory!
Our information about any state is only a set of probabilities.
But all of your experience says that objects have values for measured quantities before they
are measured, i.e., your experience tells you that the observable represented by B̂ has a
value even if we do not measure it.
That is your view (the standard classical view) about what is real and what is not real.
Quantum theory implies you are wrong in both cases!!

Where is the “collapse” postulate?
Since the system has a definite value of the observable represented by B̂ after the
measurement, i.e., a pointer points to a value or a counter clicks or a mark is registered on a
piece of paper (note that these are all irreversible occurrences which must be the end result
of any measurement) and there is no mechanism to produce a single value in the rules as
presented so far, how does it happen?
Most presentations add another rule at this point called collapse of the state vector.

It is usually proposed that the effect of a measurement is to irreversibly change(collapse) the
state vector (which was not an eigenvector of B̂ ) into an eigenvector of B̂
(corresponding to the eigenvalue just measured) so that it would be observed to have a
definite (probability = 1) value for a subsequent measurement of the operator B̂ .
This extra rule says that state vector changes(discontinuously) during measurement from
representing range of possibilities (superposition of all possible states) to definite state or only
one possible outcome.
Which particular eigenvector it gets changed into is determined by outcome of
measurement and cannot be known until then!.
It cannot be predicted! It is at this point that randomness enters quantum mechanics.

I believe that this last rule is not needed and should not be added.
First of all, no real mechanism is ever given for “how” this process actually takes place, and
second no specifications are given as to exactly “when” it occurs.
Also, don’t need collapse mechanism to make any predictions confirmed by experiments.
That suggests to me that it does not exist!

That it is NOT a real process!!

I will now proceed to develop a proposal for “definite outcomes“ without using any “collapse”
rule.
The path I will follow will not be direct, but it will represent the actual tortuous path I
followed to get to the conclusions.
I will meander about, repeating myself often on purpose so I can make subtle changes
to the previous ideas as I learn new wrinkles.
I will initially end up with one conclusion, which we will see has flaws and then I will fix
the flaws and get what I think is the correct answer at the end.
The Measurement Process(some repetition of earlier discussions)
We consider a system consisting of a quantum system (Q-system) and a measurement system
(M-system).
If the meter, which we assume is initially OFF (state ∣0⟩M ) was turned ON when quantum
system was in ∣+⟩Q state, then according to the above rules the combined system evolves to
|+iQ |0iM ! |+iQ |+1iM

i.e., meter (assuming a good meter) reads +1.

Similarly, if the meter turned ON when the system is in the ∣−⟩Q state, then combined system
evolves to
| iQ |0iM ! | iQ | 1iM

i.e., meter (assuming a good meter) reads −1.

This indicates that measurement, within framework of our rules, CORRELATES or
ENTANGLES the dynamical variables (Q-system) being measured and the macroscopic
(M-system) indicator of the meter, which we assume can be directly (macroscopically)
observed (and is irreversible).
Let us expand(and repeat) this discussion a bit.
We have supposed above that the meter has eigenvectors (labelled by the corresponding
eigenvalues), i.e., it is a quantum system also.
|+iM ) meter on : reading + 1
| iM ) meter on : reading
1
|0iM ) meter o↵

and the quantum system has eigenvectors (labelled by eigenvalues)
|+iQ ) value = +1
| iQ ) value = 1

Now suppose that the initial state of the quantum system is a superposition

and thus the initial state of the combined system is given by
⇣
⌘
|initiali = a |+iQ + b | iQ |0iM
which represents the system in a superposition state and meter off.
We are interested in the evolution of this state according to QM.
We note as stated above, if, instead of the above initial state, we started with initial states

|Ai = |+iQ |0iM

OR

|Bi = | iQ |0iM

and then turn on the meter, these states must evolve as
|Ai = |+iQ |0iM

|A 0 i = |+iQ |+iM

|Bi = | iQ |0iM

|B 0 i = | iQ | iM

respectively, indicating that the meter measured the appropriate value (definition of good
meter) since system is in eigenstate and has a definite value with certainty.

If system is in initial state corresponding to a superposition, however, then the linearity of
quantum mechanics says must it evolve into
⇣

⌘

|initiali = a |+iQ + b | iQ |0iM

|f inali = a |+iQ |+1iM + b | iQ | 1iM

We note a problem immediately,
i.e., the meter has not ended up in a state with a definite value
- it remains in a superposition of two macroscopically different pointer readings,
which is never observed in the real world.
Hence, if as most physicists assume,
the state vector represents a complete description of the Q-system,
there seems to be a need for the “collapse” rule
to fix the result and obtain “definite” values!
Since we will not be incorporating the “collapse” rule, we must proceed in a different way.
We cannot use the state vector as the fundamental object in quantum theory
since it seems that it must collapse (or maybe not!) for quantum mechanics to work
and we are not including “collapse”.

Introduce new mathematical object called the Density Operator to remedy this situation:
Now we present this alternate way of representing quantum states. Reasons why come later!
It is still an open question whether this alternative is a simple mathematical convenience or a
more ontologically true representation.
Either way, it has a key role to play in modern interpretations of quantum theory and also leads
to a possible solutions to measurement problem.
This discussion is more mathematical than rest of these notes, but you will benefit if you
persevere and work through material. It is very important.
The problem, as we will now see, lies with assuming that the state vector is the proper way to
represent the Q-system during the measurement process.
Now, the expectation value is the average of set of measurement results taken from a
collection of systems in same state.
A straightforward calculation of the expectation value in a specific state takes the following
form, with
Ô being an operator representing the measurement of the specific physical
variable and ∣φ⟩ is a state vector of some system in the collection:

D E
Ô = h | Ô | i

If we choose any set of basis vectors {∣i⟩}, i = 1, 2, .... for our vector space, we can expand
∣φ⟩ and ⟨φ∣ as
X
X
| i=
ai |ii , h | =
a⇤j hj|
i

j

where

Plugging these expansions into the expression for the expectation value:
rearrangement

substitution

more rearrangement

Now we define a new operator
operator onto the state ∣φ⟩.

more rearrangement

⇢ˆ = ∣φ⟩⟨φ∣, which, at this point, is just the projection

We can then write the expectation value as
substitution of new definition

appearing in the expression

Recognizing the relation

one finds that the expectation value can be rewritten in a very interesting form
0
1
1
X X
X
X
@
@hi| ⇢ˆ @
hÔi =
hi| ⇢ˆ |ii hj| Ô |iiA =
|ji hj|A Ô |iiA
i

0

1

j

hÔi =

X
i

hi| ⇢ˆIˆÔ |ii =

X
i

i

0

j

hi| ⇢ˆÔ |ii = Tr(ˆ
⇢Ô)

<— the important result!!

diagonal matrix element

i.e., the expectation value is given by the sum over the diagonal matrix elements of the
operator product
⇢ˆÔ (the symbol Tr = Trace is just shorthand for the diagonal sum).
The new operator

⇢ˆ is called the density operator.

Why bother to introduce this new operator?
As we will see, the real power of density operator approach to QM comes when we have to
deal with a situation in which we cannot be sure what state system is in (as is the case in the
measurement problem!!).
Now, imagine we have a whole collection of identical systems, some in ∣φ1⟩, some in ∣φ2⟩, etc.
We might not know which system in which state, and might not even know how many systems
are in any one state.

Example: Think about a beam of electrons that has not passed through any Stern-Gerlach
(S-G) magnet.
Chances are that the spin states of the electrons are completely random.
Perhaps the best one can know is the probability of finding an electron in any state.
P1 = Prob(|

1 i)

,

P2 = Prob(|

2 i)

,

P3 = Prob(|

3 i)

,

........

These probabilities have nothing to do with quantum theory.
They simply represent our ignorance of the details of what is happening in the beam.
Thus, they are not related to any quantum amplitudes.
Given a situation like this, one should still be able to do some useful calculations.
For example, one could work out the expectation value of any measurement as follows.
If one can calculate the expectation value of each individual state, then the overall expectation
value is simply given by
D E
Ô = P1 h

1 | Ô | 1 i

+ P2 h

2 | Ô | 2 i

+ P3 h

3 | Ô | 3 i

+ ..... + Pn h

that is just the standard definition of the average value!!

n | Ô | n i

Think back to original definition of expectation value which just represents the average value
of measurement and this will be clear.
What we have done here is put together the weighted average of the average value for each
state, which, as we said, is just the standard definition of the overall average value.
Now if one constructs a density operator that is given by the expression

sum of probability x projection operators for all possible states

then the expectation value, in this case, is still given by

Proof(for mathematically inclined):
Now

h

ˆ | 1i
1| ⇢

=h

1 | (P1

|

1i h 1|

+ P2 |

2i h 2|

+ ···)|

1i

or
h
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1| ⇢

= P1 h
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1i h 1
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+ P2 h
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+ ···

similarly
then

h i | ⇢ˆ |
Tr(ˆ
⇢Ô) =

X
i

or

h i | (ˆ
⇢Ô) | i i =

Tr(ˆ
⇢Ô) =

XX
j

Thus

Tr(ˆ
⇢Ô) =

i

Tr(ˆ
⇢Ô) =

X
i

i

= Pi
X
i

Pi

ij

ij

h i | (ˆ
⇢IˆÔ) | i i =

h i | ⇢ˆ |

XX
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i

h i | (ˆ
⇢

X
j

(|

j i h j |)Ô) | i i

j i h j | Ô | i i

h

j | Ô | i i

Pi h i | Ô | i i = hÔi

proof complete!

Some notation: when the density operator takes the form

only one term!

it is said to represent a pure state and when the density operator takes the form

it is said to represent a mixed state (more about mixed states later).
A crucial example of the need for the density operator.

Follow this very carefully.

Consider a box containing a very large number of electrons, each having spin = 1/2.
This means that each electron spin can have a measurable component ±1/2 along any
direction.
Now, suppose the box has a hole so that the electrons can get out and then go into a SternGerlach device oriented to measure the z-components of spin(arbitrary choice of direction).
In order to proceed, we need to know how the box of electrons was prepared, i.e., what state
the electrons are in or what the KET labels are….…
Let us consider two very different cases:
In the first case, we fill the box with electrons that have been prepared in a superposition state

This preparation can be done by sending electrons through an x-oriented magnet and
choosing one of the resulting beams (UP in x in this case).
Thus, in this case, each electron is in the the indicated superposition state of z-directions
—-> each electron is in a superposition of “up” and “down” in the z-direction while
simultaneously being in a definite state of spin in the x-direction (up). x-value is known and
z-value is 50-50
We then fill one box with these electrons.

In the second case, we send electrons through a z-oriented magnet and collect electrons from
both beams “z-up” and “z-down” separately.
In this case we know that the electrons are either “z-up” OR “z-down”, i.e., they each have a
definite value - they are not in a superposition.
We then fill another box with the two collections of electrons of definite z-spin electrons
Box is now (50-50) up/down in z-direction , BUT each electron now has a definite value!.
Remember, the electrons in the box in this case are EITHER in the state |"z i OR in the state |#z i
Now we proceed with the experiments.
In case (1) we observe “z-up” 50% of the time and “z-down” 50% of the time
and we know that in order to describe this system by a state vector we must say

i.e., every electron in the box is in this superposition state.

which is how we created them

In case (2) ) we also observe “z-up” 50% of the time and “z-down” 50% of the time.
But we now have a problem because we are using state vectors as the fundamental
object in the theory!

If I did not already know that each electron in the box in this case had a definite value, I would
be tempted to describe this system by the same state vector as in case (1).
However, we know that is not true!
The electrons in case (2) are not each in a superposition — they all have definite values!
So, if I only measure z-components I cannot tell whether I have case (1) or case (2) and I do
not know how to write the state vector for the box in case (2),

But remember how I created the electrons in case (1).
They all have a definite value of the x-component, namely, “x-up’.
So if I subject the electrons coming out of the box in case (1)
to an x-measurement instead of a z-measurement,
I will end up with only one beam!
However, in case (2), the electrons coming out of the box are either “z-up” OR “z-down”
each of which is 50-50 in the x-direction and thus I would end up with two beams after the
extra x-measurement!
I get diﬀerent results for 2nd measurement because they are diﬀerent states!!

The different results mean that their states must be described differently in QM
State vectors do not give us the freedom to do this unless we want to monkey around with
relative phases between components, i.e., mathematically, we would need to write

where α is a completely unknown relative phase factor, which must be averaged over
during any calculations since it is different (and random) for each separate measurement
(each member of ensemble).
Thus, we would be choosing to allow the two vectors to differ in the relative phase of their
components and we are forced to say this is meaningful!
Let us continue…
If we use density matrices, we have a very different story.
For the pure state a density operator (or matrix) is defined as
⇢ˆ = | i h |

for some state vector ∣ψ⟩, i.e., it is the pure state projection operator.
In case (1) this gives
or

1
⇢ˆ = | i h | = (|1/2i + | 1/2i)(h1/2| + h 1/2|)
2

—> 4 terms

Derivation of the ⇢ˆ

matrix in the (+1/2, −1/2) basis: from our earlier definitions we have

Now

and so on and we get
where the diagonal matrix elements represent probabilities(50-50) and the non-zero
off-diagonal matrix elements indicate that one will observe quantum interference effects in this
system.
It is clear(look at above expression) that any pure state density operator cannot be written as
the sum of pure state projection operators (multiplying always generates cross-terms).
In case (2), however, each electron is in a definite state (has a definite value) so that each state
is separately represented by a single projection operator —>
only have the sum of two definite terms

we call this form the
“ignorance” density operator
same algebra

and

which clearly is the sum of pure state projection operators.
This corresponds to what is called a mixed state.
Note that the off-diagonals are zero so that this density operator cannot lead to any quantum
interference effects. The electron have values like classical particles!!
Remember for later, this system(case (2)) is such that electrons have values so that the
density operator takes this form (sum of projection operators for each value —> NO
cross-terms)!!
Note that when electrons DO NOT HAVE VALUES (case (1)) the density operator has
interference terms(mixed terms) and cannot be written as a sum of projection operators
A DIFFERENCE that does NOT show up when using state vectors!!
We note that if we treat case (2) as pure state with the extra relative phase factor we would
obtain:
✓
◆
✓
◆
i↵
1
1
1
e
1 0
⇢ˆ =
⇢ˆ =
which becomes
i↵
e
1
0 1
2
2
when we average over

↵.

For comparison, let us digress to see what happens in a real classical system.

Now, let us digress to see what happens in a real classical system.
Consider rolling a standard die which has possible values = 1,2,3,4,5,6 where the probability
of occurrence of each value = 1/6.
In this case, the density operator representing the die will be for a mixed state (no
interference effects) and the die has a value before/after each roll so that we have

1
⇢ = (|1i h1| + |2i h2| + |3i h3| + |4i h4| + |5i h5| + |6i h6|)
6

a mixed state

\ operator must be
and the expectation value of the ROLL

standard definition
just sum of values times probabilities!!

More formally, we know that any operator can be written as sum of eigenvalues × projections
operators, i.e., for the B̂ operator introduced earlier we found we can write

\
so that we have for the ROLL

operator

\ operator
The operator product of the density operator and the ROLL

can be written(using the orthonormality of the basis state vectors) as

Thus, the expectation or average value is

as we obtained earlier. I can do all detailed algebra if interested after class session.
But, in this case, we know the values are real before the measurement,
i.e., we are using a macroscopic die with numbers we can see!
Thus, it seems that this particular form of a density operator represents that case.
The same was true earlier for the electrons in the box when we knew they were either “up” or
“down”! We also had a density operator of the same form!
In both cases the system had known values before measurements!
REMEMBER this fact for later.

If we were to add the “collapse” rule it raises a host of questions:
What exactly do we mean, physically and mathematically,
by a “collapse during measurement” of quantum system?
Does collapse occur all at one instant? What if the state occupies a finite volume?
Wouldn’t instantaneous collapse(the entire volume changes at once) contradict special
relativity?
If, instead, collapse occurs during a time interval, then what equation describes its
time-evolution during that interval?
Quantum states are presumed to follow the Schrödinger equation,
which prescribes continuous time evolution;
How can instantaneous state collapse be reconciled with smooth evolution?
How can we resolve “problem of outcomes” that appears to arise
when a superposed quantum’s state is measured by “which-state” detector,
creating a so-called entangled state of the quantum and the detector
that appears to be an indefinite superposition
of two macroscopically distinct states of a composite system?
Such questions and more comprise the quantum measurement problem.

There are many alternative interpretations of the quantum physics mathematical formalism,
and several alternative modifications of theory,
have been proposed to resolve problem, with no consensus on a solution.
It is remarkable that, despite the unparalleled
experimental success of quantum theory across a vast range of experiments,
most of the suggested solutions differ from standard quantum physics
in one or more significant aspects.
Most involve new interpretations of the standard mathematical formalism.
Interpretations such as "human minds collapse the quantum state"
or "all possible collapses occur but only one of them occurs in our particular universe"
or even rejection of physical reality of quantum world
and assumption that quantum probabilities
(and hence changes in those probabilities,
such as quantum state collapse) are mere measures of personal degrees of belief.
yadda, yadda, yadda………

Other suggestions assume modifications of the standard mathematical formalism,
such as an additional mechanism
that causes quantum states to spontaneously collapse from time to time,
or new "hidden" and hence uncontrollable variables
that create the illusion of quantum randomness.

more yadda, yadda …..

With all these thoughts/ideas in hand,
we will now continue this discussion of the measurement problem
and finally suggest a resolution of problem of definite outcomes
that lies entirely within standard quantum physics.
We will follow a tortuous path.
First, we will spend time with one possible solution to the measurement problem.
We will arrive at a point where it “looks” like we found a solution.
But it will not be so!
The reasons will be subtle but clear.
We will then see how to correctly interpret what is happening and find in the end that
von Neumann was correct in 1932 even though for 90 years papers were published
deriding his idea!

Begin with question of definitions.
What do we mean, physically, by quantum measurement?

First, we need a non-anthropomorphic definition of the concept known as "measurement,"
ie., there were measurements before humans,
so let’s broaden its physical definition as follows:

A “quantum measurement” means
any quantum process that results in a macroscopic effect,
regardless of whether humans or laboratories are involved.

Thus not only is an electron striking a laboratory viewing screen
and creating a visible flash a measurement, but also a cosmic-ray muon striking
and macroscopically moving a sand grain on a planet in some other galaxy
is a measurement.
To analyze a measurement,
we look at a specific experiment: suppose an electron beam passes
through a pair of double slits and then impacts a viewing screen.
Just as in Thomas Young’s similar double-slit experiment using light, performed in 1801,
a pattern is formed on the viewing screen that seems to shows interference
between the two portions of the electron beam which are seemingly(classically)
coming through the two slits:
a broad dark-and-bright striped pattern spreads out widely on the screen
- much wider than slits
- indicating regions of destructive (dark) and constructive (bright) interference.

On closer inspection,
the bright lines are formed by a very large number of tiny individual electron impacts,
each one making a small flash on the screen.
According to our definition, each flash is a measurement
of the position of an electron as hits the screen.
I repeat - Each electron’s flash on screen is a measurement!
For the purposes of this analysis, however,
it is more informative to consider a related example of measurement,
still based on the double-slit experiment.
Suppose an electron detector is installed at the slits
and assume that the detector can detect the electron’s position
as it passes through slits while disturbing each electron only minimally
(in the precise sense described below).
As it turns out, measurement,
even by such a minimally-disturbing “which-path detector”, changes everything.

Exactly when the detector turns on,
the pattern on screen changes from a striped interference pattern
to a smoothly-spread-out sum of two single-slit patterns,
each showing diffraction but no interference, i.e., the probability function governing
the pattern of flashes changes at that instant!
The interference pattern abruptly vanishes, i.e., probability has changed.
An analogous experiment has been done using light (photons) instead of electrons,
and using an interferometer rather than double-slit interference setup as we
discussed earlier.
A which-path detector was randomly switched on or off
as each photon passed through this experiment;
Photons for which the detector was "off" formed an interference pattern
while photons for which the detector was "on"
formed the expected no-interference pattern.

Reminder:
If the system is in a “pure” superposition state, then the density operator takes the form

i.e., sum of projection operators and “cross-terms” (interference terms) or the matrix form

where the diagonal matrix elements represent probabilities
and the off-diagonal matrix elements imply
that one will observe quantum interference effects in this system.
Clearly, any pure state density operator cannot be written
as the sum of pure state projection operators (because of the cross-terms).

If in a “mixed state”, then the density operator takes the form

or the matrix form

i.e., sum of projection operators (no interference terms).
As we found in the dice example:

We now state our first attempt at describing what happens during a measurement.
When we observe a quantum system evolve into such a “mixed state” density operator,
then the quantum system can be interpreted “classically”,
i.e., a measurement has taken place
and it has been irreversibly recorded somewhere.
This is the important point!!
A full “collapse” is not necessary!!
We only need to arrive at (evolve to) a particular form of the density operator!!

Before continuing let me paraphrase Richard Feynman about what has happened.
“Somewhere in the measuring apparatus changes have
occurred and the concept of a quantum amplitude is not valid
anymore, i.e., if we are throwing our quantum die, then the
quantum amplitude only remains a valid idea until the die
comes to rest on the floor.
And that point you can’t do an experiment which distinguishes
interfering alternatives from just plain odds (like with classical
dice).
—> we are at the “ignorance” density operator stage!
There is no point where you can say a "reduction" has taken
place, i.e., there is just a murky unseen phasing out of the
quantum amplitudes.
Possibly what is happening is that in the macroscopic
measuring device, quantum phase information gets so
"smeared out" that it is no longer definite and thus the system
behaves classically.
Since we are not quantum objects we may never be able to see
the details of this process, but it clearly happens.”
Now let us continue our discussion!

It registered
an
irreversible
result!

Possible ways to think about getting to the irreversible recording point must be found.
Two digressions —> possible ways to get to the irreversible recording —
(1) The so-called Gambler’s Ruin problem
We start by investigating the Mathematical Problem of the Points (seems unrelated but it is not!)
A sequence of fair coins is flipped.
Player A gets a point for every head and player B gets a point for every tail.
Player A wins if there are a heads before b tails, otherwise B wins.
Find the probability that A wins
Let α(a,b) be the probability that A wins and
β(a,b) the probability that B wins

—> ↵(a, b) + (a, b) = 1

someone wins!

Solution (due to Pascal and Huygens -1500’s)
binomial
coeﬃcient

where
An example is the Gambler’s Ruin problem.

k! = 1 · 2 · 3 · · · · k

Just as in the problem of points, suppose that at some stage A has

a counters,

and B has m + n − a counters so that total number of counters = m+n,
and let A’s chances of victory at that point be v(a).

The solution when A starts with m counters is given by

This works for all cases except α = β=1/2 (the 50-50 probability case).
For that special case, the solution is

This implies that there is always a winner (hence the the name Gambler’s Ruin for the loser)
Even when α = β = 1/2 there is still always a winner!!!!
Note that this relation is linear in

a

in this special case!

Pearle’s Theorem
What does this have to do with quantum collapse?
Here is a short note from Philip Pearle (a really good physicist and friend):
I soon found a charming analogy for collapse dynamics,
useful for providing an intuitive and non-technical explanation of how it works.

I happened to be browsing in Feller’s book on probability
(a favorite textbook, from an undergraduate course taught by Stanislaus Ulam)
when I encountered the gambler’s ruin game.
Two gamblers, initially possessing, respectively, a fraction x1(0), x2(0) of their combined wealth
(so x1(0) + x2(0) = 1)
repeatedly toss a fair coin, and the result, heads or tails,
determines which one gives one dollar to the other.
They play until one gambler loses all his money, and the game ends.
The analogy arises if the amount of money possessed by one gambler at any time
is proportional to the squared amplitude of one of two states
whose sum is the state vector representing the physical system undergoing collapse.
Just as one gambler loses all his money, so one of the states loses all its amplitude,
and as the other gambler wins all the money,
so the state vector ends up as totally described by the other state (—> collapse!!).
collapse has occurred without any interference by gamblers!
Let Q(x) be the conditional probability that a gambler wins the game,
given that he has the fraction x of the total wealth.

If ∆ is the fraction of the total wealth they exchange at each toss (i.e., ∆ = $1/total dollars),
the difference equation

expresses that there are two routes to win if one has fractional wealth x,
namely lose the next toss and drop to x − ∆ but win thereafter,
or win the next toss and rise to x + ∆ and win thereafter.
The solution of the difference equation is Q(x) = Ax + B, where A and B are constants.
Boundary conditions:
Since Q(0) = 0 (because you can’t win if you have no money) and Q(1) = 1
(because you have won if you have all the money), then Q(x) = x, i.e.,
Q(1) = 1 = A+B

Q(0) = B= 0 —> A = 1, B = 0 —> Q(x) = x

That is, if one starts with the fraction x = x(0) of the money,
one has the probability x(0) of attaining all the money —> you get to x = 1,
which is exactly collapse behavior.
The game can be modified to have many players,
to have ∆ change as the game progresses
(e.g., to get smaller as one gambler gets closer to losing), etc.

So, one may think of quantum collapse
(getting to the point where an irreversible measurement has been made)
as a gambler’s ruin competition among the states in a superposition,
to see which final state wins the game (remains at the end).
I ran a simulation of the Gambler’s Ruin problem using OCTAVE on a computer.
OCTAVE Code
gambruin.m

Some sample runs are shown in next slide - note there is always a winner(loser)

One state always wins out!!
Collapse occurs even though there is no direct collapse mechanism!!
An irreversible mark always appears!!
Could this be the way collapse works without a postulate or mechanism?
More Details are in supplement GamblerRuin.pdf on website

Another way to get to the irreversible recording ……
(2) Decoherence…
If we have a quantum system is the state
then this(non-zero oﬀ-diagonal elements) states exhibits quantum interference eﬀects.
“Decoherence” says that as a state interacts with macroworld in its environment (which it has
to do) the oﬀ diagonal elements go to zero, i.e., the state makes transition to

As we already said, this state has zero quantum interference eﬀects and a definite
measurement value has been irreversibly recorded somewhere.
If we had quantum dice the state vector would be
1
|Dicei = p (|1i + |2i + |3i + |4i + |5i + |6i) and ⇢ = |Dicei hDice|
6
1
⇢ = [|1i h1| + |2i h1| + |3i h1| + |4i h1| + |5i h1| + |6i h1|
6
+ |1i h2| + |2i h2| + |3i h2| + |4i h2| + |5i h2| + |6i h2|
+ |1i h3| + |2i h3| + |3i h3| + |4i h3| + |5i h3| + |6i h3|
+ |1i h4| + |2i h4| + |3i h4| + |4i h4| + |5i h4| + |6i h4|
+ |1i h5| + |2i h5| + |3i h5| + |4i h5| + |5i h5| + |6i h5|
+ |1i h6| + |2i h6| + |3i h6| + |4i h6| + |5i h6| + |6i h6|]

giving

Thus, the quantum dice generally has a lot of quantum interference terms.
This corresponds to a density matrix of the form
0
1
a11 a12 a13 a14 a15 a16
Ba21 a22 a23 a24 a25 a26 C
B
C
Ba31 a32 a33 a34 a35 a36 C
C
⇢=B
Ba41 a42 a43 a44 a45 a46 C
B
C
@a51 a52 a53 a54 a55 a56 A
a61 a62 a63 a64 a65 a66

lots of oﬀ-diagonal terms
lots of quantum interference

Rolling the dice (a measurement) or “decoherence” if dice left alone, produces
0
1
a11 0
0
0
0
0
B 0 a22 0
C
0
0
0
B
C
B 0
C
0
a
0
0
0
33
1
C
⇢=B
B 0
a11 = a22 = a33 = a44 = a55 = a66 =
0
0 a44 0
0 C
B
C where
6
@ 0
A
0
0
0 a55 0
0
0
0
0
0 a66
or

and as we said earlier this indicates a measurement has occurred!! .
Maybe that is what Gambler’s Ruin is doing and they are the same thing!
Now let us continue on our earlier path.

Now look closely at “which-path” experiments
In so-called "delayed-choice experiment” mentioned earlier,
there is instantaneous (to within some accuracy) fast switching between two states;
Also, each collapse is executed entirely while photon was inside interferometer.
We can gain considerable insight by studying
how quantum theory describes a which-path measurement.
Note: it is a measurement as defined earlier,
because a detector registers "slit 1" or "slit 2" macroscopically for each electron.
Denote state of one electron passing through slit 1 as

|

1i

and the state of one electron passing through slit 2 as |

2i

.

John von Neumann, who was the first to
carefully analyze measurement in purely quantum-theoretical terms,
insisted on treating not only the measured quantum but also the macroscopic detector as
quantum systems because, after all, detectors are made of atoms and they perform a
quantum function by detecting individual quanta.
I agree with that view of the macroscopic detector.

Now repeat earlier discussion again, filling in any remaining gaps and eliminating
any remaining confusions.
Accordingly, represent "ready to detect" quantum state of detector by |readyi
and state of detector after detecting an electron by |1i if |
and by |2i if

|

2i

was detected.

1i

was detected,

A properly operating detector will surely transition from ∣ready⟩ to |1i
upon measurement of electron that has been prepared
(perhaps by simply shutting slit 2) in

|

1i

state

.

As a limiting idealization,
we assume, with von Neumann,
that the measurement of electron prepared in the state |
leaves the electron still in state | 1 i after detection.
Such a minimally-disturbing measurement would cause
the electron-plus-detector composite system,
initially in the composite state | 1 i |readyi ,
to transition into the final state | 1 i |1i .

1i

,

We summarize the process as
|

1 i |readyi

!|

(1)

1 i |1i

Similarly, a minimally-disturbing measurement of an electron initially prepared in |
described mathematically by
|

2 i |readyi

!|

2i

is

(2)

2 i |2i

Now suppose that both slits are open so each electron “can pass through either slit”,
and suppose the preparation and experiment (e.g. slit widths) is symmetric
with respect to the two slits.
Then the state of each electron as it approaches the slits prior to detection
must be described by a symmetric superposition
1
| i = p (|
2

1i + |

2 i)

(3)

But quantum physics, including its time dependence, is linear. This implies that
evolves according to

(4)

| i |readyi

The final state
(5)
following detection is said to be "entangled"
because it cannot be factored into simple product of states of the two sub-systems.

As indicated suggestively in Figure
when two independent quanta pass near
each other, interact, and subsequently
separate, the interaction generally
entangles the two quanta and the
entanglement then persists after
interaction regardless of how far apart
the two quanta might eventually travel,
provided only that the two quanta
experience no further interactions.
Despite a possibly wide spatial separation, entangled quanta have a unity not possessed by
non-entangled quanta.
This unity is source of quantum non-locality!

Entanglement is ubiquitous in nature.
The entangled "measurement state" (5) that is at heart of quantum measurement is
remarkably subtle.
To fully understand “entanglement”, we first need to understand “superposition”.
The quantum principle says that
any linear combination(superposition) of possible quantum states of a system,
as in (3) and (5) for example, is also a possible quantum state of that system.
Figure pictures an experiment that demonstrates such a superposition of states.

This represents a layout of optical paths
called a “Mach-Zehnder interferometer”.

Light beam enters at lower left passing through "beam splitter" BS1;
reflected beam(amplitude) makes a right angle with incoming direction
while transmitted beam(amplitude) passes straight through.
So the beam “splits” and each “half” traverses one of two paths (meaning amplitudes exist for
such to happen);
Mirrors M bring paths back to crossing point as shown.

Devices called "phase shifters,
" denoted by φ1 and φ2, are placed into each path.
The phase shifter can add
a short variable length to a path.
A second beam splitter BS2 can be placed at crossing point.
Without BS2, each “half”-beam(amplitude) moves straight ahead along one path
to the detector on that path.
Things get more interesting with BS2 in place.
Because 50% of each of the two beams(amplitudes) then goes to each detector,
BS2 mixes the two beams(amplitudes) together so the experiment can show interference.
The interferometer is constructed so that, when phase shifters are set to zero,
two "optical paths" (number of wavelengths, after accounting for phase changes upon
reflection and refraction) from the entry point to D1 are equal
while the two optical paths to D2 differ by half a wavelength.

Thus, is found that amplitudes interfere constructively at D1 and destructively at D2,
i.e., all photons go to D1.
If one then uses φ1 or φ2 to add half wavelength to either path, amplitudes then interfere
constructively at D2 and destructively at D1,
i.e., all photons go to D2.
As one continuously varies length of one or other path
by varying one or the other phase shifter,
one finds that amount of light(number of photons) arriving at D1 varies continuously from
100% down to 0%,
while amount arriving at D2 varies from 0% to 100%.
Two paths are clearly interfering - can construct a normal interference pattern from the data!
Experiment is an interferometer-based analog of Young’s double-slit interference experiment
demonstrating the “wave” nature of light - because have set the experiment context to do so!.
But, as we know, light is really just photons, and photons are indivisible.
How then does nature explain this experiment
when we dim the light source to a level where only one photon at a time traverses the
interferometer? i.e., when the detectors only record one photon at any instant of time!

After all, the photon still traverses BS1, but it cannot split in two
because a quantum is unified and cannot be split.
With BS2 removed, one finds either D1 or D2 registers a single
entire photon, randomly, with 50-50 probabilities, regardless of how
the phase shifters are set.
The randomness is absolute - it is more random than any human macroscopic game, such as
coin flips, which only mimics randomness.
Nature has invented quantum randomness to deal with obstacles such as beam splitters while
preserving the unity of the quantum.
Detectors never register half a photon. They either get either a whole photon or no photon.
What happens in single-photon experiment with BS2 present?
As discussed earlier,
beginning from equal path lengths,
which give constructive interference at D1
and destructive interference at D2,
as phase shifters vary,
probabilities of detecting a photon at D1 and D2
vary as in Figure,
which gives the percentage of photons impacting D1.

Importantly,
results do not depend on which phase shifter the experimenter chooses to vary.
Since each photon responds to changes in either path length,
each photon must “follow both paths” - whatever that statement means!
This verifies the superposition principle and shows that quanta can seem to be in “two
places at same time”.
This seems paradoxical if we assume photons are tiny particles,
but if we assume photons are waves it is not paradoxical,
i.e, each photon simply spreads along both paths, interfering with itself at D1 and D2.
One must conclude that each photon travels both paths
even when BS2 is not present to directly verify this,
because once a photon enters interferometer
it must behave in same manner regardless of whether BS2 is placed
or not placed at far end.
A delayed-choice experiment provides further evidence for this conclusion:
Since photons "do not know" whether BS2 will be inserted,
they must travel both paths on all trials
including those for which BS2 is not inserted - this is connected with entanglement.

With BS2 removed,
the situation is like the double-slit experiment
with a which-slit detector present.
Each photon is entangled
with macroscopic detectors D1 or D2 as in (5).
With BS2 present, the two paths mix and we have a situation
like double-slit experiment with no which-slit detector each photon follows two paths to each detector
where it interferes with itself, and we detect an interference state (3).
All of this suggests that measurements affect superposed quantum states
via entanglement of the superposed quantum with a detector.
Resolving Paradoxes and Understanding Measurement
The apparent paradox of Schrödinger’s cat
A cat is penned up in a steel chamber, along with the following setup.
In a Geiger counter there is tiny bit of radioactive substance, so small, that in course of an hour
one of its atoms decays, but also, with equal probability, none decay; if it happens, the counter
tube discharges and through a relay releases a hammer which shatters a small flask of
hydrocyanic acid (poisonous vapor).

If one left the entire system to itself for an hour,
one would say that the cat still lives if no atom has decayed!
If one uses a state vector approach for understanding the entire system,
one would express this by having a living and a dead cat mixed
or smeared out in equal parts a superposition of “dead” and “alive” with other properties of system!
It is typical of these cases,
that indeterminacy originally restricted to atomic domain
becomes transformed into a macroscopic indeterminacy,
which can only then be resolved by direct observation,
which prevents us from naively
accepting as valid the “blurred model" for representing reality.
Mathematically, the nucleus and the cat
have become entangled in measurement state (5),
with ∣ψ1⟩ and ∣ψ2⟩ representing the undecayed and decayed states of the nucleus
and ∣1⟩ and ∣2⟩ representing the alive and dead cat.

According to Schrodinger’s understanding of this situation,
the indeterminacy of the microscopic nuclear state "becomes transformed
into the macroscopic indeterminacy" of cat, and he could not comfortably accept this
“blurred cat state” i.e., a cat that is in a superposition of being both alive and dead.
He hoped this would say something is wrong with QM.
As we will show, standard quantum physics, Schrodinger’s 1937 understanding was incorrect.
The composite system (cat-plus-nucleus) is not predicted to be
in superposition of two states of a cat and two states of a nucleus.
Instead, the composite system is predicted to be in a superposition of two correlations
between the cat and the nucleus; one where live cat is 100% correlated with undecayed
nucleus, and second where dead cat is 100% correlated with decayed nucleus.
Entanglement will have transformed a pure state superposition of nuclear states
to a pure state superposition of correlations between subsystem states.
We will see this is what one expects from quantum mechanics, and it is not paradoxical.

This so-called “problem of definite outcomes”
applies of course to more than Schrodinger’s dramatized example.
Regardless of whether measuring instrument is a which-slit detector,
a Geiger counter, or a cat, the entangled state (5) applies.
This state appears at first glance to represent a quantum superposition
in which the detector is in two macroscopically different states simultaneously.
If so, then there is an inconsistency within quantum physics,
because obviously it cannot be this easy to create a macroscopic superposition.
The question is: Is it true that (5) really represents a macroscopic superposition?
Turns out, there is more to this entangled state than meets the eye.
If one assumes the detector to be in a superposed state in its own space

a∣1⟩ + b∣2⟩

,

one finds that (5) necessitates either a = 0 or b = 0 (one or the other), implying that the
detector is not in an individually superposed state within its own Hilbert space.
The same applies to the detected quantum:
It is not in a superposed state a∣ψ1⟩ + b∣ψ2⟩ with both a ≠ 0 and b ≠ 0.
The entanglement process leaves neither sub-system superposed in own space!
So far as I know, this simple fact has long been ignored by physicists studying the
measurement problem.

The Density Operator to the Rescue
The density operator formalism for quantum physics provides a stronger version of this
conclusion(because it is a more appropriate approach).
Density operator for quantum system whose state is ∣ψ⟩(pure state) is projection operator
(6)
As we saw earlier, if system is in a state whose density operator is ⇢ˆ , then standard
quantum expectation value hÔi of an arbitrary observable Ô is found from
(7)
where "Tr" represents trace operation (sum of diagonal matrix elements).
This approach is especially useful if the quantum system is a composite of two subsystems A
and B.
We define the density operator ⇢ˆA

for subsystem A alone by
(8)

where "TrB" means that trace taken only over states of subsystem B (remove all traces of B).
It is then easy to show (see later)
that standard quantum expectation values for subsystem A alone
(values obtained by an observer of A without any knowledge of B) are
(9)

where

ÔA means any observable operating on system A alone

(i.e., operating within A’s Hilbert space).
Applying this formulation to measurement state (5),
the reduced density operators for the quantum system (call it A) and its detector (call it B),
respectively, are

(10)
(11)

Plus signs in (10) and (11) make one think of superpositions such as (3), but these are not
superpositions.
The density operator for the superposition (3) has cross-terms:
(12)
Two cross-terms, involving both ∣ψ1⟩ and ∣ψ2⟩, are missing in (10).
So (10) does not describe a system in a superposition of two quantum states.
However, (10) is precisely the density operator one should use if one knows the quantum
system is either in state ∣ψ1⟩ or in state ∣ψ2⟩ but one didn’t know which and so, due your own
to lack of information,
—> you simply assign a probability of 1/2 to each of the two possibilities.

Same goes for (11).
(10) and (11) are "classical" probabilistic states - analogous to "states of knowledge" one
would assign to a coin flip when you know outcome to be either heads or tails with equal
probability but don’t know yet which has occurred.
Remember the dice example also!
The situation described by a density operator such as (10) is known as a "mixture" of states
∣ψ1⟩ and ∣ψ2⟩, as distinct from a "superposition" of states observed in the Mach-Zehnder
experiment and represented by (3).
Equation (9) tells us that all correct statistics for subsystem A alone can be found from
standard formula (7) applied to subsystem A alone.
But we have just seen that (10) is the density operator one should use if one knows A to be
in either ∣ψ1⟩ and ∣ψ2⟩ without knowing which.
The same goes for subsystem B and (11).
In the case of Schrodinger’s cat, it follows that the observer of the cat alone sees outcomes
appropriate to a cat that is either alive or dead, not both.
For subsystems, the interference terms are missing, and an "ensemble" of repeated trials
must exhibit a nonsuperposed mixture rather than a superposition.
This is the clear prediction of quantum physics for the entangled state (5).
But one must be careful, because (10) and (11) are not complete descriptions of the quantum
states of the nucleus or the cat.

In fact, (10) and (11) are not quantum states at all, but merely "reduced states" arising from
the actual state (5) of the composite system when one part of the composite system is
removed from the equations..
In the case of Schrodinger’s cat, (10) and (11) give the correct predictions for observations of
either the nucleus alone or the cat alone, but do not represent the state of either subsystem
because this given by (5).
In fact, when two quanta are entangled, neither one has quantum state of its own!
But B’s state of affairs is certainly not entirely described by (11).
Rather, it is described by the composite state (5).
Equation (11) merely tells us following:
If the cat and the nucleus are in state (5) then, when one looks at the cat, one is going to see
a cat that is either alive or dead.
There is no claim that (11) represents complete quantum state of the cat.
That is, there is no claim that the cat is really in either state ∣1⟩ or state ∣2⟩, because the state
it’s really in is admittedly (5).
In fact, we do have complete knowledge of the state of both A and B, namely measurement
state (5).

Reduced operators admittedly do not represent the state of the composite system.
They tell us only what will observe at the nucleus and at the cat
and they tell us nothing about the correlations between these observations,
so these density operators do not tell us the real state of the system.
And so plot thickens.
The entangled state (5) properly describes both individual subsystems.
However, the plus sign in (5) signifies the superposition of two terms.
We know, however, that neither subsystem A nor subsystem B is superposed.
What is meaning of plus sign?
This superposition arose from superposition represented by (3).
We cannot logically ignore this fact a strategy known as "shut up and calculate" approach to quantum measurement.
Instead, we must ask:
Exactly what is superposed when two subsystems are in this entangled state?

Superpositions preserve the all-important unity of quantum.
When Max Planck proposed in 1900 that electromagnetic radiation occurs in energy units of
magnitude E = h⌫ , he tacitly implied the central quantum principle:
The unity of an individual quantum.
Energy (electromagnetic energy in case of radiation) comes in spatially extended bundles,
each having a definite and identical quantity of energy.
One cannot have half a quantum, or 2.7 quanta.
You must have either 0 or 1 or 2 etc. quanta.
This is a fairly natural notion - apparently nature prefers to sub-divide the universe into a
countable or even a finite set of entities as opposed to an uncountable continuum.
The spatial extension of these bundles then implies nonlocality:
If we have one quantum and destroy it (by transforming it to something else),
we must destroy all of it everywhere,
simultaneously, because we cannot, at any time, have just part of quantum.
Louis de Broglie put it perfectly in 1924, regarding another kind of quantum, namely the
electron:
The energy of an electron is spread over all space with a strong
concentration in a very small region. ...That which makes an electron
an atom of energy is not its small volume that it occupies in space – I
repeat it occupies all space – but the fact that it is indivisible, that it
constitutes a unit.

When one transforms state of a quantum, one must transform the entire extended quantum all
at once.
Hence there are observed quantum jumps in experiments.
Furthermore, composite entangled systems such as atoms also behave in a unified fashion.
This unity is the source of nonlocality seen in experiments involving entangled pairs of photons.
Nonlocality is exactly what one would expect, given the unity and spatial extension of quantum
and unitary (i.e. unity-preserving) nature of entanglement process.
Standard nonrelativistic quantum theory seems to prescribe two kinds of time evolution:
collapse upon measurement,
and Schrodinger equation between measurements.
The key feature of Schrodinger equation is that it prescribes a so-called "unitary" time
evolution,
meaning time evolution that preserves pure states,
i.e. transforms unit Hilbert space vectors into other unit vectors.
Some ideas that are required physically by the unity of quantum are expressed as follows:
If quantum is described by pure quantum state at t = 0, it should remain pure at later times.
This notion prompts us to ask whether the measurement process also preserves pure states.
At least in case of idealized process described in (4), the answer is "yes" because both
"before" and "after" states are pure.

Measurement state (5), since it is pure, represents a highly unified state of affairs, even
though one of its subsystems is a macroscopic detector.
Thus, one suspects that this state, like its progenitor (3), is truly a superposition in which the
superposed terms represent two situations or states of the same object.
But precisely what is that object, i.e., what is superposed?
We have seen that the states of subsystem A are not superposed,
nor are the states of subsystem B.
The conventional interpretation (which, as we will see, is subtly incorrect) of a product state
such as ∣ψ1⟩∣1⟩ is that it represents a state of a composite system AB in which subsystem A is
in state ∣ψ1⟩ while B is in state ∣1⟩ (we used such a state in the two-path experiments).
In this case, (5) would represent a superposition in which AB is simultaneously in the state
∣ψ1⟩∣1⟩ and also in the state ∣ψ2⟩∣2⟩.
The situation for Schrodinger’s cat would be: live cat and undecayed nucleus superposed with
dead cat and decayed nucleus.
This is at least as physically outrageous as a live cat superposed with a dead cat, and it
contradicts physical implications (a cat that is either alive or dead) of reduced states (10)
and (11) as described earlier.
Something is still wrong!
Let us repeat some of our discussion and provide more details to work it all out.

Some Repetition and More Intricate Details
Proposal:
The solution to the so-called quantum measurement problem is completely contained within
standard quantum mechanics and needs no elaborate new structures and interpretations.
Remember the standard discussion from earlier:
The following discussion is at limits of knowledge you have learned about QM, but I thought
you should see what researchers including myself are doing at the present time. The details
of the derivations are not important, ONLY the conclusions.
Total system T = quantum system S (states |si i ) + measuring device A (states |ai i),
where |a0 i = state of measuring device “o↵”
The unitary time evolution rule then says
|s1 i |a0 i ! |s1 i |a1 i

unitary evolution

|s2 i |a0 i ! |s1 i |a2 i

unitary evolution

The linearity of QM then says that
| iSA = (c1 |s1 i + c2 |s2 i) |a0 i = c1 |s1 i |a0 i + c2 |s2 i |a0 i ! c1 |s1 i |a1 i + c2 |s2 i |a2 i

In this derivation

| iS = c1 |s1 i + c2 |s2 i

is state of quantum system(superposition), while
| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

is state of combined system(entanglement/superposition).

The quantum measurement problem is the realization that the state
| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

is not observed as outcome of measurement!
What is seen is not a so-called superposition, but either
|s1 i |a1 i or |s2 i |a2 i

That is the so-called “problem of outcomes”.
The state

| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

is usually referred to as a superposition, which is misleading.
Entanglement outweighs superposition as the defining feature of this state. Without
entanglement-correlations - we would not have a measurement problem!
Careful investigation of this state in a 2007 experiment(Roch, et al) (a Wheeler-type delayed
choice experiment) demonstrates its strikingly non-local character.
Will discuss the experiment in detail shortly.
A photon jumps from state | iS = c1 |s1 i + c2 |s2 i to state | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

precisely when A(measuring device) switches on and while photon is still inside interferometer,
and jumps from | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i
off during the experiment.

to | iS = c1 |s1 i + c2 |s2 i when A switches

Quantum jumps, removal of interferences, and the observed non-locality are due to
entanglement.
Of course, an entangled state = superposition, but it is a very special superposition.
To call | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i simply a “superposition” misses the crucial physics
of entanglement and makes all the difference in the understanding of the state.
Entanglement is the characteristic trait of quantum mechanics; one that enforces the
entire departure from classical lines of thought.
It is well known that, for 2-part systems, all non-product states exhibit non-locality (Bell
inequality).
Thus when S and A are entangled | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i, they share a non-local
channel.
The measurement state | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i is very subtle.
Although | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i
superposition of A, neither is true.

is called a superposition of S and/or

Thus, when S and A in measurement state | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i , neither S
nor A in a superposition. | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i = superposition, but neither a
superposition of S nor of A and also not superposition of states of composite system SA.
In | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i , S is in both states |s1 i and |s2 i simultaneously, as is
known from observed interference between 2 states.

However, in case of | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i experiment now shows that SA is not in
both two-part states |s1 i |a1 i and |s2 i |a2 i simultaneously, but only simultaneously in two
correlations between the states.
The entanglement of two systems is quite different from superposition of one system.
Experiments(Rarity) demonstrated the precise sense in which | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i
represents a superposition.

Experiments answer question “given that S and A are in state | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i ,
what (if any) entities interfere and what is nature of interference?”
Let us see exactly how………
The Local State Solution(due to Jauch) of the Problem of Definite Outcomes
Consider a single quantum S(electron or photon), passing through double-slit experiment, with
a “downstream” viewing screen.
Suppose an ideal “which-slit detector” A is present so that, upon detection, S and A become
entangled in measurement state | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i with orthogonal detection
states |ai i . Imagine S and A are separated by meters or kilometers.
Complete observation of experiment requires two “local observers”, The 1st observer is S
and the 2nd observer is A.
Such a non-local setup has been carried out experimentally.
What did the local observers observe this experiment?

A well-known prediction of quantum physics says
that the 1st observer observes implications of the “local state of S,”
represented by a “reduced” density operator,
where the degrees of freedom for the 2nd system
are averaged over(removed) by the “trace” (Tr) operation (see below)
⇢S = TrA (⇢SA ) = |c1 |2 |s1 i hs1 | + |c2 |2 |s2 i hs2 |

and 2nd observer would observe the implications of “local state of A”, represented by the
reduced density operator
⇢A = TrS (⇢SA ) = |c1 |2 |a1 i ha1 | + |c2 |2 |a2 i ha2 |

where a density operator gives probabilities via the relation
P (b) = Tr(⇢Pb ) = Tr(⇢ |bi hb|)

The “local state of S” is found by completely removing from the density operator any effects
of A and vice versa.

This is the important idea!

Derivation of reduced density operator (for completeness)
⇢SA = |

SA i h SA |

= (c1 |s1 i |a1 i + c2 |s2 i |a2 i)(c⇤1 hs1 | ha1 | + c⇤2 hs2 | ha2 |)

where we have used orthonormality of measurement states via

hai | aj i =

ij

We note that the Tr (trace) operation = sum over all designated states
removes all knowledge of the designated(traced) system from the equation.
This is clearly useful if we do not know much about the reduced system.
A similar result holds for ⇢A .

Continuing our discussion.
Clearly, the reduced states are mixtures, not superpositions.
QM predicts both LOCAL observers find mixtures not superpositions.
An ensemble of experimental trials verifies
this via mixed-state patterns in agreement with the assertion made earlier
that neither S nor A is in a superposition.
For a different example,
⇢A = TrS (⇢SA ) = |c1 |2 |a1 i ha1 | + |c2 |2 |a2 i ha2 |
predicts Schrödinger’s cat is in a mixture of either dead or alive,
not a superposition of both dead and alive.
The local states
⇢S = TrA (⇢SA ) = |c1 |2 |s1 i hs1 | + |c2 |2 |s2 i hs2 |

and

⇢A = TrS (⇢SA ) = |c1 |2 |a1 i ha1 | + |c2 |2 |a2 i ha2 |

must be taken seriously as implying outcomes predicted to be observed at the two sites.

The local states cannot be dismissed simply
by the argument that the only “real” state is the “global state”
| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

There is no contradiction between the predicted local mixtures
⇢S = TrA (⇢SA ) = |c1 |2 |s1 i hs1 | + |c2 |2 |s2 i hs2 |
⇢A = TrS (⇢SA ) = |c1 |2 |a1 i ha1 | + |c2 |2 |a2 i ha2 |

and the unitarily-evolving global pure state

.

| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

Important:
We are saying: To consider the combined system SA as a single system only evolving
unitarily misses the essential physics of nonlocality.
Haroche and Raimond weighed in on the question of
when a two-part system should be considered as a composite of two subsystems,
versus when it should be considered a single system B = SA. .

The composite system should be considered as single whenever the binding between the parts
is much stronger than the interactions involved in dynamics, so that the internal structure of the
composite system is left unchanged as it travels through the experiment
By this criterion, SA not single system.
Not only does the relation between S and A change during experiment, the relation is
entangled and thus nonlocal.
The implication is that | iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i must be considered an entanglement
of two separate systems S and A, not superposition of single composite system SA.
That’s the basics of the theory at this point in my development! It follows completely
from standard QM.

Not sure yet!

Let us do it again!

Now for even more details and possible new interpretations
Roch’s “delayed choice” experiments used a Mach-Zehnder interferometer (1st figure)
rather than the logically equivalent double-slit setup, to observe photons. It is shown in detail
in the 2nd figure.

While a photon is on the 48-meter-long interferometer paths, a quantum-based
random number generator “decided” whether the second beam splitter (positioned at the
end of paths - note the spatial separation) would be incorporated or omitted, i.e., it decided
whether detectors would not or would (respectively) determine “which path.”
In trials incorporating second beam splitter, an interference pattern is observed,
indicating the photon passed through device as superposition along both paths.
On trials omitting second beam splitter, no interference is observed, indicating the photon
passed through device as mixture along one or other path.
The two parallel paths were 5 millimeters apart.

Precisely (so far as the experiment could determine)
when the second beam-splitter switched from “on” to “off,” the photon collapsed in mid-flight
from being on both paths to being on one or the other path.
The quantum jump was correlated with and coincident with
the incorporation or the omission of the second beam splitter
(i.e., with the decision to not entangle or to entangle the detectors with the photon).
All experimental results are just as predicted by the reduced states
⇢S = TrA (⇢SA ) = |c1 |2 |s1 i hs1 | + |c2 |2 |s2 i hs2 |
⇢A = TrS (⇢SA ) = |c1 |2 |a1 i ha1 | + |c2 |2 |a2 i ha2 |

Switching the second beam-splitter off entangles the photon and the detector in
measurement state
| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i
causing the photon to collapse from a superposition
into the mixture

| iS = c1 |s1 i + c2 |s2 i

⇢S = TrA (⇢SA ) = |c1 |2 |s1 i hs1 | + |c2 |2 |s2 i hs2 |

that is observed at the detector.

At this point we are in the diagonal density matrix stage.
Thus, we are doing a classical measurement(like dice) and it should be interpreted as
such!
This should resolve problem of definite outcomes!
This was my belief at this point in my tortuous path to understanding!
Quantum theory predicts and experiment verifies that, with the detector in operation,
observers of S and of A find them to be in definite mixtures,
not indefinite superpositions.
Any strategy of imagining the quantum and the detector to be widely separated
obviously changes nothing
- it does not matter whether the quantum and the detector are close together or far apart.
The key to understanding quantum measurements comes from
understanding nonlocal relationship that develops between S and A
when they evolve unitarily into entangled measurement state
| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

In experiments, this global state

| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

violates Bell’s inequality, implying instantaneous non-local transfer of correlations across
Not information transfers, but
arbitrarily large distances.
CORRELATIONS which we can only see later!

Without entanglement one would observe different results
- the interferences would not disappear as in the experiments.
But entanglement “decoheres-collapses” coherent states
so that S and A impact their detectors randomly.
Locally, entanglement “decoheres” each photon so that they exhibit definite outcomes.
But quantum dynamics is unitary, implying that the global state
| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

remains coherent despite the incoherence of subsystems.
Since the individual photons are now incoherently mixed, what has happened to coherence?
Answer:
It is the experimentally observed global coincidence measurements
which compare the impact points of entangled pairs.
In the double-slit experiment with two screens, each photon “knows” the impact point (i.e.,
phase shift) of other photon and instantly adjusts own impact point in order to form an
interference pattern as a function of difference between two photons’ phase shifts!
This is strikingly non-local, and the experimental results violate Bell’s inequality.

Thus the coherence of the entangled state resides in correlations between subsystems,
rather than in the subsystems themselves.
Entanglement transforms the coherence of states of S into
coherence of correlations between states of S and A, allowing S and A to exhibit definite
outcomes while preserving the global coherence as demanded by unitary evolution.
We can now answer the question:
Precisely what is superposed and what interferes in the measurement state?
The answer is surprisingly simple:
Only the correlations between S and A are superposed.
Thus the measurement state

| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

should be read as:

The state |s1 i is positively correlated with the state |a1 i ,
and the state |s2 i is positively correlated with the state |a2 i
Only correlations are superposed, not states.
When the superposition | iS = c1 |s1 i + c2 |s2 i of S entangles with states of A, the

superposition shifts, from a superposition of states of S to superposition of correlations
between S and A, so S can be in an incoherent mixture while maintaining unitary global
dynamics.

This is how nature resolves problem of definite outcomes.

So the coherence exhibited by the measurement state
| iSA = c1 |s1 i |a1 i + c2 |s2 i |a2 i

must be invisible to local observers,

and yet show up in the global measurement state in order to preserve unitary dynamics.
One could regard this as the underlying reason why entanglement (i.e., measurement)
must shift coherence from the states of S and A to the correlations between S and A.
“Collapse” or the “appearance of definite values” (reduced density operator)
can be viewed as a consequence of the measurement state’s nonlocality
plus special relativity’s ban on instant signaling.
We note that the global measurement state is a very different animal from local states.
While the local mixed states are immediately observed at both local sites,
the global state can be “observed” only at some time after measurement by traveling
to both local sites, gathering data from both, and then assembling information
and noting the correlations between two sets of data.

Our conclusions so far:
When the detector measures the superposed quantum,
quantum physics predicts that the states actually observed are
local (i.e. mixed or reduced) states of subsystems,
it is not the superposed global state that follows from Schrödinger’s equation.
The local states directly observed in the measurement
must contain no hint of nonlocal correlations
between two subsystems since this would violate relativity’s prohibition on instant signaling.
Thus the local states describe what actually happens at both subsystems.
The global state predicts these local states(they can be derived from it),
and also predicts indirectly-observable (by gathering global data at later time)
nonlocal correlations between these states.

Continuing along my path to understanding…..
An even more dramatic experiment

—

Experimental nonlocality and entanglement

Now demonstrate that, according to standard quantum theory (and experiment),
measurement state (5) represents none of paradoxical situations we have mentioned.
Again let us repeat material from earlier - understanding this topic is so important that
repetition is warranted.
The unity of the quantum suggests that the measurement state (5) represents a unified,
hence superposed and pure, quantum state of composite system.
We asked the question: precisely what is superposed?
Studied simple (i.e. non-composite) superposition (3) via interference exhibited in M-Z
experiment.
Varying the length of either path 1 or path 2
created varying interference effects in detectors,
demonstrating each photon really must travel both paths to its detector.

Quantum theory agrees entirely with these conclusions,
as can be shown by using photon wavelengths
to show that path differences correctly predict interferences observed at each detector.
This implies that to understand the measurement state,
one needs to find and analyze entanglement experiments that demonstrate interference.
This has been done for several decades in connection with quantum non-locality.
Many nonlocal interference experiments have been done
beginning with Clauser and Freedman,
culminating in experiments demonstrating nonlocality across great distances
and that simultaneously closed all possible loopholes in all previous experiments.
By now, it is well known that entangled state (5) predicts nonlocal effects
between two subsystems, and that phase variations of either subsystem
cause instantaneous(non-signaling), i.e., non-local, readjustments(correlations)
of the possibly-distant other subsystem.

When macroscopic systems are involved (i.e., cats) we have a problem.
it is not easy to vary the phase of cat,
and as we saw in the Mach-Zehnder experiment,
one cannot understand superposition without varying phases of the superposed parts.
Thus, all nonlocality experiments carried out with pairs of simpler quanta such as photons.
The best nonlocal entanglement experiments
most appropriate for investigating measurement
were conducted nearly simultaneously by Rarity,Tapster and Ou, Zou, Wang.
Figure shows layout for these "RTO" experiments.

The “Source" creates entangled photon pairs by "parametric down-conversion”, a process
which we discussed earlier.
The RTO experiment is two back-to-back MZ-interferometer experiments but with first
beam splitter for each photon located inside the source of entangled photons.
Without entanglement, each single photon (either A or B) would interfere with itself at its own
detectors according to own phase shifters φA or φB.
In the experiment, two entangled photons are emitted into a superposition of solid paths
connecting detectors A1 and B1, and dashed paths connecting detectors A2 and B2.
Remember that the two photons are already entangled when emitted.

Entanglement changes everything.
No longer does either photon interfere with itself at own detectors.
Instead, photons are entangled in measurement state (5) with ∣ψ1⟩ and ∣ψ2⟩
representing (say) solid-line and dashed-line states of A and ∣1⟩ and ∣2⟩
representing solid-line and dashed-line states of B,
although in RTO experiments neither subsystem is macroscopic.

Each photon now acts like a which-path detector for the other photon.
Recall the double-slit experiment:
When the which-slit detector is switched on, the pattern on screen switches
abruptly from a striped interference pattern indicating the pure state nature
of each electron across both slits, to phase-independent sum
of two non-interfering single-slit patterns.
Entanglement between the electron and the which-slit detector breaks the pure state into two
single-slit parts, so that measured electron comes through either slit 1 or slit 2.

This suggests that in the RTO experiment, the entanglement should break the pure-state
superposition (3) into two non-interfering parts.
This is exactly what is observed.
Both photons impact their detectors as random 50-50 mixtures, just like a flipped coin.
Entanglement breaks the single-photon pure state (3) observed in the Mach-Zehnder
experiment, causing each photon to behave "incoherently" with no dependence on its phase
setting.
But (5) is pure state.
Where has the phase dependence gone?
The answer lies in the phase-dependent but nonlocal relationship observed between the
solid and the dashed branches.
This phase dependence is observed experimentally in coincidence (or correlation)
measurements comparing the detections of entangled pairs.

The “flipped coins” mentioned above turn out to be correlated with each other.
This phase dependence across two separated subsystems is essential to preserve unity of
(now entangled) quantum.
This is not an easy experiment to perform:
The source creates a stream of photon pairs, and one must compare the impact of single
photon A at detectors A1, A2 with impact of corresponding entangled photon B at detectors B1,
B2.

RTO figured out how to do this, with result shown in Figure.

The figure graphs the degree of correlation between A and B.
This is a measure of the agreement between the outcomes at A’s detectors and B’s detectors.
A correlation of +1 means perfect, or 100%, agreement:
Either both sets of detectors register outcome 1 (i.e., A1 and B1 click)
or both register outcome 2.
The opposite extreme is a correlation of -1, meaning 100% disagreement: If one detector
registers 1, the other registers 2.
Either correlation, +1 or -1, implies that either photon’s outcome is predictable from the other
photon’s outcome.

A correlation of zero means one photon’s outcome does not at all determine other’s outcome:
Each photon has random 50-50 chance of either outcome regardless of the other photon.
Correlations between 0 and +1 mean the outcomes are more likely to agree than to disagree,
with larger correlations denoting higher probability of agreement;
for example, correlation of +0.5 means 75% probability of agreement.
Similarly, correlations between 0 and -1 mean outcomes are more likely to disagree than to
agree; a correlation of -0.5 means a 75% probability of disagreement.
The RTO experiment agrees entirely with the predictions of standard quantum physics.
When accounting is made of optical paths for both photons, QM obtains the following result:
1
P (correlated) = P (A1 and B1) + P (A2 and B2) = [1 + cos ('B
2
1
P (anticorrelated) = P (A1 and B2) + P (A2 and B1) = [1 cos ('B
2

where P(correlated) is single-trial probability that A’s and B’s detectors
will agree,
and P(anticorrelated) is a single-trial probability that A’s and B’s
detectors will disagree.
The degree of correlation, defined as
P(correlated) − P(anticorrelated),
is then simply cos(φB − φA), as graphed in last figure.

'A )]
'A )]

In 1964, John Bell, as we discussed earlier, published a ground-breaking article stating the
sufficient condition for a statistical theory such as quantum physics to meet a condition known
as "locality."
He defined locality to mean "that the result of measurement on one system be unaffected
by operations on distant system with which it has interacted in past".
Bell expressed a sufficient condition in the form of inequality that any local theory must obey.
He demonstrated that certain statistical predictions of quantum physics violate Bell’s
inequality, i.e. quantum physics makes nonlocal predictions.
The results in last figure implies the case in point: the figure violates Bell’s inequality at all
phase differences φB − φA other than 0, π, and 2π.

Let me underline meaning of this:
Violation of Bell’s inequality means that the
statistics of the measurements on photon A photon A’s "statistical behavior" - is
necessarily affected by the setting of photon
B’s phase shifter.

In fact, even without Bell’s condition, the nonlocality of the experiment is intuitively obvious.
Here’s why:
Suppose we set the phase shifters to zero and that all four optical paths (two solid, two
dashed) in are then equal; thus φB − φA is zero.

Without the two beam splitters BS,
the two photons emitted into the solid pair and the dashed pairs of paths
would impact either detectors A1 and B1 or A2 and B2
because of the symmetry of experiment and conservation of momentum.
This is neither surprising nor nonlocal,
and would happen even if the photons were not entangled.
But the beam splitter is a randomizing device
that mixes the solid and dashed paths;
any photon passing through it has 50-50 chance of reflection or transmission.

With non-entangled photons and both beams splitters in place, there would then be no
correlation between photon A’s outcome and B’s outcome because the two photons are
independent of each other.
With entanglement, the correlation is perfect.
How does one photon know which path the other photon took at the other photon’s beam
splitter?
poor question!!
Each photon is now "detecting" the quantum state of the other photon, from a distance that
could be large.
Perfect correlation certainly "feels" nonlocal even though (as mentioned above) this perfect
correlation at φB − φA = 0 does not violate Bell’s inequality.
Note that such a violation is a sufficient but not a necessary condition for nonlocality.
Non-locality is written all over the RTO experiment.
Each photon "knows" which direction the other photon takes at its beam splitter and adjusts its
selection accordingly.
The key nonlocal feature of graph, which is simply a cosine function, has (φB − φA) as its
independent variable.

Thus any desired shift in correlations can be made by an observer at either of
possibly-widely-separated phase shifters.
Bell suspected that this kind of situation meant that observer A (call her Alice)
could use her phase shifter to alter outcomes that would have occurred at both her own and
observer B’s (call him Bob) detector and, following up on this hypothesis, derived his
inequality involving probabilities at both Alice’s and Bob’s detectors
which, if violated, implied that both photons must have readjusted their states.
Such a readjustment is just what we expect,
given the unity of the quantum
and thus the unity of atoms and other entangled systems such as our two photons.
The two photons form single “bi-quantum", an "atom of light”, in the pure state (5).
When Alice varies her phase shifter, both photons "know" both path lengths and readjust their
behavior accordingly to produce the proper correlations.
Analogously, a single photon "knows" both path lengths in single-photon interferometer
experiment.

Finally, we come to the central question of the discussion:
What is actually superposed in the entangled superposition (5)?
A Mach-Zehnder experiment tests the simple superposition (3), while the RTO experiment
tests the entangled superposition (5).
We know what is superposed in Mach-Zehnder, namely quantum states ∣ψ1⟩ (path 1) and ∣ψ2⟩
(path 2). This is deduced from effect that either phase shifter has on both states.
Now consider the RTO experiment.
What is the effect of shifting either phase shifter?
One thing that does not change is the state ("local state" would be a better term, as discussed
earlier) of either photon A or photon B:
As we know, both photons remain in 50-50 mixtures regardless of either phase setting.
What does change with variations in either phase shifter is the correlations between A and B.
With φB − φA = 0 have perfect correlation:
Either A1 and B1 (which we denote (11)) or A2 and B2 (denoted (22)).

As we vary either φB or φA we obtain non-zero probabilities of anti-correlated individual trials,
denoted (12) (outcomes A1 and B2) and (21) (A2 and B1).
When the non-local phase angle difference (φB − φA) reaches π/2,
we have zero correlation, and when it reaches π we have perfect anti-correlation.
Table 1 summarizes the crucial points in more detail.

The column titled "simple superposition" shows how the superposition state of single photon
(M-Z) varies from "100% state 1" to "100% state 2"
as phase angle between two states varies.
Column titled "entangled superposition of two subsystems" shows
that the state of each photon remains unchanged throughout entire range
of both phase settings, while nonlocal correlation between the states of two photons
varies from "100% correlated" to "zero correlation" and then to "100% anticorrelated"
as either of the two local phase angles varies.

So, once again, what is superposed in the RTO experiment?
The hallmark of a superposition is the dependence on phase difference between the objects
superposed.
But Table 1 exhibits no such phase dependence of the states of the two photons.
Each photon remains in an unchanging 50-50 mixture of own "path 1" and "path 2" states
- a situation that is radically at odds with the true superposition of path 1 and path 2
exhibited by the M-Z experiment.
Thus, in the entangled RTO state, neither photon is superposed.
We see here the source of the "classical" or non-superposed
nature of reduced density operators (Eqs. (10) and (11)),
not to mention the non-superposed
and hence non-paradoxical nature of Schrodinger’s cat.

Examination of the phase-dependence of the measurement state (5), as demonstrated by
nonlocality experiments such as the RTO experiment,
reveals the true nature of Schrodinger’s cat.
The last column of Table 1 shows us what actually is superposed when two subsystems are
entangled in measurement state (5).
Since the correlations between two photons vary sinusoidally as the non-local phase angle
between the two photons varies, clearly these are correlations between the states of two
photons, and not the states themselves, that are interfering.
Entanglement has shifted superposition, from states of one photon A (Eq. (3), M-Z) to
correlations between photon A and photon B (Eq. (5), RTO).

More learning, More repetition, More Details and Some Tentative Conclusions
In order to resolve the problem of definite outcomes of measurements, aka Schrodinger’s cat,
our discussion analyzed the entangled state (5) of a microscopic quantum
and its macroscopic measuring apparatus.
This state is a superposition of two composite entities ∣ψ1⟩∣1⟩ and ∣ψ2⟩∣2⟩,
with a phase angle between these entities that can range over 2π radians.
To resolve problem of definite outcomes we must ask:
Precisely what does the composite superposition (5) actually superpose, physically?
In order to understand a simple non-composite superposition (3),
we looked at the effect of varying the phase angle between
superposed entities ∣ψ1⟩ and ∣ψ2⟩
in an experimental setting such as M-Z interferometer.

The theoretically predicted and experimentally observed results then made it
obvious that the quantum whose state is (3) flows
simultaneously along two separate paths described by ∣ψ1⟩ and ∣ψ2⟩.
To understand superposition (5), one should proceed similarly by studying situations
in which the phase angle between superposed entities ∣ψ1⟩∣1⟩ and ∣ψ2⟩∣2⟩ varies.
Theorists and experimentalists studying the phenomenon of nonlocality
have been doing this for decades, but quantum foundations specialists have not particularly
noticed how the work is connected with the measurement problem.
In fact, the nonlocal aspects of the state (5) have been studied
since Bell’s 1964 theoretical paper and Clauser and Freedman’s 1972 experiment.
The 1990 experiments of Rarity and Tapster, and of Ou, Zou, Wang, and Mandel,
furnish an ideal vehicle for such an analysis and are the central feature of this discussion
One lesson of this analysis is that, in order to understand the measurement problem, one must
understand the significance of nonlocality.
This is because the key measurement state (5) that caused Schrodinger and other experts so
much concern has nonlocal characteristics.

It must be understood as a superposition of correlations, rather than a superposition of states,
but this cannot become apparent until one considers the effect of variations in phase angle
between its superposed terms.
Such variations are not part of the measurement process itself because measurements are
designed to take place at zero phase angle.
Experimental or theoretical studies of such phase variations will have nonlocal ramifications,
because such variations are inherently nonlocal!
This situation would have prevented Schrodinger in 1935, or indeed anyone prior to Bell’s 1964
paper and the experimental confirmations of reality of nonlocality beginning in 1972, from
understanding entangled superposition (5).
It’s worth emphasizing that, when two subsystems are entangled in measurement state
(5), neither subsystem is superposed.
Only the correlations between subsystems are superposed.
In RTO experiments, the two correlations in question are
represented by solid and dashed paths connecting pairs of
outcomes.
A pair of photons entangled in state (5) follows both of
these paths simultaneously.

The subsystems themselves, however, are not in superpositions, but instead, in indeterminate
mixtures of definite states.
Thus observers of either subsystem will observe only definite outcomes, as predicted by local
mixtures (10) and (11).
RTO experiments are entangled analog of the M-Z interferometer experiment: a pair of
back-to-back interferometer experiments, with entangled pair of quanta of which one quantum
passes through each interferometer.
As we said earlier, the experiment and its theoretical analysis shows that, when superposed
photon A becomes entangled with second photon B to form state (5), the nonlocal aspect of A’s
superposition is transferred to correlations between A and B.
Thus, an entangled state such as (5) is neither a superposition of states of A nor of states of B,
but is instead a superposition of correlations between states of A and states of B.
To see most clearly, compare simple superposition (3) with entangled superposition (5).
In the simple superposition, the state observed by a "which- state" detector varies smoothly
from 100% ∣ψ1⟩, through 50% ∣ψ1⟩ and 50% ∣ψ2⟩, and finally to 100% ∣ψ2⟩ as the phase angle φ
between ∣ψ1⟩ and ∣ψ2⟩ varies from 0 to π.

In entangled superposition, neither the state of A nor the state of B varies as φA or φB varies;
both A and B remain in 50-50 mixtures throughout.
What does vary is the correlation between A and B.
A non-local "correlation detector" (i.e., an RTO-type of experiment!)
would find the relation between the two subsystems varies from 100% positively correlated
(either pair state 11 or 22, pictured by solid and dashed paths in figure),
to 50% positively correlated and 50% anti-correlated, and finally to 100% anti-correlated
(12 or 21), as the nonlocal phase difference φB − φA varies from 0 to π.
This is a superposition of correlations,
not a superposition of composite states or of non-composite (single-system) states.

At least in idealized case of a minimally-disturbing von Neumann measurement, the initial
stage of the measurement process (through formation of the measurement state (5)) can be
described as follows:
A quantum in a simple superposition such as (3) entangles with a macroscopic which-path
detector.
At the instant of entanglement, the local states of both the quantum and the detector undergo a
radical change, a quantum jump.
Locally, the detector and the quantum jump into mixtures (10) and (11).
Simultaneously, the global state (5) continues evolving smoothly according to the Schrodinger
equation.
Entanglement causes the superposed single quantum to be instantly transformed into
superposed correlations between the quantum and the detector.
This stage of measurement process is entirely describable in terms of pure global states
following Schrodinger equation.
“Collapse” from the local superposition to the local mixtures occurs because of the formation
of the entangled state (5) and the resulting formation of subsystems whose local states (Eqs.
(10) and (11)) have definite outcomes.
Note that the phenomenon of nonlocality is essential to preserving the pure-state nature (the
unity) of the composite system.
To put this more intuitively, a reorganization throughout the entire extent of the
composite entangled system is required in order to preserve unity of the (now
entangled) quantum.

According to Table 1, when
two systems entangle to form the state (5),
both “collapse” into phase-independent
local mixtures.
Relativity requires this phase independence:
If any phase-dependent aspect of entangled state were locally observable, instant
information-containing messages could be sent, violating special relativity.
Local states of entangled subsystems must be invariant to phase changes.
Thus, only the relationship - the correlations between A and B, but not A or B themselves, can vary with phase angle.
Since local observers cannot detect these correlations,
the entangled state cannot be used to send superluminal signals.
This is, ultimately, the reason Schrodinger’s cat
must be either alive or dead rather than a superposition of both.
A phase-dependent superposition involving both local states
would permit nonlocal signaling, violating relativity.

This conclusion implies that the standard physical description of composite non-entangled (i.e.
factorable) product state such as ∣ψ1⟩∣1⟩ has, for a long time, been mistaken.

Usually we regard ∣ψ1⟩∣1⟩ as state of the composite system AB, where subsystem A is in
state ∣ψ1⟩ and subsystem B is in state |1>.
But this leads us into the paradox of Schrodinger’s cat, where (5)
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represents a state in which two macroscopically different composite states exist
simultaneously as a superposition.

According to the present discussion, quantum theory and quantum experiments imply this
entangled state to be a superposition of correlations between states rather than a
superposition of composite states.
Thus ∣ψ1⟩∣1⟩ is not a state of composite system, but instead a correlation between two
subsystems.
That is, ∣ψ1⟩∣1⟩ means "subsystem A is in state ∣ψ1⟩ if and only if subsystem B is in state
∣1⟩," an important departure from usual description.

Even if one of two subsystems happens to be macroscopic detector, entangled state (5) is
simply a non-paradoxical superposition of correlations.
It says merely that state ∣ψ1⟩ of A is correlated with state ∣1⟩ of B, and state ∣ψ2⟩ of A is
correlated with the state ∣2⟩ of B, with non-local phase angle φB − φA determining degree of
each correlation.
Regardless of the value of the phase angle, neither subsystem is in a superposition.
The entangled measurement state (5) is best described as a "macroscopic correlation":
a pair of superposed (i.e. phase-dependent) quantum correlations in which one subsystem
happens to be macroscopic.
It is technically very difficult to create a macroscopic superposition, but macroscopic
which-path detectors routinely achieve state (5).
It’s not paradoxical, even though many physicists have puzzled over it.
In entanglement, nature employs an ingenious tactic.
She must not violate relativistic causality, yet she must be nonlocal in order to maintain the
pure-state nature of the original single-quantum superposition over composite objects such as
bi-photons.

Thus she accomplishes nonlocality entirely via the superposition of correlations,
because correlations cannot be locally detected and thus their superposition cannot
violate relativity.
This tactic lies behind the nonlocal spread of phase-dependence over large spatial distances.
By means of the superposition of correlations - entanglement - nature creates a
phase-dependent pure-state quantum structure across extended quantum systems such as
bi-photons.
I’ve frequently used the term "local" as contrasted with "global."
For composite systems, and especially the entangled measurement state, it’s a crucial
distinction.
Entangled states such as (5) have distinct local and global (nonlocal) aspects.
The local description corresponds to two observers, each observing only one subsystem.
In the case of (5), this "local description" is fully captured by the reduced density operators (10)
and (11) - each local observer detects a mixture, not a superposition, of one subsystem.
The "global description" means the evolving pure state of the entire composite system, in our
case Eq. (5).

It is a superposition of nonlocal correlations that can only be detected by observing both
subsystems and, via an ensemble of trials that individually record corresponding outcomes at
both subsystems, determining the state of the correlations between them.
Although the global state implies the local description, the local description cannot hint at the
global correlations because any such hint would violate Einstein causality.
Thus, when an electron shows up in your lab, neither an examination of the electron nor an
examination of an ensemble of identically-created electrons can give you the least hint of
whether or how this electron is entangled with other quanta elsewhere in the universe.
This clarification of entanglement resolves problem of definite outcomes, aka Schrodinger’s
cat.
An ideal measurement of a superposed microscopic system A by a macroscopic detector B
establishes the measurement state (5) at 100% positive correlation.
This state is equivalent to the logical conjunction "A is in local state ∣ψ1⟩ if and only if B is in
local state ∣1⟩, AND A is in local state ∣ψ2⟩ if and only if B is in local state ∣2⟩," where AND
indicates the superposition.

This conjunction is precisely what we want following a measurement.
Schrodinger’s cat is not in the least paradoxical.
Still, this analysis does not entirely resolve the quantum measurement problem.
It resolves the problem of definite outcomes associated with the measurement state (5), but
this state continues to obey Schrodinger’s equation and is hence reversible.
In fact, the entangled state between a quantum and its which-path detector can actually be
reversed in the Stern-Gerlach experiment.
In my view, a quantum measurement must result in a macroscopic indication such as a
recorded mark, and a mark is irreversible.
The above analysis shows the entangled state (5)
describes a mixture of definite, not superposed, outcomes of measurements,
but these outcomes remain indeterminate and the global state remains reversible.
The irreversibility problem is the question of
how this nonlocal superposition of correlations then further “collapses” irreversibly to just one
of its possible outcomes, a “collapse” that occurs in the RTO experiment only when one
photon impacts a detector.
Present analysis does not seem to resolve this problem - I think Gambler’s Ruin might do it!

In the case of the RTO experiment, however,
it seems fairly clear that the non-local superposition described by Eq. (5)
must irreversibly decohere when either of its subsystems A or B interacts with a detector.
The RTO experiment furnishes a particularly good setting for this question,
because the two photons remain in the reversible entangled state (5)
throughout their flights from the source to detectors,
and thus the two key questions of the measurement problem
(the problem of definite outcomes and the problem of irreversibility)
can be analyzed individually.
Let us now attempt to resolve the seeming existence of an "irreversiblity" problem.
The Environment as Monitor
I hope you are by now convinced that quantum physics describes the microscopic world
entirely, consistently and with unparalleled experimental accuracy.
But still, there’s one slight problem:
Quantum physics seems to fail utterly in describing the world around us!
We never see tables or teapots, not to mention ice cream, as wavy, space-filling fields that are
possibly here and possibly there and possibly both here and there.

Tables and teapots don’t quantum jump, nor does ice cream.
Classical physics may be inaccurate at the microscopic level, but it does seem to explain how
such ordinary objects move in response to forces.
If quantum physics describes the microscopic world correctly, and if the macroscopic world is
made of microscopic objects, then the quantum principles should lead ultimately to tables and
teapots.
Let us now explain, at least in part, one way that might work.
As we have seen, quantum physics began with Max Planck’s hypothesis that eventually led to
the quantum.
The crucial quantum principle is the universe is made of these highly unified, extended
bundles of field energy.
To the extent that any given phenomenon depends on the spatially extended field nature of
quanta, the phenomenon should be considered as "quantum".
To the extent that quanta can be represented by “pointlike” objects, the phenomenon can
usually be considered "classical".
But the existence of a classical-quantum boundary is a useful metaphor, not a law of nature.
Most physicists, me included, regard the world as fully quantum(as you will see later).
The clearest expression of the extended field nature of quanta is the principle of superposition.

Because electrons, photons, atoms, and so on are simply disturbances in fields, these objects
superpose just as disturbances in the surface of a tub of water superpose.
Several states can all be present at the same time.
We will describe how the process called decoherence converts these superpositions into
classical-like mixtures later.
The quantum measurement problem must be part and parcel of any discussion of how
quantum physics explains our normal world.
After all, quantum measurements - quantum phenomena that cause macroscopic changes are the bridge from the micro- to the macroworld.
Schrodinger’s cat is a dramatic example.
The microscopic decay of a radioactive atom triggers a device that can kill a macroscopic cat.
Schrodinger launched the measurement problem when he noted that the quantum rules seem
to imply something we never see: a macroscopic superposition - namely, a cat that is both alive
and dead.
Earlier, we suggested a resolution of this problem of definite outcomes. But there’s more than
that to the measurement problem.
Macroscopic processes are irreversible. The moving finger moves on. "Things run down". The
second law of thermodynamics demands it.
So quantum measurements must be irreversible, even though there appears to be no trace of
irreversibility in the microscopic world. As we’ll see, decoherence seems to solve this mystery.

The Problem of Irreversibility
Every measurement involves a macroscopic change of some sort, and such changes must
obey the second law of thermodynamics, so entropy increases. Furthermore, we can observe
this entropy increase as a permanent (i.e., irreversible) mark made by the measurement.
But when a quantum is measured, the quantum and its detector obey the time evolution
equation as they entangle to form the measurement state, so it seems that entropy doesn’t
increase. How can we resolve this conundrum?
A variation on the Stern-Gerlach experiment demonstrates the connection between quantum
measurements and the second law. I’ll focus only on the features of this experiment relevant
to the irreversibility of measurements. Here’s the experiment.
A horizontal stream of silver atoms passes between a pair of magnets (see figure).

The entering atoms, at the left, have all been prepared previously in identical states that I’ll call
the "zero state".

There’s no need for us to concern ourselves with the precise nature of this initial state.
The magnets are shaped to create a so-called "inhomogeneous magnetic field" in the space
between the magnets, as shown in the figure.
This field separates the stream in such a way that if a detection screen (dashed line) is placed
"downstream" from the magnets as shown, atoms make visible impacts on the screen at two
different spots, one above and the other below the original direction.
Individual atoms impact randomly at one or the
other spot with a 50% probability - a striking
example of quantum indeterminacy - because the
atoms were all prepared identically.
Examination of the two beams shows that atoms
striking the upper spot are no longer in the zero
state but are in a different state called the "plus
state", whereas the atoms striking the lower spot
are in a new state called the "minus state".
So the magnet-plus-screen combination acts as a detector to determine which atoms are in the
plus state and which are in the minus state. This is entirely analogous to a double-slit
experiment with a which-slit detector putting quanta into the "slit 1 state" or the "slit 2 state"
before the quanta strike a viewing screen.
There’s more, however.
If one removes the detection screen and instead installs some appropriately chosen magnets
(not shown in figure) at certain points along both paths, one can bend each stream back onto
its original horizontal path, as shown. Removing screen —> No measurements made now.

On studying the atoms in the converged stream, a perhaps surprising result emerges; none of
these atoms are in the plus state and none are in the minus state. Instead, every one is in the
zero state from which it started!
We created a "do-nothing" box!
So this experiment, without the detection screen(without the measurement), is reversible.
But with the screen, the experiment is obviously irreversible because the atoms make an
irreversible mark when they strike the screen.
It follows that any irreversibility and corresponding entropy increase in this experiment are
entirely due to the impact on the screen, because we have seen that, without the screen, the
experiment is reversible.
Thus the macroscopic detection makes all the difference, and it is here that we must search for
all the irreversible effects of measurement.
Specifically, mere entanglement, such as occurs when a which-slit detector operates in the
double-slit experiment, is not responsible for irreversibility.
The detection at the screen works as follows:
The detection screen interacts with each atom to form
the entangled measurement state: atom is in the plus
state, flash appears at the upper spot entangled
(superposed) with atom is in the minus state, flash
appears at the lower spot
This is the controversial Schrodinger’s cat state that we analyzed earlier (the radioactive
nucleus is now the silver atom, and the cat is now the screen), where we argued that this state
is only a superposition of correlations.

This experiment demonstrates that the macroscopic recording of a measurement is no small
detail.
No measurement is complete until it makes a mark on the macroscopic world, and making
such a mark must, because of the second law, involve an entropy increase, implying
irreversibility.
As John Wheeler repeatedly stressed,
No elementary quantum phenomenon is a phenomenon until it is brought to a
close by an irreversible act of amplification(so we can see it!!)
If the measurement is recorded by the audible click of a detector, for example, the irreversible
mark is a sound wave spreading out in all directions into the air around the detector.
This sound wave warms the air a little and eventually disperses (vanishes, for all practical
purposes) into a large volume of air. There is no way nature is going to spontaneously gather
up every last bit of this wave’s dispersed energy (while necessarily cooling the air), reverse the
entire dispersal process, and use this energy to restore the detector and the air to their states
before the click.
In fact, the reversed process is prohibited by the second law because it would reduce the total
entropy of the universe!
We conclude that microscopic quantum processes, including entanglement, remain reversible
as long as they remain microscopic, and that the irreversibility of measurements must be
rooted in the macroscopic recording process.
We now look at a macroscopic recording process that goes on all over the universe all the
time.

How Environmental Decoherence Collapses Superpositions
A pebble lies on a sunny beach, immersed in an environment that includes atmospheric
molecules, photons from the sun, cosmic rays from stars, and even photons from the Big Bang.
During every second, many such quanta interact with the pebble, reflecting or otherwise
scattering off the pebble in every possible direction.
The scattered photons must carry away data about the pebble’s orientation, structure, and
color, because otherwise the pebble could not be seen.
Such natural "measurement" processes occur all the time, regardless of the presence or
absence of humans to consciously observe the gathered data.
To study the quantum features of such a natural measurement, instead of a pebble let’s
consider an atmospheric atom that is in a highly nonclassical state of being superposed at two
or more macroscopically separated locations.
We know that such a superposition can be created in the laboratory, for instance by passing
the atom through a double-slit apparatus, but it could also occur naturally, for example if the
atom passes through an opening that is sufficiently narrow to cause the atom to diffract widely.
What happens when such an atom interacts with quanta in the surrounding environment?
The superposed atom interacts with, say, an environmental photon in a manner analogous to
the way a superposed electron coming through double slits interacts with a which-path
detector.

If the interaction is significantly different at the atom’s two superposed locations, a photon can
"measure" the atom by entangling with it in a measurement-like state.
Such an entangling interaction is just like a which-path measurement as discussed earlier!
The scattered photon carries away which-path(location) data about the atom, just as a
which-path detector carries away data about an electron coming through the slits.
As discussed earlier(via reduced density operator), this measurement collapses or decoheres
(removes, via a series of small environmental interactions, the interference pattern from) the
superposed atom, converting its state from a superposition of being at both locations to a local
mixture of being either at the first location or at the second location.
In the natural environment, a single scattered photon is not likely to entirely measure (entirely
decohere) the atom, because environmental quanta are not specifically organized, the way a
laboratory detector is organized, to measure superpositions.
A which-path detector in a laboratory is carefully constructed to respond in detectably different
ways at different locations of the measured quantum, quite unlike environmental quanta, which
interact randomly in all kinds of ways.
Although a good which-path detector requires only one interaction to reliably distinguish
between - reliably decohere - the superposed states of the detected quantum, a large number
of environmental quanta must scatter from a typical superposed atom to completely decohere
it and turn it into a local mixture.
Careful analysis shows that decoherence of typical naturally occurring superpositions requires
many environmental interactions.

So decoherence by the environment involves a series of partial measurements and partial
collapses, each of them instantaneous, nonlocal, and similar to the single-step measurement
that occurs at the slits in a double-slit experiment with a which-path detector.
It’s through this environmental decoherence process that everyday objects such as pebbles
and this slide lose their extended quantum field nature and behave classically, with no obvious
trace of superposition, interference, or nonlocality.
Small objects, of atomic dimensions, are less susceptible to environmental decoherence simply
because fewer environmental quanta scatter from them as a result of their smaller size, and
because each scattering event can cause only a tiny amount of decoherence because the
entanglement involves nearly indistinguishable locations.
Thus, a superposed photon from the Big Bang might travel the universe for 13.8 billion years
without decohering, while a grain of sand on Earth, should it happen to show any signs of
superposition, is decohered environmentally and essentially instantly because of the myriad
environmental interactions it experiences.
Widely extended superpositions of small objects, such as a fine dust grain superposed in two
locations separated by a millimeter, are also decohered nearly instantly because the branches
of such a superposition are so distinct that a single photon reflecting from one branch but not
the other can turn the entire superposition into a mixture.
In a similar way, a single detector at only one of two parallel slits is sufficient to turn a quantum
that’s initially in a superposition of coming through both slits into a mixture that comes through
either one or the other slit.
For mesoscopic objects such as dust grains, environmental decoherence turns superpositions
quickly into mixtures.

How quick?
This has been calculated theoretically and measured in a few experiments.
A fine dust grain is some 10−5 m across.
If it’s in a superposition of being in two places with its two superposed branches separated by
this same distance so that the two branches are right next to each other, as though the grain
had come through two closely adjacent slits, it would be decohered entirely by normal air on
Earth in only 10−31 second.
Even the best laboratory vacuum (which still contains plenty of air molecules) would decohere
it within 10−14 second - a hundredth of a trillionth of a second.
If this grain were in deep outer space, cosmic background radiation from the Big Bang would
decohere it in 1 second.
For a smaller object, such as a large molecule with a diameter of 10−8 m, these decoherence
times are longer (still assuming it’s in a superposition with two branches that are separated by
the molecule’s diameter): 10−19 second if the molecule is in normal air, 0.01 second if it’s in
the best laboratory vacuum, but much longer than the age of the universe if it’s in deep space.
The message is that sufficiently small superpositions can survive awhile, but meso- or
macroscopic superpositions are fragile and are decohered quickly by tiny environmental
interactions.
This is why the "quantum world" is usually identified with the microworld.
When typical quantum features become meso- or macroscopic, they generally vanish quickly.

So the quantum universe appears classical at the macroscopic level because the enveloping
quantum environment "monitors" every object constantly, and macroscopic objects are
especially susceptible to this decoherence process.
Nature is full of which-branch detectors! Note that humans aren’t required in any of this - no
physicists, no laboratories needed.
Nature has been collapsing superpositions, and quanta have been losing their quantum field
nature, at least since the Big Bang.
The role of the environment as an ever-present which-path monitor that turns mesoscopic and
macroscopic superpositions into mixtures was first clearly recognized by Zurek during the early
1980s. The work of Zurek, his colleagues, and others has, in large part, explained how the
quantum world leads(via reduced density operators) to the classical world of our experience.
A wide variety of experiments have demonstrated environmental decoherence and convinced
physicists that decoherence really is the mechanism that converts the quantum world into
tables and teapots.
One beautiful example is an experiment by the University of Vienna group under Zeilinger and
Arndt. They use the Talbot-Lau interferometer technique that demonstrated, in 2002,
interference in large molecules such as C70 and certain biological molecules. The interference
showed each of these large molecules to be in a superposition of following more than one path
on its journey through the interferometer. Using the same technique in 2004, this group was
able to demonstrate convincingly the "environmental" decoherence of superpositions of C70
molecules.
I put environmental in quotation marks because in this experiment the environment came from
within the molecules themselves rather than from an external environment. Individual C70
molecules passed through the interferometer, as in the 2002 experiment.

But there was a new twist; the experimenters heated the molecules just before sending them
through the interferometer.
They expected that, with sufficient heating, the molecules would themselves emit thermal
radiation in the form of visible and infrared "thermal photons", just as an electric hot plate emits
thermal radiation (you can feel its warmth at a distance, and it might glow red) when heated.
The radiation comes from the random thermal motion of the many atoms and other quanta
within the molecule.
According to decoherence theory, each of these radiated photons should act as a partial
which-path detector, collapsing the molecule’s superposition state partially by carrying a certain
amount of which-path data from the molecule into its surroundings. If enough such data are
transferred, this which-path measurement should decohere the molecule, causing the
interference pattern to dim or vanish - the signature of a superposition evolving into a mixture.
Their results demonstrated decoherence in action.
With the molecules only slightly heated, the emitted photons had low energies and thus low
frequencies and long wavelengths - too long to distinguish between the possible paths, which
for such a massive molecule are separated by extremely small distances.
But when the molecules were heated to a few thousand kelvins, the emitted photons’
wavelengths became short enough to distinguish between the possible paths, so the
which-path data transmitted to the surroundings was sufficient to partially decohere the
superposed molecules, causing the interference pattern to partially vanish.
At sufficiently high temperatures, theory and experiment showed that a mere two or three
emitted photons sufficed to decohere each molecule.

There was quantitative agreement between the theory predictions and observations.
The interference pattern began decohering at just the predicted temperature, and the degree
of visibility of the remaining interference was just as predicted.
The experiment revealed the step-by-step action of decoherence as data leaked, photon by
photon, into the environment.
It also demonstrated the extreme sensitivity of superpositions to decoherence.
Just a few high-temperature photons turn a massive superposed molecule into an incoherent
mixture.
Superposed quanta are very delicate.
Decoherence and the Measurement Problem
Decoherence provides a solution of the irreversibility problem for natural environmental
measurements.
Decoherence was first introduced during the early 1980s to explain how our apparently
classical surroundings arise from measurement-like interactions with the environment.
The local state argument, presented earlier, shows that such measurements turn
superpositions into entangled nonlocal measurement states with definite outcomes, resolving
the problem of definite outcomes for environmental measurements.
But just as for laboratory measurements, we must ask if this also resolves the irreversibility
problem associated with natural measurements.The answer is yes.
Here’s why.

As we’ve seen, when a small superposed dust grain is decohered by the surrounding
environment, the object undergoes a series of small entanglement-caused partial collapses.
These environmental measurements are “recorded” by the many environmental photons and
air molecules that interact with the grain and then disperse widely.
Data about the superposition state of the grain before it decohered are now scattered randomly
far and wide.
Just as one cannot unscramble an egg, one cannot reversibly gather these pieces back
together and reconstruct the global state of the air plus the superposed grain.
This argument is especially compelling in the case of environmental decoherence, because of
the environment’s enormous size.
This is an obvious example of the second law in action; for all practical purposes, the
process is irreversible and entropy has increased.
Because there is famous opposition to introducing for-all-practical-purposes arguments into
physics, it needs to be noted that the second law itself is inherently a for-all-practicalpurposes principle.
We know that a box full of gas could evolve spontaneously into separate regions of hot gas and
cold gas simply by chance, with no external assistance.
The chances of this are ridiculously small, but they are not zero, and if we consider boxes
containing smaller and smaller amounts of gas, these odds increase.
Such for-all-practical-purposes arguments that trace back to the second law are entirely in
keeping with the principles of physics.

So the local state resolution plus decoherence combine to resolve the measurement problem
entirely for the case of natural environmental measurements.
The environment measures a superposed object (molecule, dust grain, and so on) when
myriad environmental quanta convert the superposition into a measurement state that now
takes the form of a nonlocal entanglement between the object and a very dispersed state of the
many environmental quanta.
The local state argument implies this measurement state represents a mixture of definite
properties, whereas the highly dispersed nature of the environmental quanta guarantees the
process is irreversible.
There has, for years, been a question about what is the exact relationship between
decoherence and the solution of the measurement problem.
Some accounts appear to imply that decoherence alone resolves the measurement problem,
but this is not true.
The connection of decoherence to the measurement problem is that it resolves the
irreversibility problem in the case of natural environmental measurements, and it shows how
environmental interactions transform a superposed quantum into the measurement state, but it
does not solve the problem of definite outcomes associated with this measurement state.
The problem of definite outcomes is, however, resolved by the local state analysis, as
explained earlier.

So the local state solution combines with environmental decoherence to solve the
measurement problem for the case of environmental measurements.
What about the case of laboratory measurements?
Here, the preceding discussion resolved the definite outcomes problem, but not the
irreversibility problem.
Irreversibility poses slightly different problems in the two cases, because lab measurements
are sufficiently controlled that the natural environment has little effect.
In fact, much of an experimentalist’s efforts go precisely into ensuring that random
environmental interactions have no significant effect on an experiment’s outcome.
Our discussion of the Stern-Gerlach experiment suggested that the answer lies in the
irreversible nature of the macroscopic detection process.
This suggestion resembles the resolution of the irreversibility problem for environmental
measurements:
Environmental measurements are "recorded" by innumerable environmental quanta whereas
lab measurements are recorded by detection screens, electronic clicks, or, perhaps, cats.
Let’s focus on a single impact made on a detection screen by one electron in a double-slit
experiment - one of the small spots in the figure below:

How was it recorded?
This mark was initiated by
a single electron, but to
observe it macroscopically
the original impact had to
be detected and then
amplified sufficiently for
humans to see it.
This is the purpose of every laboratory detector of microscopic
events, and it’s why an "irreversible act of amplification" (as
Wheeler puts it) is essential to quantum measurements.
In the 1989 experiment that produced the patterns of dots on a screen, each electron was
emitted in a single coherent state, the same state for each electron.
EM fields accelerated these electrons to high speeds, about 180,000 kilometers per second, or
60% of light speed - much faster than the electron in a normal hydrogen atom, which orbits at
an average speed of "only" 2000 kilometers per second.
High energies were needed to make a detectable impact.
Each electron went through a pair of parallel slits, then spread out into an interference state
that interacted indeterminately with the screen.

The interaction entangled the electron with the screen, decohering the electron and collapsing
it instantaneously from its earlier superposition state over the entire screen to a locally
observed mixture(a flash).
In other words, the electron collapsed randomly into one or the other of many small atom-size
regions in the screen.
For the fluorescent screen used in the experiment, this interaction created some 500 photons
that marked and amplified the location of the impact - already an irreversible process because
the photons are emitted randomly in all directions.
In a process called the photoelectric effect, each photon then struck a metal plate and
dislodged an electron from it, converting each of the 500 photons into a low-energy electron.
These 500 low-energy electrons were then focused into a point image that could be displayed
on a TV monitor in much the same way that old (before flat screens) TV tubes operated.
Every step of this process - creation of 500 photons, conversion to photoelectrons, and
amplification to create the final display - creates entropy and is irreversible thermodynamically.
It’s the second law of thermodynamics in action.
This illustrates the general case:

Laboratory detection and amplification of a quantum event necessarily involves irreversibility
and entropy production.
The laboratory detector, a macroscopic device made of many microscopic quanta, plays the
decohering role that the environment plays in natural measurements.
To summarize:
The quantum measurement problem, in both its laboratory and environmental senses,
seems to be resolved entirely by the local state solution of the problem of definite
outcomes and by the irreversibility of the decoherence process.
For more than a century, much has been made of the odd and supposedly paradoxical nature
of the quantum.
This presumed quantum spookiness has led to an excess of attempted fixes and
interpretations.
Many experts have even declared the theory to be not a description of reality at all, but only a
mathematical recipe that helps humans predict the results of experiments.
As Niels Bohr put it, “There is no quantum world. There is only an abstract quantum
description.”
According to this hypothesis, quantum theory doesn’t describe anything real at all, so there’s
no cause for concern about collapse of the quantum state and other odd quantum behaviors.

We now collect everything we have proposed together,
eliminate all that is unneeded and finally present a
straightforward picture of the solution to the quantum
measurement process
We will see that the final understanding arises because
we looked at so many diﬀerent approaches, went down
so many dead-ends and uncovered many new features of
the quantum world.
So, now we will present only what we need with a more
detailed analysis and a deeper and, what I believe, is a
correct interpretation.

1 - INTRODUCTION
Physicists agree that Schrodinger's equation describes the unitary evolution of non-relativistic quantum
states between measurements, but there is no agreement on how states change during measurements.
In fact, an apparent problem arises when one applies standard quantum theory (minus the collapse
postulate) to measurements.
John von Neumann, in 1932, analyzed the problem and we follow his argument here.
"Measurement" is the experimental determination and macroscopic
recording of the value of a physical observable associated with a quantum
system.
von Neumann showed that, unless the system happens to be in an eigenstate
of the measured observable, measurement leads to a "measurement
state" (MS) whose mathematical representation is an entangled state that
seems to predict the detector to be in a macroscopic superposition of
exhibiting all of the possible outcomes, a paradox known as the "problem
of definite outcomes."
We will now show, based on standard quantum theory without a collapse postulate, that this is a
pseudo-problem and that, far from predicting superposed outcomes, von Neumann's MS predicts an
instantaneous collapse to a single eigenstate.
Specifically, we will demonstrate, with no assumptions other than standard quantum physics (minus the
collapse postulate)
(i) The MS has been misinterpreted (for 90 years) and does not in fact predict paradoxical multiple
macroscopic outcomes; it instead correctly predicts non-paradoxical multiple statistical correlations
between system and detector outcomes.

(ii) Exactly one outcome actually occurs.
(iii) The entanglement says that, when one outcome occurs, the other outcomes simultaneously and
nonlocally remain "dark" (i.e. do not occur).
This resolves an objection to quantum physics first raised by Einstein in 1927.
That is, we will show von Neumann's enigmatic MS to be in fact the collapsed state expected upon
measurement.
The collapse is derived (i.e. demonstrated) with no assumptions beyond the other standard principles of
quantum physics(i.e., without a collapse postulate!).
We will show the problem of outcomes arises from a mistaken understanding of entangled
superpositions, not only in measurements but also in purely microscopic processes.
The MS is obviously a superposition of subsystem product states.
But the MS is poorly understood because no previous work has analyzed its complete phase
dependence. Remember our earlier discussion of state vectors for boxes of electrons!
Do the states of individual subsystems vary with phase, as they do in simple superpositions?
If not, then what does vary with phase, i.e., precisely which entities occupy indefinite states when two or
more subsystems are entangled?
Such questions show that we do not fully understand the MS's phase dependence, i.e., we don't fully
understand the MS.
We investigate these questions by studying earlier Bell-test quantum-optics experiments that measure
momentum-entangled two-photon states.

These experiments study a purely microscopic entangled superposition (mathematically identical with
the MS) across all phases.
The results show that entangled superpositions differ sharply from simple superpositions, i.e., the
implication of the "plus" sign differs surprisingly.
The MS does not represent multiple detector readings, but instead represents multiple statistical
correlations between system states and detector readings.
These correlations are not paradoxical: a macroscopic detector that simultaneously exhibited two states
would be paradoxical, but a detector that simultaneously participates in two correlations is not
paradoxical.
Furthermore, the MS directly implies that exactly one of these correlations is realized as the
measurement outcome.
This resolves the so-called "Schrodinger's cat paradox," which in turn resolves the quantum
measurement problem.
Our discussion follows from quantum theory and from experimental evidence(already discussed) that an
instantaneous nonlocal collapse takes place, resulting in one outcome occurring while the other
outcomes simultaneously do not occur.
Thus, while the present discussion does not postulate collapse, it derives an instantaneous collapse as a
consequence of entanglement.

Many papers, and our earlier discussions, express the effect of measurement as a trace on the
composite-system density operator representing the MS.
This trace operation, which predicts definite outcomes at the subsystems, seems to yield just what we
want, namely that measurement transforms the subsystem states into mixtures over the possible
eigenstates.
However, several objections are commonly raised against this proposal, so we now go into more detail
to understand what is the correct interpretation that overcomes objections.
This discussion, in contrast to earlier discussions, argues that the MS directly represents the collapsed
state of the composite system, that the collapse is a consequence of entanglement, and that the
entanglement is required in order to ensure a simultaneous (hence instantaneous) collapse over the
separated branches of the experiment.
We will present von Neumann's derivation of the MS, pose the measurement problem, review eight
presumed measurement problem insolubility proofs, and explain why their conclusion cannot be correct.
We then present a crucial clue — In 1927, Einstein noted that quantum theory implies that
measurements entail instantaneous collapse and suggested this would violate Special Relativity.
However, today (unlike 1927) we know that instantaneous nonlocal changes of correlations violating
Bell's inequalities really occur, that they do not violate special relativity, and that they occur when
disparate systems are entangled. They have been observed experimentally!
Thus, from today’s perspective, Einstein’s argument implies that nonlocal correlations are required
during measurements and also saying that entanglement is also required.

Is von Neumann's MS in fact precisely what we want?
The answer can only come from fully understanding the MS, particularly its full phase dependence.
To this end, we will review two 1990 quantum optics experiments exploring an entangled two-photon
microscopic state that is mathematically identical to the MS, that we discussed earlier.
The correct understanding of the microscopic version of the MS will then be worked out.
We find that both entangled sub-systems are in definite (i.e. non-superposed) states, but that the degree
of correlation between these states is in an indefinite state.
We will then apply this new insight to the MS.
We will find the MS is not a macroscopic superposition of different detector states.
It instead represents different correlations between detector states and system states.
This is not paradoxical.
Furthermore, quantum theory directly implies that precisely one outcome is realized.
This resolves the Schrodinger's cat paradox.
We will then conclude the analysis by studying a particularly simple measurement example that also
typifies the essentials of quantum measurements.
Finally we will summarize the results and consider why it has taken so long to overcome this simple
misunderstanding of von Neumann's MS.

2 - ENTANGLEMENT AND MEASUREMENT
The superposition postulate entails that, if |A1i and |A2i are Hilbert space vectors ("kets")
representing possible states of a quantum system A, then all normalized linear superpositions of |A1i
and |A2i also represent possible states of A. For example,
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1
| A i = p (|A1i + |A2i)
2
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(1)

( |A1i and |A2i are orthonormal) represents a possible state of A.
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The superposition postulate is prerequisite to the Hilbert-space representation of quantum states, and the
basis for conceptualizing quantum states as physically real waves in a quantum field that fills the
universe.
| A i represents a situation in which A is represented neither by |A1i nor by |A2i but incorporates
aspects of both, including "overlap" effects such as interference.
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As Dirac put it, A goes "partly into each of the two components" and "then interferes only with itself."
If quantum system A interacts with another quantum system B, it frequently happens that the situation of
A and B are then represented by an entangled superposition state vector such as
1
p
| AB i =
(|A1i |B1i + |A2i |B2i)
2
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where |Aii and |Bii (i = 1, 2) are orthonormal kets representing the "subsystems" A and B,
respectively.
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(2)

Although the physical interpretation of simple superpositions such as | A i is clear, the physical
interpretation of entangled superpositions such as | AB i is not comparably clear.
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| AB i is a superposition of two products |Ai i |Bi i (i =1, 2). |A1 i |B1 i is commonly interpreted to
represent a state of the composite system AB in which A has the properties associated with |A1i and B
has the properties associated with |B1i , and similarly for |A2i |B2i.
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<latexit sha1_base64="4TDBGdpb9U6CG3ncm5ESxW5ls0E=">AAACDXicbVBLSgNBEO3xG+Nv1KWbwSC4CjNBNMuoG8FNBPOBZAg9nUrSpOdDd00gDHMGL+BWb+BO3HoGL+A57ExmYRIfFPV4r4oqnhcJrtC2v4219Y3Nre3CTnF3b//g0Dw6bqowlgwaLBShbHtUgeABNJCjgHYkgfqegJY3vpv5rQlIxcPgCacRuD4dBnzAGUUt9Uyz+wCY3FTSrN9W0p5Zsst2BmuVODkpkRz1nvnT7Ycs9iFAJqhSHceO0E2oRM4EpMVurCCibEyH0NE0oD4oN8k+T61zrfStQSh1BWhl6t+NhPpKTX1PT/oUR2rZm4n/eZ0YB1U34UEUIwRsfmgQCwtDaxaD1ecSGIqpJpRJrn+12IhKylCHtXDFk3QMmBZ1MM5yDKukWSk7V2Xn8bJUq+YRFcgpOSMXxCHXpEbuSZ00CCMT8kJeyZvxbLwbH8bnfHTNyHdOyAKMr19ddJuG</latexit>

But if this is the case, then the physical interpretation of the state | AB i would seem to be that AB
simultaneously exhibits properties associated with |A1i and |B1i AND properties associated with |A2i
and |B2i , where “AND” represents the superposition.
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In the case of Schrodinger’s iconic cat, this would imply that the nucleus is both decayed and undecayed
and, more disturbingly, the cat is both alive and dead.
Here we will demonstrate that both quantum experiment and quantum theory show that this is actually
not the case.
Instead, the state | AB i entails merely that |A1i and |B1i are coherently (in a phase-dependent
manner) correlated with each other AND |A2i and |B2i are coherently correlated with each other
(see later discussion).
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This is not paradoxical.
Quantum measurements are important examples of entanglement.
As first discussed by John von Neumann, a “measurement” is the determination of the value of an
observable associated with a quantum system A.
If A happens to be represented by an eigenvector of the measured observable, then a good measurement
will detect the associated eigenvalue.
But what if A is represented by a superposition of eigenvectors of the measured observable?

It will suffice for this discussion’s purpose to assume that A's Hilbert space has only two dimensions, and
that A is represented by the superposition Equation (1).
The kets |Aii (i =1, 2) define the eigenvectors of the measured observable.
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We assume the existence of a detector B designed to distinguish between the |Aii .
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For example, |A1i and |A2i could represent the paths of an electron passing through the slits of a
double-slit apparatus, and B could be an electron detector for the "which-slit" observable whose
eigenvectors are the |Aii .
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To make a which-slit measurement, B must distinguish between the states represented by |A1i and |A2i ,
so B must contain a specific quantum detection component with quantum states represented by kets |Bii
such that, if A is in the state represented by |Aii, then detection yields the state represented by |Bii(i = 1
or 2).
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Assuming a minimally-disturbing measurement that leaves eigenstates unaltered, and letting |Bready i
represent the state of B's quantum component prior to measurement, the process
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|Aii |Bready i ) |Aii |Bii (i = 1, 2)

(3)

describes a measurement of the which-slit observable when A's state is represented by an eigenstate.
When A is in the state represented by |
the time evolution implies
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Ai

and B measures the which-slit observable, simple linearity of

1
1
p (|A1i + |A2i) |Bready i ) p (|A1i |B1i + |A2i |B2i) = |
2
2

AB i

(4)

Thus von Neumann's straightforward argument shows the measurement creates the entangled
superposition | AB i of Equation (2), where "B" now refers to the quantum detection component of the
detector.
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But von Neumann's measurement postulate implies that, when the which-slit observable is measured, A
collapses into one of its eigenstates while B collapses into the corresponding detector state.
It is by no means clear that |
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AB i

(Equation (4)) represents such a measurement outcome.

As many physicists put it, "The problem of what to make of this is called the 'measurement problem'."
This discussion will show that | AB i does in fact represent the collapsed state and the single definite
outcome expected from von Neumann's measurement postulate.
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We have used the same notation, | AB i , for the arbitrary entangled state represented by Equation (2)
(where A and B are arbitrary quantum systems) and for the specific case of the entangled state that
develops when a detector measures a quantum system, represented by Equation (4) (where B is now a
detector).
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We will refer to this state in the context of Equation (4) as the "measurement state" (MS).
We will also, however, need to refer to the arbitrary entangled state Equation (2), especially later where
we analyze an experiment involving two microscopically entangled photons.
Thus the question of how to interpret entangled states looms large in the foundations of quantum
physics.
As noted above, the interpretation of general entangled states such as the one represented by Equation
(2) is already murky as compared with the interpretation of simple superposition states such as the one
represented by Equation (1).

The problem of interpreting the MS is especially important, because macroscopically distinct states
now lie on each side of the "plus" sign on the right-hand side of Equation (4).
As already discussed, the superposition | A i can be interpreted to represent a situation in which A
incorporates properties represented by both |A1i and |A2i .
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And a product state such as |A1i |B1i represents a state of the composite system AB in which A is
represented by |A1i and B is represented by |B1i .
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Thus | AB i appears to describe a detector that simultaneously "points" to two macroscopically different
outcomes |B1i and |B2i !
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The detector seems to display no definite outcome, a conundrum known as the "problem of outcomes"
Such a superposition state would be paradoxical.
Schrodinger, who imagined a cat attached to the detector in such a way that |B1i included a live cat
and |B2i included a dead cat, described | AB i as representing a “living and dead cat ...smeared
out in equal parts.
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As one quantum foundations expert writes,
The crucial difficulty is now that it is not at all obvious how one is to regard the dynamical
evolution described by [Equation (4)] as representing measurement in the usual sense.
This is so because [Equation (4)] is ...not sufficient to directly conclude that the measurement has
actually been completed.
In fact, while measurement should lead to a specific eigenstate of the measured observable, Equation (4)
appears to entail that the system has been sucked into a vortex of entanglement and no longer has its
own quantum state.

On top of that, the entangled state fails to indicate any particular measurement outcome.
As noted, it seems paradoxical that quantum measurements lead to a state represented by the MS.
Measurement should lead to a situation in which A is represented by one of its eigenvectors |Aii and B
is represented by the corresponding |Bii .
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Since quantum uncertainty typically implies unpredictable measurement outcomes, it is reasonable to
conclude that measurement should lead to a state represented by an ignorance-interpretable mixture
of the products |A1i |B1i and |A2i |B2i .
<latexit sha1_base64="EMeftTbJQpvKjfQ2coQERUIIKt8=">AAACDXicbVBLSgNBEO2Jvxh/oy7dDAbBVZgR0SyjbgQ3EcwHkiH0dCpJk54P3TWBMMwZvIBbvYE7cesZvIDnsDOZhUl8UNTjvSqqeF4kuELb/jYKa+sbm1vF7dLO7t7+gXl41FRhLBk0WChC2faoAsEDaCBHAe1IAvU9AS1vfDfzWxOQiofBE04jcH06DPiAM4pa6plm9wEwuXHSrN86ac8s2xU7g7VKnJyUSY56z/zp9kMW+xAgE1SpjmNH6CZUImcC0lI3VhBRNqZD6GgaUB+Um2Sfp9aZVvrWIJS6ArQy9e9GQn2lpr6nJ32KI7XszcT/vE6Mg6qb8CCKEQI2PzSIhYWhNYvB6nMJDMVUE8ok179abEQlZajDWrjiSToGTEs6GGc5hlXSvKg4VxXn8bJcq+YRFckJOSXnxCHXpEbuSZ00CCMT8kJeyZvxbLwbH8bnfLRg5DvHZAHG1y9aOpuE</latexit>

<latexit sha1_base64="4TDBGdpb9U6CG3ncm5ESxW5ls0E=">AAACDXicbVBLSgNBEO3xG+Nv1KWbwSC4CjNBNMuoG8FNBPOBZAg9nUrSpOdDd00gDHMGL+BWb+BO3HoGL+A57ExmYRIfFPV4r4oqnhcJrtC2v4219Y3Nre3CTnF3b//g0Dw6bqowlgwaLBShbHtUgeABNJCjgHYkgfqegJY3vpv5rQlIxcPgCacRuD4dBnzAGUUt9Uyz+wCY3FTSrN9W0p5Zsst2BmuVODkpkRz1nvnT7Ycs9iFAJqhSHceO0E2oRM4EpMVurCCibEyH0NE0oD4oN8k+T61zrfStQSh1BWhl6t+NhPpKTX1PT/oUR2rZm4n/eZ0YB1U34UEUIwRsfmgQCwtDaxaD1ecSGIqpJpRJrn+12IhKylCHtXDFk3QMmBZ1MM5yDKukWSk7V2Xn8bJUq+YRFcgpOSMXxCHXpEbuSZ00CCMT8kJeyZvxbLwbH8bnfHTNyHdOyAKMr19ddJuG</latexit>

Assuming the initial state is represented by |
represented by the density operator
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⇢mixed

Ai ,

such a post-measurement mixture would be

1
= (|A1i |B1i hB1| hA1| + |A2i |B2i hB2| hA2|)
2

(5)

This mixture can be interpreted(as we did earlier) as "the system is represented by a single
component |Aii |Bii , but we cannot know whether i = 1 or 2 until we look at the outcome."
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Beginning with von Neumann's analysis, at least eight published "measurement problem insolubility
proofs” have assumed that, in order to obtain definite outcomes, the measurement process should
transform the composite system AB into a mixture analogous to Equation (5) (so have we so far!!)
The initial state of A is assumed to be pure and to be represented by a superposition such as Equation (1).
The analysis then investigates whether a suitable composite-system post-measurement mixture can be
reached via a unitary process.
To achieve this, the detector must be represented by a mixture initially, because unitary processes
cannot turn a pure state into a mixture.

Since B is macroscopic, such an initial mixture seems appropriate.
Thus von Neuman and seven succeeding analysts asked:
Is there an initial mixed-state density operator ⇢ready of B and a unitary process U acting on AB
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such that U transforms the initial composite density operator |
desired composite mixture?

Ai h A|

⌦ ⇢ready into the

The eight insolubility proofs, with varying assumptions, say the answer is "no," presumably
demonstrating the measurement problem to be insoluble(according to them!).
We will show later, however, that the premise of these insolubility proofs, namely that Equation (5)
represents the appropriate post-measurement state, was doomed from the start, precisely because it is
not entangled and thus cannot have the properties required if quantum theory is to describe the
measurement process. That statement represents the crucial point!!
To put this another way, there are reasons why the post-measurement state must be an entangled state,
which implies that it cannot be a mixture such as Equation (5), which just represents what we measure!
We will then show that the MS does have the desired properties.
3 - A CRUCIAL CLUE FROM EINSTEIN
At the 1927 Solvay Conference, five years prior to von Neumann's analysis of quantum measurement,
Einstein asked the audience to consider an experiment in which electrons pass through a tiny hole in an
opaque screen and then impact a large hemispherical detection screen centered at the hole (Fig. 1).

According to the Schrodinger equation, each electron's state diffracts widely, spreading and reaching the
entire screen simultaneously.
Yet each electron registers at only a single point.
How, Einstein asked, do the other points instantaneously remain "dark," i.e., not show an impact?
As Einstein put it in his notes, this "entirely peculiar mechanism of action-at-a-distance, which
prevents the wave continuously distributed in space from producing an effect in two places on the
screen," presents a fundamental problem.
It appears to imply instant signaling, violating special relativity.
Einstein's argument shows that, under a realistic and objective (independent of humans) interpretation
of quantum physics, the Schrodinger equation is at odds with experimental facts unless the electron's
state collapses instantaneously and nonlocally upon measurement.
Thus, realistic quantum physics implies instantaneously-established nonlocal correlations are essential
to the measurement process.

Indeed, modern experiments have verified the nonlocal character of the measurement transition.
Since nonlocality is essential to measurement, the presumed post-measurement mixed state(5) was
doomed from the start precisely because it does not exhibit the required nonlocality.
But entangled superpositions do exhibit the required nonlocality.
So from our modern point of view, Einstein's argument shows that entanglement, far from being an
unwelcome paradox, is required in measurements.
This is a crucial clue and good news for quantum foundations, because von Neumann's predicted MS is
just such an entangled superposition!
One particular argument, at least, should be mentioned. Its resolution of the measurement problem
"diagonalizes the density operator" as we discussed earlier on one of our adventures.
They form the exact density operator ⇢ = |
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AB i h

AB |

, which can be written
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|

AB i h

⇢diagonal = ⇢mixed

where
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AB |

= ⇢diagonal + ⇢o↵-diagonal

(6)

(Equation (5)) and
(7)

Recall that the exact expectation value of any observable F is
XX
hF i = Tr(⇢F ) =
⇢jk Fkj
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j

k

where ⇢ijk and Fijk are matrix elements of ⇢
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<latexit sha1_base64="11RPvyG9yoUgBID9BSFJc4Ocbuc=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BLx4jmAcmS5id9CZjZmeWmVkhLHv2B7zqH3gTr36HP+B3OEn2YBILGoqqbrq7gpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaJotCkkkvVCYgGzgQ0DTMcOrECEgUc2sH4Zuq3n0BpJsW9mcTgR2QoWMgoMVZ66KmR7KfscZz1yxW36s6AV4mXkwrK0eiXf3oDSZMIhKGcaN313Nj4KVGGUQ5ZqZdoiAkdkyF0LRUkAu2ns4szfGaVAQ6lsiUMnql/J1ISaT2JAtsZETPSy95U/M/rJias+SkTcWJA0PmiMOHYSDx9Hw+YAmr4xBJCFbO3YjoiilBjQ1rYEigyBpOVbDDecgyrpHVR9a6q3t1lpV7LIyqiE3SKzpGHrlEd3aIGaiKKBHpBr+jNeXbenQ/nc95acPKZY7QA5+sXWSOZfA==</latexit>

<latexit sha1_base64="Ngdwh+ju2WplnntyWUivdhBCljM=">AAAB/3icbVDLSsNAFJ3UV62vqks3g0VwVRIR7bLgxmUF+4A2lMl00gydzISZG6GELvwBt/oH7sStn+IP+B1O2ixs64ELh3Pu5d57gkRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJx6hUU9amSijdC4hhgkvWBg6C9RLNSBwI1g0md7nffWLacCUfYZowPyZjyUNOCeTSQEdqWK25dXcOvE68gtRQgdaw+jMYKZrGTAIVxJi+5ybgZ0QDp4LNKoPUsITQCRmzvqWSxMz42fzWGb6wygiHStuSgOfq34mMxMZM48B2xgQis+rl4n9eP4Ww4WdcJikwSReLwlRgUDh/HI+4ZhTE1BJCNbe3YhoRTSjYeJa2BJpMGMwqNhhvNYZ10rmqezd17+G61mwUEZXRGTpHl8hDt6iJ7lELtRFFEXpBr+jNeXbenQ/nc9FacoqZU7QE5+sXTS+Wqw==</latexit>

and F
<latexit sha1_base64="nsPmy2bffD+rIZVYdicl/yMnwyU=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BQTwmYB6QLGF20psMmZ1dZnqFEOIPeNU/8CZe/Rd/wO9wkuzBJBY0FFXddHcFiRQGXffbyW1sbm3v5HcLe/sHh0fF45OmiVPNocFjGet2wAxIoaCBAiW0Ew0sCiS0gtHdzG89gTYiVo84TsCP2ECJUHCGVqrf94olt+zOQdeJl5ESyVDrFX+6/ZinESjkkhnT8dwE/QnTKLiEaaGbGkgYH7EBdCxVLALjT+aHTumFVfo0jLUthXSu/p2YsMiYcRTYzojh0Kx6M/E/r5NiWPEnQiUpguKLRWEqKcZ09jXtCw0c5dgSxrWwt1I+ZJpxtNksbQk0GwFOCzYYbzWGddK8Kns3Za9+XapWsojy5Iyck0vikVtSJQ+kRhqEEyAv5JW8Oc/Ou/PhfC5ac042c0qW4Hz9AqxMlS4=</latexit>

.

(8)

This idea argues that off-diagonal terms in Equation (8) can be ignored because they involve matrix
elements such as hB1| hA1| F |A2i |B2i
that are non-zero only for a "fantastic" observable F
because |B1i and |B2i represent the states of widely separated detectors.
<latexit sha1_base64="nteguw2ZZzLYYb8/b0+5Anpjq8c=">AAACIHicbVBLSgNBEO2J//iLunTTGARXYSaIutQIIriJYEwgM4SeTiVp0vOhu0YIwxzAa3gBt3oDd+JSD+A57EyyMMYHTT3eq6Kqnx9LodG2P63CwuLS8srqWnF9Y3Nru7Sze6+jRHFo8EhGquUzDVKE0ECBElqxAhb4Epr+8HLsNx9AaRGFdziKwQtYPxQ9wRkaqVMquzXF0pqT5fXCyegVdW8A04tqltdaNTNddsXOQeeJMyVlMkW9U/p2uxFPAgiRS6Z127Fj9FKmUHAJWdFNNMSMD1kf2oaGLADtpflnMnpolC7tRcq8EGmu/p5IWaD1KPBNZ8BwoP96Y/E/r51g78xLRRgnCCGfLOolkmJEx8nQrlDAUY4MYVwJcyvlA6YYR5PfzBZfsSFgVjTBOH9jmCf31YpzUnFuj8vnZ9OIVsk+OSBHxCGn5JxckzppEE4eyTN5Ia/Wk/VmvVsfk9aCNZ3ZIzOwvn4As/WigQ==</latexit>

<latexit sha1_base64="7l2ALX+yU7OTjFUdjtTKJD+J0a0=">AAACA3icbVDLSsNAFJ3UV62vqks3wSK4KomIdll0I7ipYB/QhjKZ3rRDJ5MwcyOUkKU/4Fb/wJ249UP8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+ASmshRQCdWQENfQNsf30799hMozSP5iJMYvJAOJQ84o2ikTu8eML1xs3654lSdGexV4uakQnI0+uWf3iBiSQgSmaBad10nRi+lCjkTkJV6iYaYsjEdQtdQSUPQXjq7N7PPjDKwg0iZkmjP1L8TKQ21noS+6QwpjvSyNxX/87oJBjUv5TJOECSbLwoSYWNkT5+3B1wBQzExhDLFza02G1FFGZqIFrb4io4Bs5IJxl2OYZW0LqruVdV9uKzUa3lERXJCTsk5cck1qZM70iBNwoggL+SVvFnP1rv1YX3OWwtWPnNMFmB9/QLwtpgZ</latexit>

<latexit sha1_base64="ZJOemNO+3X8gcPFzlEOxw2l9erg=">AAACA3icbVDLSsNAFJ34rPVVdekmWARXJSmiXRbdCG4q2Ae0oUymN+3QySTM3AglZOkPuNU/cCdu/RB/wO9w2mZhWw9cOJxzL/fe48eCa3Scb2ttfWNza7uwU9zd2z84LB0dt3SUKAZNFolIdXyqQXAJTeQooBMroKEvoO2Pb6d++wmU5pF8xEkMXkiHkgecUTRSp3cPmN5Us36p7FScGexV4uakTHI0+qWf3iBiSQgSmaBad10nRi+lCjkTkBV7iYaYsjEdQtdQSUPQXjq7N7PPjTKwg0iZkmjP1L8TKQ21noS+6QwpjvSyNxX/87oJBjUv5TJOECSbLwoSYWNkT5+3B1wBQzExhDLFza02G1FFGZqIFrb4io4Bs6IJxl2OYZW0qhX3quI+XJbrtTyiAjklZ+SCuOSa1MkdaZAmYUSQF/JK3qxn6936sD7nrWtWPnNCFmB9/QLyT5ga</latexit>

It says that matrix elements for such fantastic observables can, for all practical purposes, be neglected
so that we can replace ⇢ by ⇢mixed .
<latexit sha1_base64="Ngdwh+ju2WplnntyWUivdhBCljM=">AAAB/3icbVDLSsNAFJ3UV62vqks3g0VwVRIR7bLgxmUF+4A2lMl00gydzISZG6GELvwBt/oH7sStn+IP+B1O2ixs64ELh3Pu5d57gkRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJx6hUU9amSijdC4hhgkvWBg6C9RLNSBwI1g0md7nffWLacCUfYZowPyZjyUNOCeTSQEdqWK25dXcOvE68gtRQgdaw+jMYKZrGTAIVxJi+5ybgZ0QDp4LNKoPUsITQCRmzvqWSxMz42fzWGb6wygiHStuSgOfq34mMxMZM48B2xgQis+rl4n9eP4Ww4WdcJikwSReLwlRgUDh/HI+4ZhTE1BJCNbe3YhoRTSjYeJa2BJpMGMwqNhhvNYZ10rmqezd17+G61mwUEZXRGTpHl8hDt6iJ7lELtRFFEXpBr+jNeXbenQ/nc9FacoqZU7QE5+sXTS+Wqw==</latexit>

<latexit sha1_base64="vBtbxMAdZ3MPOAMod5Jdjvqe9aw=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRbcuKxgH9CGMpnctENnMmFmIpaQD/AH3OofuBO3foY/4Hc4bbOwrQcuHM65l3M5QcKZNq777aytb2xubZd2yrt7+weHlaPjtpapotCikkvVDYgGzmJoGWY4dBMFRAQcOsH4dup3HkFpJuMHM0nAF2QYs4hRYqzU76uRHGSCPUGYDypVt+bOgFeJV5AqKtAcVH76oaSpgNhQTrTueW5i/IwowyiHvNxPNSSEjskQepbGRID2s9nPOT63SogjqezEBs/UvxcZEVpPRGA3BTEjvexNxf+8Xmqiup+xOEkNxHQeFKUcG4mnBeCQKaCGTywhVDH7K6Yjogg1tqaFlECRMZi8bIvxlmtYJe3Lmndd8+6vqo16UVEJnaIzdIE8dIMa6A41UQtRlKAX9IrenGfn3flwPuera05xc4IW4Hz9AgYOmmk=</latexit>

But we have seen that this premise is doomed because ⇢mixed lacks the required nonlocal properties,
so this type of proposal fails (it leaves our original discussions in limbo for the moment also!!).
<latexit sha1_base64="vBtbxMAdZ3MPOAMod5Jdjvqe9aw=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRbcuKxgH9CGMpnctENnMmFmIpaQD/AH3OofuBO3foY/4Hc4bbOwrQcuHM65l3M5QcKZNq777aytb2xubZd2yrt7+weHlaPjtpapotCikkvVDYgGzmJoGWY4dBMFRAQcOsH4dup3HkFpJuMHM0nAF2QYs4hRYqzU76uRHGSCPUGYDypVt+bOgFeJV5AqKtAcVH76oaSpgNhQTrTueW5i/IwowyiHvNxPNSSEjskQepbGRID2s9nPOT63SogjqezEBs/UvxcZEVpPRGA3BTEjvexNxf+8Xmqiup+xOEkNxHQeFKUcG4mnBeCQKaCGTywhVDH7K6Yjogg1tqaFlECRMZi8bIvxlmtYJe3Lmndd8+6vqo16UVEJnaIzdIE8dIMa6A41UQtRlKAX9IrenGfn3flwPuera05xc4IW4Hz9AgYOmmk=</latexit>

4 - EXPERIMENTAL STUDIES OF STATES HAVING ENTANGLED SPATIAL PATHS
Earlier we presented the measurement problem and some previous thoughts on the problem.
We now will present a suggested resolution of all difficulties.
We now review interferometry experiments and theory that investigate the microscopic entangled
superposition | AB i Equation (2) over its full 0 - to - π range of phases, for a system of two
momentum-entangled (i.e. path-entangled) photons.
<latexit sha1_base64="2vbFNWjg07f1PhdqoWUTAUBLTko=">AAACDHicbVDLSsNAFJ3UV62PVl26CRbBVUlEtMuqG8FNBfuAJoTJ9KYdOnkwcyOUkF/wB9zqH7gTt/6DP+B3OH0sbOuBC4dz7uVcjp8IrtCyvo3C2vrG5lZxu7Szu7dfrhwctlWcSgYtFotYdn2qQPAIWshRQDeRQENfQMcf3U78zhNIxePoEccJuCEdRDzgjKKWvErZuQfMnKbiXnZ9k+depWrVrCnMVWLPSZXM0fQqP04/ZmkIETJBlerZVoJuRiVyJiAvOamChLIRHUBP04iGoNxs+nhunmqlbwax1BOhOVX/XmQ0VGoc+nozpDhUy95E/M/rpRjU3YxHSYoQsVlQkAoTY3PSgtnnEhiKsSaUSa5/NdmQSspQd7WQ4ks6AsxLuhh7uYZV0j6v2Zc1++Gi2qjPKyqSY3JCzohNrkiD3JEmaRFGUvJCXsmb8Wy8Gx/G52y1YMxvjsgCjK9fOYabfw==</latexit>

The results provide a key insight into solving the measurement puzzle.

As preparation, we first study the simple superposition Equation (1).
Consider the interferometer experiment of Figure 2.
On each experimental trial, a photon enters a 50-50 beam splitter BS1 which transforms the photon's
state into the superposition Equation (1) where |A1i and |A2i respectively represent paths 1 and 2.
<latexit sha1_base64="jfMthQCTJGvhdox/nSRAuZnsIv0=">AAACA3icbVDLSsNAFJ3UV62vqks3wSK4KomIdllxI7ipYB/QhjKZ3rRDJ5MwcyOUkKU/4Fb/wJ249UP8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+ASmshRQCdWQENfQNsf30799hMozSP5iJMYvJAOJQ84o2ikTu8eML1xs3654lSdGexV4uakQnI0+uWf3iBiSQgSmaBad10nRi+lCjkTkJV6iYaYsjEdQtdQSUPQXjq7N7PPjDKwg0iZkmjP1L8TKQ21noS+6QwpjvSyNxX/87oJBjUv5TJOECSbLwoSYWNkT5+3B1wBQzExhDLFza02G1FFGZqIFrb4io4Bs5IJxl2OYZW0LqruVdV9uKzUa3lERXJCTsk5cck1qZM70iBNwoggL+SVvFnP1rv1YX3OWwtWPnNMFmB9/QLvHJgY</latexit>

<latexit sha1_base64="gblMzh9nP8ME9ux08fIe/8xFgoc=">AAACA3icbVDLSsNAFJ34rPVVdekmWARXJSmiXVbcCG4q2Ae0oUymN+3QySTM3AglZOkPuNU/cCdu/RB/wO9w2mZhWw9cOJxzL/fe48eCa3Scb2ttfWNza7uwU9zd2z84LB0dt3SUKAZNFolIdXyqQXAJTeQooBMroKEvoO2Pb6d++wmU5pF8xEkMXkiHkgecUTRSp3cPmN5Us36p7FScGexV4uakTHI0+qWf3iBiSQgSmaBad10nRi+lCjkTkBV7iYaYsjEdQtdQSUPQXjq7N7PPjTKwg0iZkmjP1L8TKQ21noS+6QwpjvSyNxX/87oJBjUv5TJOECSbLwoSYWNkT5+3B1wBQzExhDLFza02G1FFGZqIFrb4io4Bs6IJxl2OYZW0qhX3quI+XJbrtTyiAjklZ+SCuOSa1MkdaZAmYUSQF/JK3qxn6936sD7nrWtWPnNCFmB9/QLwtZgZ</latexit>

A series of single-photon trials probes this state using mirrors M that bring the two branches together,
phase shifters 1 and 2 that lengthen the two paths by phases 1 and 2 , and a second beam
splitter BS2 that mixes the branches together.
<latexit sha1_base64="49d/FwXQj2gd5/ostXZWzUQewno=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOT2WTM7Owy0yuEJSd/wKv+gTfx6pf4A36Hk2QPJrGgoajqprsrSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilZjcZip7XK5XdijsDWSVeTsqQo94r/XT7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbthJxbpU/CWNtSSGbq34mMRsaMo8B2RhSHZtmbiv95nRTDqp8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG9DClkDTEcdJ0QbjLcewSpqXFe+64t1flWvVPKICnMIZXIAHN1CDO6hDAxg8wgu8wpvz7Lw7H87nvHXNyWdOYAHO1y9zkZdH</latexit>

<latexit sha1_base64="aSuHWRqCHW94C1AknE1AbnzXe5c=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKewG0RwDXjxGMA9IljA76SRjZmeXmVkhLDn5A171D7yJV7/EH/A7nCR7MIkFDUVVN91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXj25nfekKleSQfzCRGP6RDyQecUWOlZjce8V6lVyy5ZXcOsk68jJQgQ71X/On2I5aEKA0TVOuO58bGT6kynAmcFrqJxpiyMR1ix1JJQ9R+Or92Si6s0ieDSNmShszVvxMpDbWehIHtDKkZ6VVvJv7ndRIzqPopl3FiULLFokEiiInI7HXS5wqZERNLKFPc3krYiCrKjA1oaUug6BjNtGCD8VZjWCfNStm7Lnv3V6VaNYsoD2dwDpfgwQ3U4A7q0AAGj/ACr/DmPDvvzofzuWjNOdnMKSzB+foFdSmXSA==</latexit>

Measurement occurs at photon detectors B1 and B2.

<latexit sha1_base64="49d/FwXQj2gd5/ostXZWzUQewno=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOT2WTM7Owy0yuEJSd/wKv+gTfx6pf4A36Hk2QPJrGgoajqprsrSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilZjcZip7XK5XdijsDWSVeTsqQo94r/XT7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbthJxbpU/CWNtSSGbq34mMRsaMo8B2RhSHZtmbiv95nRTDqp8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG9DClkDTEcdJ0QbjLcewSpqXFe+64t1flWvVPKICnMIZXIAHN1CDO6hDAxg8wgu8wpvz7Lw7H87nvHXNyWdOYAHO1y9zkZdH</latexit>

<latexit sha1_base64="aSuHWRqCHW94C1AknE1AbnzXe5c=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKewG0RwDXjxGMA9IljA76SRjZmeXmVkhLDn5A171D7yJV7/EH/A7nCR7MIkFDUVVN91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXj25nfekKleSQfzCRGP6RDyQecUWOlZjce8V6lVyy5ZXcOsk68jJQgQ71X/On2I5aEKA0TVOuO58bGT6kynAmcFrqJxpiyMR1ix1JJQ9R+Or92Si6s0ieDSNmShszVvxMpDbWehIHtDKkZ6VVvJv7ndRIzqPopl3FiULLFokEiiInI7HXS5wqZERNLKFPc3krYiCrKjA1oaUug6BjNtGCD8VZjWCfNStm7Lnv3V6VaNYsoD2dwDpfgwQ3U4A7q0AAGj/ACr/DmPDvvzofzuWjNOdnMKSzB+foFdSmXSA==</latexit>

Figure 3 shows the results(discussed earlier).

<latexit sha1_base64="49d/FwXQj2gd5/ostXZWzUQewno=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOT2WTM7Owy0yuEJSd/wKv+gTfx6pf4A36Hk2QPJrGgoajqprsrSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilZjcZip7XK5XdijsDWSVeTsqQo94r/XT7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbthJxbpU/CWNtSSGbq34mMRsaMo8B2RhSHZtmbiv95nRTDqp8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG9DClkDTEcdJ0QbjLcewSpqXFe+64t1flWvVPKICnMIZXIAHN1CDO6hDAxg8wgu8wpvz7Lw7H87nvHXNyWdOYAHO1y9zkZdH</latexit>

Varying 1 through 180 degrees causes the photon's state to shift from 100% probability of detection
at B1, through diminishing probabilities at B1 and increasing probabilities at B2, finally reaching 100%
probability of detection at B2.
<latexit sha1_base64="aSuHWRqCHW94C1AknE1AbnzXe5c=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKewG0RwDXjxGMA9IljA76SRjZmeXmVkhLDn5A171D7yJV7/EH/A7nCR7MIkFDUVVN91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXj25nfekKleSQfzCRGP6RDyQecUWOlZjce8V6lVyy5ZXcOsk68jJQgQ71X/On2I5aEKA0TVOuO58bGT6kynAmcFrqJxpiyMR1ix1JJQ9R+Or92Si6s0ieDSNmShszVvxMpDbWehIHtDKkZ6VVvJv7ndRIzqPopl3FiULLFokEiiInI7HXS5wqZERNLKFPc3krYiCrKjA1oaUug6BjNtGCD8VZjWCfNStm7Lnv3V6VaNYsoD2dwDpfgwQ3U4A7q0AAGj/ACr/DmPDvvzofzuWjNOdnMKSzB+foFdSmXSA==</latexit>

The photon exhibits similar interference upon varying

2

.

<latexit sha1_base64="J+AqYqin6NEg8qnQrBOsmdCvQYU=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjATRLMMuHEZwSRCMoaeTk3SpOdDd40QhpzAC7jVG7gTt57CC3gOO5NZmMQHRT3eq6KK58VSaLTtb6uwtr6xuVXcLu3s7u0flA+P2jpKFIcWj2SkHjymQYoQWihQwkOsgAWehI43vpn5nSdQWkThPU5icAM2DIUvOEMjPfbikejX6EXWnX65YlftDHSVODmpkBzNfvmnN4h4EkCIXDKtu44do5syhYJLmJZ6iYaY8TEbQtfQkAWg3TT7ekrPjDKgfqRMhUgz9e9GygKtJ4FnJgOGI73szcT/vG6Cft1NRRgnCCGfH/ITSTGiswjoQCjgKCeGMK6E+ZXyEVOMowlq4Yqn2BhwWjLBOMsxrJJ2repcVZ27y0qjnkdUJCfklJwTh1yTBrklTdIinCjyQl7Jm/VsvVsf1ud8tGDlO8dkAdbXL6l/mhI=</latexit>

Note that A's state depends only on the phase difference

2

1

.

Since single-trial results vary regardless of which phase shifter varies, it is hard to avoid the conclusion
that each photon follows both paths.
In fact, let us assume the contrary, namely that each photon follows only one path.
Suppose the phase shifters are set to ensure 100% probability of detection at B1.
Under our assumption, this setting guarantees that every photon following path 1, and every photon
following path 2, is detected at B1.
Suppose path 2 is now blocked without changing the phase settings, so that (still under our one-path
assumption) every detected photon must now follow path 1 and be detected at B1.
But the experiment shows that, to the contrary, 50% of the detected photons now go to B2.
Conclusion: each photon follows both paths.
For a full discussion, see earlier lectures.
As Paul Dirac put it,
"The new theory, which connects the wave function with probabilities for one photon, gets over ,
the difficulty by making each photon go partly into each of the two components.
Each photon then interferes only with itself."

This illustrates why the "plus" sign in a superposition such as Equation (1) is interpreted by the
word “AND".
We turn now to the entangled state Equation (2).
Many Bell inequality tests used polarization-entangled photon pairs to study the full phase dependence
of this state.
More useful for this discussion are two interferometer experiments conducted in 1990.
Both of these experiments used momentum-entangled photon pairs to conduct Bell inequality tests of the
entangled superposition Equation (2) (see earlier discussions).
Figure 4 shows the layout.
The source creates entangled pairs of photons A
(moving leftward) and B (moving rightward) by
laser down-conversion in a non-linear crystal.
The down-converted photons are prepared in the
entirely microscopic state represented by | AB i
(Equation (2)) by selecting four single-photon
beams, each a plane wave having a distinct
momentum (i.e. wave vector), from the output
of the crystal.
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Figure 4 resembles two back-to-back Mach- Zehnder interferometer experiments (Figure 2) with BS1
located effectively inside the source.

For simplicity and clarity, Figure 4 differs from the layout shown in the published papers.
In Figure 4, paired photons are directed oppositely.
This arrangement would result if the entanglement were prepared by the cascade decay of an atom.
In the actual experiments, however, down-converted photon pairs are emitted into two angular cones,
resulting in photons that are not oppositely directed.
Figure 4's simpler geometry is pedagogically useful and has no effect on our arguments.
Although Figure 4 represents each photon as a wave packet spreading along two paths directed leftward
or rightward, the composite system AB should be regarded as a single object, a “biphoton".
In each trial, a biphoton spreads outward from the source along two superposed branches.
One branch, represented by the first term |A1i |B1i in Equation (2), spreads along the solid path and
the other branch, |A2i |B2i , spreads along the dashed path.
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As the biphoton AB moves outward along the solid path, A encounters a mirror M, then a beam splitter
BS where it transmits and reflects to detectors A1 and A2; photon B encounters a mirror M, a phase
shifter B , and a beam splitter BS where it transmits/reflects to detectors B1/B2.
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The other half of the entanglement, namely the dashed path, has a similar description.
The experiments record outcomes at four photon detectors equipped with coincidence timers.
Published papers predict the experimental results theoretically and we follow their optical-path analysis
here(slightly different but equivalent to our earlier arguments).
They begin by calculating the two-point nonlocal quantum field amplitudes (Ai, Bj) at the four
coincidence detectors (Ai, Bj), and from these results they predict single-photon results.
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(A1, B2) has two contributions, one from phase shifts in the beam following the solid
For example,
path (the first term in | AB i ) and the other from the dashed path (the second term).
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From Equation (2), assuming distinct plane waves exp(ik · x) for each single-photon beam,
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1
(A1, B2) = p {exp(i w ) exp[i( x + B )] + exp[i( y + A )] exp(i z )}
2 2
where w , x , y , z are fixed phase-shifts resulting from mirrors and beam splitters, and the
additional factor of 1/2 comes from the superpositions created at the two beam splitters.
<latexit sha1_base64="hSOm/rLLtfQ8ya3MK/cv29aUi7I="></latexit>

(9)
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Using the Born rule, Equation (9) implies the coincidence probability
1
2
P (A1, B2) = | (A1, B2)| = [1 + cos ( B
A+
4
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is a fixed phase arising from w , x , y ,
1
P (A1, B1) = [1 + cos ( B
4
is another fixed phase.

v )]

(10)
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where

u

z

. Similarly,
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where

u

A

+

u )]

(11)

Remarkably, the sinusoidal terms predict coherent (phase-dependent) nonlocal interference between A
and B, regardless of their separation.

There are similar expressions for P(A2, B1) and P(A2, B2).
Single-photon predictions then follow. For example, from simple probability theory
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The theory papers then show the two fixed phase factors
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u

and

v

differ by π:

Thus the sinusoidal terms in Equation (12) interfere destructively, and P(A1) = 1/2 regardless of phase.
Equations (12) and (13) show this remarkable result to arise from destructive interference of two
phase-dependent nonlocal contributions from the distant other photon B!
The result at all four single-photon detectors is the same:

Unlike the non-entangled single-photon superposition | A i , where the superposed photon is coherent
(phase-dependent) as shown by Figure 3, each entangled photon is "decohered" and cannot interfere
with itself.
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Instead the two photons interfere with each other despite being separated by an arbitrary distance.
More accurately, each biphoton interferes with itself.
Thus no single-photon interference fringes are associated with the state represented by |
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AB i

.

Special relativity requiress that this must be the case:
Since single-photon phase dependence could be used to establish an instantaneous communication
channel between A and B, entanglement must deprive individual photons of their phase.
The result is nonlocal coherence of the biphoton, AND decoherence of individual photons.
The decoherence is required by special relativity.
Equation (14) can also be derived by tracing the pure state density operator | AB i h AB | over one
subsystem to obtain the density operator for the other subsystem, which is what we did earlier.
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This yields two density operators that appear to be mixtures but are not really "ignorance mixtures" as
the word "mixture" is usually understood because the biphoton is in fact not in a mixed state but rather
in a pure state represented by | AB i . That is why our earlier idea was incomplete!
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The optical path analysis, above, derives Equation (14) while avoiding these controversial subtleties
A few definitions can put these predictions into more comprehensible form:
If one photon is detected in state 1 and the other in state 2, the two outcomes are said to be "different."
Otherwise, the outcomes are the "same."
Then from Equations (10) and (11), and similar expressions for P(A2, B1) and P(A2, B2),

Their difference, graphed in Figure 5, is called the "degree of correlation":

We now explore its physical significance.
5 - INTERPRETATION OF ENTANGLED MICROSCOPIC STATES
The original purpose of RTO's experiments was to demonstrate violations of Bell's inequality by
comparing theoretical predictions, Figure 5, with experimental measurements.
The experimental results agreed with Figure 5 and violated Bell's inequality by 10 standard deviations,
confirming the nonlocal nature of | AB i .
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What does Figure 5 mean conceptually?
At zero phase difference, where the two phase shifters are set to equal phases, P(same) = 1 and C =
P(same) - P(different) = +1.
Thus both stations always agree, despite the presence of beam splitters that randomize each photon prior
to detection (see Figure 4).
It is as though coins were flipped at each station and they always came out either both heads or both
tails!
Zero is the "measurement" phase angle where B's state is perfectly (and instantaneously) correlated with
A's state.
The nonlocality is intuitively obvious:
Each photon acts like a detector of the state of the other photon regardless of separation!
Simply based on this conclusion, we can make an important observation about the entangled MS
Equation (4):
Nonlocality is a central feature of quantum measurements.
For small non-zero phase differences, there is a small probability P(different) that results at the two
stations will differ, i.e. observation of B no longer provides reliable information about A.
With increasing phase difference, this unreliability increases until, at π/2, the two detector pairs are
entirely uncorrelated, and C = 0.
As the phase further increases from π/2 to π, P(different) increases while P(same) decreases, making C
more and more negative.

Finally, C = -1 at phase difference π, implying perfect anti-correlation.
Thus C is aptly called the "degree of correlation".
This description gives us a clear sense of the physical meaning of the fully entangled state Equation (2),
indicating precisely which entities are superposed.
The biphoton's phase controls the degree to which the fixed phase-independent 50-50 states of its two
spatially separated subsystems are statistically correlated.
Compare this with the phase of the simple superposition | A i(Equation (1)), which controls the degree
to which the single system A is represented by one or the other state.
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The entities before and after the plus signs in Equations (1) and (2) are conceptually quite different:
Equation (1) sums two states while Equation (2) sums two correlations between states.
This distinction is crucial.
A state is a situation (or configuration or path) of a single quantum object, but a correlation is a
statistical relationship between two (or more) quantum objects.
A superposition is the simultaneous existence of two or more states of a single quantum object.
An entanglement is the simultaneous existence of two or more relationships (specifically, correlations)
between the states of two or more quantum objects.
Creating an entanglement is quite a different matter from creating a superposition.

To elaborate, Table 1 compares the superposition represented by | A i (columns 1-2) with the
entanglement represented by | AB i (columns 3-5) at five different phases.
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Column 2 demonstrates interference between the states represented by |A1i and |A2i , implying the
photon is in a superposition of following both paths and that the state of A varies with phase.
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The phase dependence in column 2 shows that A interferes with itself.
In contrast, column 4 shows that, when the subsystems are represented by the pure state |
photon has a phase.
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AB i

, neither

Thus neither photon can interfere with itself, so neither photon can be represented by a superposition
state.
They are decohered.
Both photons are represented by fixed, phase-independent, 50-50 states at all phase angles, just as
though they were in ignorance mixtures (which, however, they are not).
But phase dependence has not vanished, it has only been transferred to the composite system.
As column 5 reveals, the degree of correlation between the fixed states of A and B now varies with phase.

A photon represented by | A i is in a coherent (phase-dependent) superposition of being in two states
(i.e. of following two paths).
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|

AB i ,
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on the other hand, represents the coherent superposition of two correlations between fixed states.

Instead of two coherent states existing simultaneously, two coherent relationships between states exist
simultaneously.
Neither subsystem is "smeared" (as Schrodinger apparently believed);
instead, only the relationship between subsystems is smeared.
Briefly, |

A i is

<latexit sha1_base64="wAXDsjHa+pwpOPa+obK/8til3vw=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomIdllxI7ipYB/QhDKZ3rRDJ5MwcyOU0A/wB9zqH7gTt36GP+B3OG2zsK0HLhzOuZdzOUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gdDv120+gNI/lI44T8CM6kDzkjKKRPO8eMPMamvduJr1yxak6M9irxM1JheRo9Mo/Xj9maQQSmaBad10nQT+jCjkTMCl5qYaEshEdQNdQSSPQfjb7eWKfGaVvh7EyI9GeqX8vMhppPY4CsxlRHOplbyr+53VTDGt+xmWSIkg2DwpTYWNsTwuw+1wBQzE2hDLFza82G1JFGZqaFlICRUeAk5Ipxl2uYZW0LqruVdV9uKzUa3lFRXJCTsk5cck1qZM70iBNwkhCXsgrebOerXfrw/qcrxas/OaYLMD6+gVMg5n2</latexit>

Thus |
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Ai

a superposition of states and |
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is qualitatively different from |
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Ai

is a superposition of correlations.
.

exhibits properties of |A1i AND |A2i , where "AND" indicates the superposition.
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If you amplify A to macroscopic dimensions, you will get a macroscopic superposition.
| AB i exhibits properties of correlations between |A1i and |B1i AND correlations
between |A2i and |B2i .
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If you amplify A and B to macroscopic dimensions, you will not get a macroscopic superposition, you
will simply get correlations between macroscopic objects.
The entanglement process transfers the coherence (phase dependence) of each photon to correlations
between the two photons, leaving individual photons in mixtures that are incoherent but that are not
ignorance mixtures.
| AB i is a "superposition of correlations between properties," in contrast to |
"superposition of properties."
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Ai

which is a

There is a even better way to think about all this:
Regard AB as a single object, a biphoton.
Then Equation (2) describes a superposition of this object.
In the experiment (Figure 4), the two superposed states are represented by the solid line and the dashed
line.
In this context, it makes no sense to speak of the superposition of a single subsystem, but it does make
sense to speak of the superposition of the biphoton.
It is the biphoton that goes through the phases graphed in Figure 5 and indicated in Table 1 column 5.
Both branches (solid and dashed) of the biphoton exist simultaneously.
6 - INTERPRETATION OF THE MEASUREMENT STATE
Earlier we analyzed the microscopic state represented by Equation (2) mathematically, and then
interpreted this state physically.
We now apply these insights to the entangled MS of a quantum system A and its detector B as derived in
Equation (4).
In order for B to be a reliable detector, its states must be perfectly correlated with A's states--it must
exhibit |Bii when and only when A is represented by |Aii (i = 1, 2).
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Thus Figure 5 implies the MS must be established at zero non-local phase:

B

A

=0 .

At this phase, two nonlocal perfect statistical correlations between a phase-independent 50-50 state
of A and the corresponding phase-independent 50-50 state of B exist simultaneously.

As shown earlier, contrary to Schrodinger's description, neither subsystem state can be “smeared
out" (superposed) because neither subsystem has a phase.
Instead, correlations between fixed states of A and B are smeared as shown in Table 1, while the detector
indicates a single definite outcome.
Applying Table 1 to Schrodinger's example, the cat is predicted to be alive in 50% of trials, dead in the
other 50%, and never in both states simultaneously.
Phase alterations would not smear the cat, they would smear only the correlations between the cat and
the nucleus leading not to a smeared cat but only to imperfect detection.
There is no paradoxical macroscopic superposition.
But if neither A nor B is superposed, what is superposed?
What does the MS's "plus" sign really mean?
The answer, from Table 1 at zero phase:
|A1i is perfectly correlated with |B1i AND |A2i is perfectly correlated with |B2i, where "AND"
represents the superposition.
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This simply says both correlations exist simultaneously:
|A1i if and only if |B1i AND |A2i if and only if |B2i .
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Again, there is no paradoxical macroscopic superposition. It's only the correlations (relationships)
between states, not the states themselves, that are superposed.

Entanglement transforms a superposition of 2 states into a superposition of two correlations between
states.
This makes quantum measurements possible because subsystem states can then be amplified to
macroscopic dimensions without requiring the creation of a macroscopic superposition.
Neither subsystem is in a macroscopic superposition.
Since neither subsystem is superposed, only a single outcome occurs--a conclusion that also follows
from Equation (14).
This single definite outcome occurs instantly upon entanglement, as facilitated by the nonlocal properties
of the entangled MS.
Thus we have derived the collapse as an inevitable consequence of entanglement, and have no need to
postulate such a process.
The MS is the collapsed state.
Our conclusion follows merely from standard principles of quantum theory with no other assumptions.
So von Neumann's enigmatic measurement state, Equation (4), is just what we want.
This entangled pure state provides the desired correlations, a single outcome, and the nonlocality
required by Einstein's argument.
Note that the collapse is established at the microscopic level, prior to macroscopic amplification.
Next, we provide an example of the sequence of events.

7 - EXAMPLE
The following simple example typifies quantum measurements and illustrates the preceding insights in
terms of a specific measurement process.
Consider the set-up in Figure 6.

A single photon traverses a beam splitter, creating the superposition represented by Equation (1) whose
branches correspond to separate paths toward widely separated photon detectors.
Analogously to Figure 1, we assume the two detectors are equidistant from the beam splitter.
Each detector contains a photo-sensitive plate that, upon absorbing a photon, releases an electron.
Von Neumann's argument implies that, as the two branches of the superposition “approach” the
detectors, at some point the branches overlap the detectors sufficiently that the entanglement process
represented by Equation (4) occurs, where |Bready i denotes the microscopic state of the detectors
prior to entanglement while |B1i and |B2i denote their states following entanglement but prior to
amplification and macroscopic recording.
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At the instant of interaction, the state jumps from a superposition of two paths of A (Equation (1)) to a
superposition of two correlations between A and B (right-hand side of the process in Equation (4)).
This entangled state is not paradoxical.
The right-hand side of Equation (4) entails precisely the proper correlations:
The excitation is transferred to only one detector while the other detector remains unexcited.
More correctly, either the solid branch or the dashed branch of the superposed biphoton (Figure 4) is
randomly selected.
In fact, it has been shown experimentally and theoretically that the set-up shown in Figure 6 leads to
entanglement and that the predicted nonlocal collapse occurs.
The nonlocality of the collapse is verified quantitatively by the experimental violation of a mathematical
inequality derived based on QM.
Thus the collapse, a non-linear and irreversible process, occurs at the microscopic level.
Once one photoelectron is released, the process is thermodynamically irreversible because the electron is
released into a vast number--a continuum--of free electron states and cannot feasibly be reversed.
This electron triggers an avalanche of other electrons leading to a macroscopic mark at one detector.
Other measurement set-ups follow the same general principles.
For example, in the measurement described by Einstein (discussed earlier), each small region of the
detection screen acts as a single detector, and the diffracted electron's quantum state entangles with all
these many regions.
Thus the argument above, involving only two detectors, must be extended to N detectors.

8 - SUMMARY AND CONCLUSION
Using only the standard principles of quantum physics, but minus the collapse postulate, we have shown
that quantum state collapse occurs as a consequence of the entanglement that occurs upon measurement
as described in 1932 by the von Neumann measurement state MS (Equation (4)).
The entangled "measurement state" of a quantum system and its detector is the collapsed state:
It incorporates the required perfect correlations between the system and its detector, it predicts precisely
one definite outcome, and it incorporates the nonlocal properties--the instantaneous collapse across all
branches of the superposition--that Einstein showed to be required in quantum measurements.
The measurement state Equation (4) does not describe a detector in a paradoxical superposition of
displaying multiple outcomes, as had been supposed by Schrodinger and others.
Instead, quantum theory concludes that this state entails just what we expect following a measurement:
The states represented by |A1i and |B1i are perfectly correlated, AND the states represented by |A2i
and |B2i are perfectly correlated, where "AND" represents the plus sign in the mathematical
representation of the state.
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Entanglement entails merely the simultaneous occurrence of two correlations between subsystems, not
the simultaneous occurrence of two individual states of either subsystem.
There can be no paradoxical superposition of different detector states or of different system states,
because the entanglement has shorn both the detector and the quantum system of their quantum phases
- just as Feynmann supposed in the quote I gave earlier!
The phase has been transferred from the individual subsystems to the degree of correlation between
subsystems.

To put all of this more directly, the single quantum object AB (the biphoton) collapses from a
superposition to one of its members.
The measurement state's entanglement and its nonlocal properties, far from being paradoxical, are
required in order to guarantee that the collapse occurs simultaneously across all branches of the
superposition.
Eight previous insolubility proofs failed because they did not incorporate this required nonlocality.
Nonlocality is a central feature of quantum measurement.
There is no need for a special collapse postulate because the entangled state is the collapsed state.
Collapse occurs instantly upon entanglement.
This analysis should not be regarded as one more interpretation of quantum physics.
It is instead a correction of the previous misunderstanding of von Neumann's entangled measurement
state.
It is not surprising that this misunderstanding has persisted for nearly 90 years.
After all, entanglement and nonlocality are deeply involved in the measurement problem's proper
resolution but they only began to be understood in 1964, leading to a long period of gradual acceptance
with confirmation only in 2015.
The delay in understanding measurement stemmed from this delay in understanding nonlocality.

For more than a century, much has been made of the odd and supposedly paradoxical nature
of the quantum.
This presumed quantum spookiness has led to an excess of attempted fixes and
interpretations.
Many experts have even declared the theory to be not a description of reality at all, but only a
mathematical recipe that helps humans predict the results of experiments.
As Niels Bohr put it, “There is no quantum world. There is only an abstract quantum
description.”
According to this hypothesis, quantum theory doesn’t describe anything real at all, so there’s
no cause for concern about collapse of the quantum state and other odd quantum behaviors.
Such an easy resolution of the quantum quandaries amounts to giving up on science’s project
of understanding the realities of the natural world.
It’s an extraordinary claim, requiring extraordinary proof. But there is no such proof, and there
are no grounds for regarding quanta as any less real than rocks.
Indeed, rocks are made of quanta.
Although it has long been a conceit of humankind to imagine the universe to be centered
around us, there is no reason to think that reality comprises only the kinds of things we
experience in our own daily lives.
The real world does not fade from existence, nor does it become incomprehensible, at
distances that happen to be several powers of ten smaller than teapots.
Atomic and subatomic processes are just as real as teapots and, with the help of technology,
accessible to human experimentation and understanding.

From the viewpoint of the macroscopic and classical world that we are pleased to call "normal",
there is certainly oddness in wave-particle duality, indeterminacy, quantum states,
superposition, nonlocality, measurement, and quantum jumps.
But there are no logical contradictions here, no disagreements with experiment, and nothing
that should persuade us that quantum physics is about anything other than the real world.
Quantum physics is either charmingly counterintuitive or maddeningly puzzling, depending on
your taste, but it is entirely self-consistent and experimentally accurate.
It’s time to accept it with all its charms and puzzles, and stop trying to repair or reinterpret it.
It’s time, in other words, to relax and admit the world is not as we had thought.
Nature is far more creative than we could have conceived.
Our most fundamental theory is in better shape than its detractors suppose.
Quantum physics is a remarkable treasure trove of far-reaching phenomena and ideas whose
surface we have probably only begun to scratch.
It’s time to fully embrace these ideas, incorporating them into our ways of thinking about the
universe, about our planet, and about ourselves.
This is a process that will engage our minds and stretch our imaginations far into the future, for
quantum physics is, indeed, not what anybody could have imagined.
Remembering one statement from Richard Feynman………….…
Since we are not quantum objects we may never be able to see the details of this process, but
it clearly happens.

So let me just say.....
Don’t believe all the hype.
There are no problems with standard quantum mechanics!
Now you have some idea of what I am thinking about and
working on in the area of Foundations of QM!

Hope you had fun……..
If you want more details I could continue……..(more technical)

The next two sections are for those students
who are more adventurous mathematically.

For the adventurous students……………
Polarization
Now let us use all formalism that we have developed to completely understand a real-world
property associated with photons(or light waves), namely, polarization.
Before starting out, we need to digress and learn/review a few more mathematical things about
matrices and better understand the quantum mechanics we have developed.
More about Matrix Operators
As have seen, operators are very important objects in quantum theory; some operators directly
represent physical properties and others transform states.
We now expand on the earlier discussion of ways of writing operators with some additional
information about matrices.
✓
◆
1 4
A matrix is array of numbers, such as
which is two by two or 2×2 matrix or by
7 9
0
1
1 34
@ 9 18 A which is three by two or 3 × 2 matrix.
5 12

A matrix can have any number of rows and columns, including one by something or something
by one.
Each number in matrix is called a matrix element.
Of course, we can always use letters to represent elements when we are not sure what the
number is, or when we deliberately do not want to refer to a specific number.

To make such arrays useful, mathematicians invented series of rules that allow us to add,
subtract, and multiply matrices together.
You can add and subtract matrices if they have same number of rows and columns —> add
elements.
✓
◆ ✓
◆ ✓
◆
1 4
4 2
5
6
+
=
7 9
5 1
12 10
We will not have to add or subtract matrices; we will only need to multiply them together.
We can multiply two matrices if number of columns in one is equal to the number of rows in
another. For example
✓
◆✓
◆ ✓
◆
a b
A B
aA + bC aB + bD
=
c d
C D
cA + dC cB + dD
which looks fiendishly complicated, but its actually not so really complicated.
What we are doing is multiplying a row in first matrix by a column in second.
Look at top left element of resulting matrix, aA+bC.
We can see that we have combined elements from top row of first matrix and those from left
column of second.
Similarly, top right element, aB + bD, is built from top row of first matrix and right column of
second.
Work your way through the elements and you will see how it is all put together.

Quantum states can be written in matrix form(remember color/hardness discussion).
For example, the eigenstates of vertical Stern-Gerlach(S-G) operator Ŝz can be written as
✓
◆
✓
◆
1
0
|U i =
, |Di =
in UP/DOWN basis
0
1
Think of the top rows as containing the amplitude for a particle to be in state ∣U⟩ and bottom
row as the amplitude for it to be in state ∣D⟩.
In formal sense, this says that state can be thought of as array of amplitudes for transitions to
other states (normally eigenstates).
States such as ∣R⟩ and ∣L⟩ are written in the UP/DOWN basis as
|Ri =

✓

p ◆
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◆
1
1/p2
1
=p
1
1/ 2
2

|Li =

,
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p ◆
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1
1/ p2
1
=p
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2

p
since, for example, amplitude for ∣R⟩ to transition to ∣U⟩ is 1/ 2 and so on.

Now we can also write the vertical S-G operator
~
Ŝz =
2

✓

1
0

0
1

Ŝz
◆

in the form of a matrix

and apply it to states and see what happens:
~
Ŝz |U i =
2
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0
1
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0
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~
=
2
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1⇥1+0⇥0
0 ⇥ 1 + ( 1) ⇥ 0
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~
=
2
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1
0

◆

~
= |U i
2

which is exactly what we wanted to happen(they are eigenstates!).
Similarly, we can show that

~
|Di
2

Ŝz |Di =

—> ∣U⟩, ∣D⟩ = eigenstates of Ŝz

For completeness, we point out that other two S-G operators Ŝx and Ŝy
written in the form of matrices.
~
Ŝx =
2
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1

1
0

◆

,

~
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0
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◆

Although any operator can be written in matrix form, this is not the same as saying the operator
is a matrix.
It turns out that there is more than one way to represent an operator mathematically and the
matrix form is only one example.
The first step in converting an operator into a matrix is to choose the basis states to be
employed.

A given operator will have different matrix representations, depending on basis set being used.
To show how this works, we derive the

Ŝz operator using the (UP,DOWN) basis.

We should get result above. To represent
✓

a
c

b
d

Ŝz

as matrix, such as

◆

we need some way of calculating various elements from this representation.
Before we can do this, we have to find a way of writing ⟨U∣ and ⟨D∣ in matrix form.
Consider the basic “braket” relationship ⟨U ∣ U ⟩ = 1= number.
The rules of matrix multiplication (row x column) —> the only way to construct something like
⟨U ∣ ψ⟩ in matrix form, given that
✓ ◆
a
| i=
b
is to write
1

0

✓

a
b

◆

= (1 ⇥ a + 0 ⇥ b) = a

From this result, we must then have
hU | =

1 0

,

hD| =

0 1

as expected.

In fact, for any state
| i=

we can write
h |=
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a⇤

a
b
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Sticking with UP and DOWN, observe the simple calculation shown below
~
~
~
hU | Ŝz |U i = hU | |U i = hU | U i =
2
2
2

or in matrix form
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2
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The simple calculation tells us something more general.
Having pinned down the top left matrix element,
✓

hU | Ŝz |U i
c

b
d
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You can, by now, guess what the overall pattern is going to be
But to be sure, try it with one of other elements.
Construct
~
~
~
hD| Ŝz |U i = hD| |U i = hD | U i = (0) = 0
2
2
2

and then do same calculation in matrix form:
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0 ⇥ 1 + ( 1) ⇥ 0
Thus, we have found another element
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In fact, we can easily fill in the whole matrix
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as discussed earlier in class.

hU | Ŝz |U i
hD| Ŝz |U i

hU | Ŝz |Di
hD| Ŝz |Di
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The generalization to any other operator is straightforward.
If have some operator Ô and a basis {∣i⟩}, then matrix representing the operator is written as
0
1
a11 a12 a13
.
.
B .
C
a
a
.
22
23
B
C
B .
C
.
a
.
.
33
B
C
@ a14
.
.
a44 . A
.
.
a53
.
.
where have filled in only some of blanks so we can see the pattern.

Matrix is always square, and number of rows and columns depends on how many states in the
basis.
The matrix elements, such as a11, a12, and so on, are calculated from the following rule:
RULE 8:

Matrix elements of operator calculated from
a11 = h1| Ô |1i

,

a12 = h1| Ô |2i

,

aij = hi| Ô |ji

In fact, physicists call a combination such as ⟨i∣ Ô ∣j⟩ a matrix element.
This method of representing operator as a matrix works for any operator, but in certain
situations a matrix may not be most convenient form for dealing with an operator.
In the case of position and momentum operators, for example, the appropriate bases to use
have an infinite number of basis states as mentioned earlier.
As a result, there will be an infinite number of elements in the matrix -> not very useful.

One final point worth making.
An operator can be put into matrix form using any basis and thus, a given operator will have, as
said earlier, different matrix representations depending on basis chosen.
However, some choices of basis are more sensible(less calculations) than others.
What happens, for example, when the basis chosen is formed from the eigenstates of the
operator concerned?
Each matrix element has the form ⟨i∣ Ô ∣j⟩ and if ∣i⟩ and ∣j⟩ are eigenstates, then Ô ∣j⟩ = ej ∣j⟩,
where ej is eigenvalue of Ô for state ∣j⟩.
Matrix element then becomes ej⟨i ∣ j⟩.
Since ∣i⟩ and ∣j⟩ are a basis, we have that ⟨i∣j⟩ = 0 unless i = j.
Upshot of this discussion is that matrix is diagonal:
every matrix element is zero unless on the diagonal, and elements on the diagonal are
the eigenvalues of operator acting on basis made of its eigenstates:
0
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B
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C
C That is enough about matrices for now.
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First Thoughts about Polarization
Make first pass at photon polarization in this section and return to complete theory later on.
Here we introduce polarization and some of its properties
Then we will discuss some experiments that illustrate problems with the classical description
and the strangeness of quantum phenomena.
Light waves are oscillating E⃗ (electric) and B⃗ (magnetic) field vectors.
In particular, these vectors oscillate in time in a plane (a two-dimensional space) perpendicular
to direction of propagation (motion) of light (—> transverse directions) as shown.

This is why you are able to see light.
Your eye actually responding to these oscillating electromagnetic fields.
We note that the oscillations are of very-high frequency (1015 sec−1).

As stated, the electric field vector is oscillating in some direction at any instant of time.
Suppose we choose to associate that instantaneous direction of E⃗ vector with a new quantity
called polarization.
The E⃗ vector then defines the plane of polarization (orthogonal to direction
of propagation) and the direction of polarization of the beam of light.
Have you ever observed polarization?
Yes….
You all have oriented aerials of portable radios or FM radios or TV rabbit
ears to get best signal…
You were lining them up to be parallel or perpendicular to the polarization
of electromagnetic waves being received in each case.
Also, as we will investigate in detail shortly, you have used polaroid sunglasses.
Polaroid sunglasses only allow light with polarization in single direction to get through, cutting
out the light polarized in the perpendicular direction, and thus, cutting down(1/2) the total
intensity(amount) of light reaching your eyes.
Now one can always choose plane containing electric and magnetic fields to be x−y plane and
thus represent any vector as sum of two vectors, one in x−direction and other in y−direction,
such that E⃗ vector makes angle α with x−axis as shown above.

We then say that the E⃗ vector is a combination(sum) of Ex−vector(field) and Ey−vector(field) as
shown:

↵

In terms of polarization, we say that the direction of polarization represented by E⃗ vector
is (linear) combination of two polarizations, one in x−direction and one in y−direction,
i.e., polarization state of system is a linear combination of an x−polarized state and a
y−polarized state.
Many materials have the property that they will only let light pass through them if polarization
is in particular direction, i.e., the light is in a particular or definite polarization state.
We call this axis the special or preferred or optic axis of the material.
To get through light must be polarized (have the direction of polarization)
in the direction parallel to special axis.
As said earlier, you have all seen such material in sunglasses or sheets of Polaroid film.

Consider some experiments involving polaroid materials, a block of calcite and a laser.
Laser to be used produces unpolarized light – what does that mean?

[Demos]

It means that if we check(measure) the amount of polarization in any direction(amount of light
getting through an oriented polaroid),
then we will find the same amount of polarization in any directions, i.e., the polarization vector
is equally likely to point in any direction.
Experimental Checks
First, send laser beam into polaroid.
Only observation is that the brightness or intensity decreases (if carefully measured it would
drop by about 1/2).
If we rotate polaroid we observe no change, which says that amount of light in beam with
polarization parallel to preferred direction is same no matter how we orient polaroid (how we
point the preferred direction).
Fact that we get same intensity (1/2 of total) no matter what direction we choose says that light
coming out of laser has equal amounts of polarization in two orthogonal directions (no matter
which you two you choose!)
—> unpolarized light (a more formal definition later).
Note: the statement that 1/2 of light gets through polaroid when oriented in ANY direction just
corresponds to fact that we can use any basis to describe physical system; all all equivalent!

When we choose a preferred direction for our world
- this is done when we pick up polaroid and orient it then polarization of any system we are investigating must be thought of as either being parallel
or perpendicular to that chosen direction.
Setting the context, sets direction of components!!
In this case, the light from the laser now operates in the chosen context for the experiment.
Think about that!
no other cases will occur in the real world in the
context(orientation of the polaroid) of the experiment
Again this would be true for any direction we might choose.
After passing through the polaroid, we say the light is polarized in a particular direction
i.e., parallel to polaroid preferred axis.
All light with polarization in orthogonal direction has been removed
That is what a polaroid does!
If true, then, if we use 2 identical polaroids rotated by 90○ with respect to each other,
how much light will come out?
The answer must be none!

So add another polaroid and rotate it so that no light comes through.
The two polaroids are now oriented at right angles with respect to each other
and since these are only two possible polarizations with respect to chosen polaroid directions,
no light comes out.
If we rotate the pair of polaroids, keeping their relative orientation fixed
it remains the case that no light comes through.
Means, there are only two polarizations with respect to the new orientations also
and they have cancelled out also.
In the experiment, we choose the preferred direction by bringing a polaroid over - by
setting experimental context.
At that point, light can be thought of as being partly made up of light polarized parallel to
preferred direction and partly of light polarized perpendicular to preferred direction
and the truly amazing result, as we will see in later discussions,
will be that system does not decide what basis to use until I bring over polaroid
(until I set the context!).
Thus, the act of inserting the polaroid sets the context of experiment!
Think about these statements carefully!

They reflect the strange sounding explanations that result
when we try to use words to describe what is happening.
Mathematically, as we will see later, there will be no confusion about what is happening.
Second, send a laser beam into calcite crystal and we get two beams.
Calcite has an intrinsic(built-in) preferred direction.
Calcite causes bending of light beams where the amount of bending depends on whether
polarization is parallel or perpendicular to the calcite’s preferred direction.
Since there are only two possible polarizations with respect to the preferred direction of calcite
crystal, we now see two beams coming out of the calcite.
If rotate calcite what will find?
Same answer with respect to new preferred direction, of course, i.e., just two beams.
Thus, the quantum world seems not to be set until I walk over
and make decision and fix orientation of calcite crystal
- until I set the context.
Again, think about statement carefully!!!
Reflect on the strange nature of the explanation when using words.
One wonders whether using words can make any sense of these phenomena!

The physical world seems to be waiting for the observer to make a decision about what
measurement will be made
- waiting for context to be set.
This strange idea, which makes no sense in the classical world,
is going to get us into lot of very hot water later in our discussions.
The result is connected to fact that the act of measuring
or finding out some property of system
in some way determines or actualizes state of system being measured.
Now back to calcite beams.
Check with polaroid to see that each of two beams represents light that has a definite
polarization by rotating the polaroid.
Using 2 polaroids, where first cuts out some light and second cuts out some more,
if rule above is correct and we orient them so their preferred axes are at right angles,
then all light should be stopped.
Note that mirrors have no effect on polarization....just redirect polarized beams.

Third, now remove calcite crystal and rotate pair of polaroids until have no light intensity.
Then rotate second polaroid 45○.
Light intensity returns (actually 1/2 of 0○(or parallel) intensity).
Let us see how classical physics explains these polaroid experiments for intense(very large
value of photons/sec) beams of light.
Classically, if incident beam of light polarized parallel to special or optic axis, then all of its
energy gets through polaroid.
If polarized orthogonal to optic axis, then none of its energy will get through polaroid.
If polarized at angle α to preferred axis, then fraction cos2α of its energy gets through polaroid.
Therefore, can explain polarization experiments when notion of electric field vectors make
sense (when have intense light or lots of photons/sec) as follows.
Consider 2 polaroids at right angles → intensity-out = 0.
In pictures have,

where dashed arrows represent electric field
components or polarizations and solid arrows
represent preferred directions of polaroids.
With components of vectors we have
~ in = Ex êx + Ey êy ! E
~ intermediate = Ey êy ! E
~ out = 0
E

Now 2 polaroids at 45○ → intensity-out ≠ 0 as shown
With components of vectors we can derive following:
We can write unit vector that makes angle θ with
x−axis as
n̂ = cos ✓êx + sin ✓êy

Then have

~ in = Ex êx + Ey êy
E
~ intermediate = (E
~ in · êy )êy = Ey êy
E

since that is what polaroid does! Finally we get
~ out = (E
~ intermediate · n̂✓ )n̂✓
E
= ((Ey êy ) · (cos ✓êx + sin ✓êy ))(cos ✓êx + sin ✓êy )
= Ey sin ✓(cos ✓êx + sin ✓êy )

Some special cases are:
✓ = 0 ! orthogonal polaroids

~ out = 0
E

✓ = 90 ! parallel polaroids

~ out = Ey
E

✓ = 45 ! above example

Ey
~
Eout = Ey sin 45 (cos 45 êx + sin 45 êy ) =
(êx + êy )
2

So the classical wave theory of electromagnetism is able to explain polarization experiments
for intense beams by using standard vector algebra.
When beam is intense —> large numbers of photons, then it seems that a beam behaves as if
had wave properties.
Think of analogy: water molecules making up water waves.
Remember, however, light is really composed of individual particles called photons.
Fourth, now let us add another polaroid to an earlier experiment:
laser + calcite + [2 polaroids at 90 degrees]
[2 polaroids alone at 90 degrees]

light all gone

light all gone

—> first polaroid reduces beams to only one direction which cannot get through second
polaroid (wrong kind ….. has wrong direction).
Now that things are making some sense, we disturb system with another measurement.
if leave system alone NO light observed
if add third polaroid (same orientation as first), then get same result(no change); should
not be any change because are not gaining any new information by this measurement ....
already know that half is polarized in each direction.
if add third polaroid (same orientation as second), then get same result(no change); again
should not be any change since are still not gaining any new information ….. already know
that remaining half are polarized in other direction.

if add third polaroid oriented in different direction → different result ... Now some light gets
through 2nd polaroid .....
What does this mean?
Does it mean that that the system has somehow recreated other the kind of light?
Remove third polaroid and put calcite in its place to see!!
It will turn out that it was act of measurement(inserting third polaroid to obtain new information)
that disturbed original system and changed experimental result.
All of physics contained in quantum world is in these simple experiments with lasers,
polaroids and calcite crystals ..... just have to pull it out and we will in later discussions.
Let me illustrate a dilemma.
Start with large number of photons (1023).
Since have a very intense beam —> it behaves like wave.
Classical physics should then be able to explain what happens.

Place polaroid in laser beam.
Half of light gets through.
Place second polaroid at right angles.
No light gets through.
Place third polaroid in between at 45○.
Half of light gets through.

Easy to explain with waves or electric field vectors and vector components as saw earlier.
Polaroid 1 in y−direction (θ = 90○ direction)
Polaroid 2 in 45○ direction (new y′ direction or θ = 45○)
Polaroid 3 in x-direction (θ = 0○ direction)
Have experiment shown:
~0 | E
~1 | E
~2 | E
~3
E
"
"
"
#1 #2 #3 polaroids

Analyzing with vectors have:
~ 0 = Ex êx + Ey êy
E
Ex = Ey
2

E =

Ex2

+

(unpolarized light)
Ey2

E
p
! Ex = Ey =
2

E
~
E0 = p (êx + êy )
2

Energy = E 2 ! total energy in beam
2
E
1
2
Ex =
! of energy in x - polarized light
2
2
2
E
1
2
Ey =
! of energy in y - polarized light
2
2

After 1

2
E
E
1
~
E1 = Ey êy = p êy ! energy =
= of original energy
2
2
2

After 2

~2 =
E

E
p
2

sin 45 (cos 45 êx + sin 45 êy ) =

! energy =

After 3

E2
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=

1
4

E
p

2 2

(êx + êy )

of original energy

2
E
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1
~
E3 = p êx ! energy =
= of original energy
8
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Now remove the 45 degree polaroid.... we then have
Polaroid 1 in y−direction (θ = 90○ direction)
Polaroid 3 in x−direction (θ = 0○ direction)
After 1

E
1
~
E1 = Ey êy = p êy ! of original energy
2
2

After 3

~ 3 = 0 ! energy = 0
E

—> get no light out!

—> get some light out !

Again, classical physics has no trouble explaining what happening for intense beams where we
can talk about dividing beam energy between different processes.
At each step, explanation —> fraction of photons or fraction of energy does not pass though
particular polaroid
and at each stage intensity of beam, related to number of photons or energy, changes in
expected manner.
But what about any particular photon in beam, each of which is polarized at 45○ to preferred
axis at polaroid #3?
Suppose we follow each photon as it passes through apparatus.
Now answer not clear and fundamental dilemma of subatomic world rears its ugly head.
Remember, each individual photon cannot be subdivided - its energy cannot be split!!
As has become clear during our discussions of quantum mechanics,
this question about what will happen to particular photon under certain conditions
is not very precise and if do not ask precise questions,
then we should not be surprised that we get confusing answers
or answers that seemingly defy reason.

In order for the theory to make clear predictions about experiments,
we will have to learn how to ask precise questions.
It will take time, but we will learn how.
Remember, only questions about results of experiments have real significance in physics and
it is only such questions that theoretical physics has to consider.
Questions and subsequent experiments devised to answer questions must be clear and
precise, however.
In this case, we can make the question clear
by doing experiment with a beam containing only one photon(very weak beam)
and observe what happens as it arrives at the polaroid.
It was not until the 1980’s that experiments of this sort could actually be carried out.
In particular, we make a simple observation to see whether or not it passes through polaroid.
The most important result
is that this single photon
either passes through the polaroid
or it does not.
Nothing else happens.

We never observe 1/2 of energy of single photon passing through polaroid.
Always observe either no energy or all energy.
One never observes part of photon passing through
and part getting absorbed in polaroid.
In addition, if photon gets through,
then observation shows that its polarization
is in direction parallel to optic axis of particular polaroid
instead of some arbitrary angle with respect to that axis
as it had been before it encountered polaroid.
This happens no matter what the polarization was before reaching the polaroid.
No matter what initial polarization, definite fraction of photons seem to get through polaroid.
In a beam of N identical photons, each will behave independently as the single photon did.
No experiment can determine which photon will pass through and which will not,
even though they are all identical. (sound familiar)
In each experiment, however,
exactly 1/2 of total energy
and 1/2 of photons will pass through polaroid #3.

The only way this result can be interpreted is to say that each photon has a probability = 1/2
for passing through.
We are forced into this probabilistic point of view
by the fact that the energy of photons in an electromagnetic wave
is quantized (not continuous).
Thus, we get same result as in other experiments have discussed.
Quantization forces us to use probability!
We have managed to preserve the indivisibility of photons
or ultimately the quantization of their energy.
We are able to do this only by abandoning the determinacy of classical physics
with respect to identical objects,
i.e., in classical physics if two objects are prepared identically,
then will behave same way in identical experiments (within experimental error).
Results in this experiment are not determined by experimental conditions(initial) under control
of experimenter, as they would have been according to classical ideas.
The most that we will be able to predict in any experiment is set of possible results,
with probability of occurrence for each.
The experiment described above involving a single photon polarized at angle to optic axis,
represents the only kind of experimental and theoretical questions we can ask.

It is what is called a GO-NOGO experiment.
Does photon go through or is it absorbed?
That is only legitimate question we can ask in this case.
So if we arrange the experiment so that only one photon is inside apparatus at any one time
we have a problem, as we shall see.
Now we redo experiment with two polaroids oriented at 45○.
What happens as photon comes to first polaroid?
Either it gets through or does not —> GO-NOGO.
At second polaroid(if got through first) is again GO-NOGO.
In fact, at end of chain, either gets through or does not!
Now send another single photon through.
It is identical to first and also GO-NOGO.
What they do is in no way related to each other.
You can even wait a century before sending the second photon so the first does its thing long
before the second is even created.
What happens after large number of unpolarized photons are sent through single polaroid?
Answer is that exactly 1/2 get through!
Just look at two polaroids in experiment.

If photon gets through first polaroid, what happens at second? —> GO-NOGO
But if send many, then get exactly 1/2 of those getting through first will get through second(at
45○).
The only interpretation that works here is that after photon passes through first polaroid,
photon has probability of 1/2 of passing through second.
Do not know and cannot predict what any particular photon will do, but can predict what a
large number will do!
That is how probability works
QM will force us to say that between the first and second polaroids the photon is in an
unresolved, indeterminate state with a 50-50 chance of passing through second 45○ polaroid.
As have said earlier, this photon state is one of latency or propensities waiting to be actualized.
This is once again the mysterious superposition property rearing its ugly head!
Shall see that questions like....
What decides whether a photon goes through?
When does the photon decide whether it will pass through?
How does a photon change its polarization direction?
cannot be answered by experiment
and therefore must be regarded as outside domain of quantum theory
and possibly all of physics
and cannot be relevant to any new theory we might develop.

What will quantum mechanics say about state of single photon?
A photon polarized at angle to optic axis is in very special kind of state
that we call a superposition of being polarized perpendicular to optic axis
and of being polarized parallel to optic axis.
In this state, there exists an extraordinary kind of relationship between two kinds(mutually
perpendicular directions) of polarization.
The meaning of the word superposition follows from mathematical formalism and the language
that we have developed.
It represents a new physical connection to mathematics.
This is suggested by any attempt to express the meaning of superposition in ordinary
language(words).
If we attempt to explain behavior of photon polarized at angle to optic axis using ordinary
language, then would have to say something like this
not polarized parallel to the optic axis
not polarized perpendicular to the optic axis
not simultaneously possessing both polarizations
not possessing neither polarization
For this experiment with only two possible polarizations,
this exhausts all logical possibilities allowed by ordinary words.

Superposition is something completely different than any of above and it is not all of above.
Its physical content is, however, precise and clear in the new mathematical formalism.
When photon encounters polaroid, we are observing it.
We are observing whether it is polarized perpendicular or parallel to optic axis of polaroid.
Effect of measurement —> end up with photon having one or other polarization.
It always makes “jump” from state of superposition to the state of definite polarization.
Which of two states it “jumps” to cannot be predicted.
Can, however, predict probability of each for large set of identical measurements.
If it "jumps" into parallel state, it passes through.
If it “jumps” into perpendicular state, it gets absorbed.
We will have a lot to say about the two new words, superposition and “jump”, as we proceed.
Will also have to show that it did not have the property that is observed after polaroid before it
entered polaroid, i.e., we are not just finding out what that prior property was!!
Using Photons and Polarization to Explain How Quantum Mechanics Works?
Now look at photons and polarization in more detail (repeating much of what just said) and
using the mathematical language to understand how quantum mechanics works.
As said, many experiments indicate that electromagnetic waves have the vector property
called polarization.
Suppose that we have an electromagnetic wave (just say light from now on) passing through a
piece of polaroid material.

Remembering earlier discussion,
polaroid material has property that it only allows light
with polarization vector oriented parallel to preferred direction in polaroid(called optic axis)
to pass through material.
Thinking classically once again, if incident beam of light polarized parallel to optic axis (as in
figure below), then experiment says that all of its energy gets through polaroid.

If, instead, light is polarized perpendicular to optic axis, then experiment says that none of its
energy gets through polaroid

In more general case, if polarized at angle α to optic axis (as in figure), then experiment says
that fraction of its energy gets through polaroid.

By definition, when we specify polarization of light, we are actually giving the direction of
electric field vector associated with the light.
Polarization property or polarization vector of light depends only on the direction of the vector.
Classically, in Maxwell’s theory, light waves are represented by plane electromagnetic waves
—> associated electric field vector E⃗ and associated magnetic field vector B⃗ both
perpendicular to direction of propagation specified by third vector k⃗.
According to Maxwell theory, if choose(arbitrary) direction of propagation to be z−axis,
specified by unit vector "ˆz , then E⃗ and B⃗ lie somewhere in the x−y plane, which is plane
perpendicular to direction of propagation.
E⃗ and B⃗ are perpendicular to each other.

Now, any vector in x−y plane can be specified in terms of a pair of orthonormal vectors (called
the basis) in that plane.
For light, the pair of orthonormal vectors is called the basis polarization vectors.
Two standard sets of orthonormal vectors are often chosen when one discusses polarization.
One of two sets is

0

1

1
"ˆx = @ 0 A
0

0

1

0
"ˆy = @ 1 A
0

,

As will see, these correspond to so-called plane-polarized waves.
The second orthonormal set is
0 1
1
1 @ A
i
"ˆR = "ˆ+ = p
2
0

,

0

1 @
"ˆL = "ˆ = p
2

1

1
i A
0

This will correspond to -so-called circularly-polarized waves.

For classical electromagnetic fields, a light wave propagating in z−direction is usually
described (using one of two orthonormal sets) by electric field vectors of forms given below.
Plane-polarized basis:
0
1
0 1
0
1
Ex (~r, t)
1
0
~ r, t) = @ Ey (~r, t) A = Ex (~r, t) @ 0 A + Ey (~r, t) @ 1 A = Ex (~r, t)ˆ
E(~
"x + Ey (~r, t)ˆ
"y
0
0
0

Circular-polarized basis:
0
1
Ex (~r, t)
Ex (~r, t) + iEy (~r, t)
Ex (~r, t) iEy (~r, t)
~
@
A
p
p
E
(~
r
,
t)
E(~r, t) =
=
"ˆR +
"ˆL
y
2
2
0

By convention and for mathematical simplicity, we represent the field components by
Ex (~r, t) = Ex0 ei(kz
Ey (~r, t) = Ey0 ei(kz

!t+↵x )
!t+↵y )

where k = 2π/λ, λ is wavelength, ω is angular frequency, kz − ωt + αx and kz − ωt + αy are
respective phases, αx and αy are corresponding phases at x = t = 0 and Ex0 and Ey0 are (real)
amplitudes of electric field components.
The actual(physical) electric field components are given by the real parts of the complex
exponential expressions
Ex (~r, t) = Ex0 ei(kz !t+↵x ) = Ex0 (cos (kz !t + ↵x ) + i sin (kz !t + ↵x ))
Ex,physical (~r, t) = Ex0 cos (kz
Ey (~r, t) = Ey0 ei(kz

!t+↵y )

!t + ↵x )

= Ey0 (cos (kz

Ey,physical (~r, t) = Ey0 cos (kz

!t + ↵y ) + i sin (kz

!t + ↵y ))

!t + ↵y )

What do these expressions say about the physical electric field vector?
These relations say that in an ideal monochromatic light (single wavelength or frequency) the
x− and y−components of the electric field vector oscillate with a definite frequency at each point
along direction of propagation(z-direction).

For simplicity, look at the position z = 0. At that point we have
Ex (~r, t) = Ex0 cos (!t + ↵x ) , Ey (~r, t) = Ey0 cos (!t + ↵y )

where
! = 2⇡f

f = f requency

= wavelength

c = speed = f

The total electric field vector is sum or superposition of the two components
~ r, t) = Ex (~r, t)ˆ
E(~
"x + Ey (~r, t)ˆ
"y

or it is the resultant effect produced by superposing two independent orthogonal oscillations.
Case #1: Orthogonal oscillations are initially in phase, i.e., αx = αy = 0 for simplicity. Then have
~ r, t) = Ex0 "ˆx + Ey0 "ˆy cos (!t) = E
~ 0 cos (!t)
E(~

This says that total electric field vector(its tip) oscillates with same frequency in single direction.
This called linearly-polarized or plane-polarized light.
Case #2: When orthogonal oscillations are not initially in phase the resultant electric vector
moves around in ellipse, i.e., its direction is changing with time.
~ r, t) = Ex (~r, t)ˆ
E(~
"x + Ey (~r, t)ˆ
"y = Ex0 cos (!t) "ˆx + Ey0 cos (!t + ↵) "ˆy

where have chosen αx = 0, αy = α.

This corresponds to the equation for a vector tip given by
✓

x
Ex0

◆2

+

✓

y
Ey0

◆2

x y
2 cos ↵ 0 0 = sin2 ↵
Ex Ey

which looks like (motion of tip)

for Ex0 = 2.0, Ey0 = 1.0,

α = π/6.

Called elliptically-polarized light.
If ellipse is circle, then called circularly-polarized light.
If tip of electric field vector, when looked at it as the light comes straight toward us,
goes around in counterclockwise direction —> light is right-hand circularly polarized.
If it goes clockwise, light is left-hand circularly polarized.

Mathematically, the relationship between a polarization state of light and the E⃗ vector is clearly
shown by the few examples below.
0 1
1
~ = Ex "ˆx = Ex @ 0 A
E
(1) If Ey = 0, then wave is plane-polarized in x-direction
0
(2) If Ex = 0, then wave plane-polarized in y-direction

0

1

0
~ = Ey "ˆy = Ey @ 1 A
E
0

(3) If Ex = Ey , then wave plane-polarized at 45○
0 1
0 1
0
1
1
0
1
~ = Ex "ˆx + Ey "ˆy = Ex @ 0 A + Ey @ 1 A = Ex @ 1 A
E
0
0
0

(4) If Ey = −iEx = e−iπ/2Ex, then y−component lags x−component by 90○ (out of phase by
−π/2) and wave is right-circularly polarized
0
1
1
~ = Ex "ˆR = Ex @ i A
E
0

(5) If Ey = iEx = eiπ/2Ex, then y−component leads x−component by 90○ (out of phase by +π/2)
and wave is left-circularly polarized
0
1
1
~ = Ex "ˆL = Ex @ i A
E
0
This set of polarization properties is almost sufficient for our discussions.
The final case to consider —> unpolarized light.
If initial relative x− and y−phase, i.e., αx − αy not kept fixed, then the electric field vector
oscillates in varying directions —> the polarization is constantly changing.
If the polarization direction changes more rapidly than we can detect, light is called
unpolarized.
Now we return to the question - what is a polaroid?
In order to understand the answer to question, must first discuss birefringence.
An interesting effect of polarization —> substances where index of refraction of light is different
for light that is linearly polarized in different directions relative to the preferred axes of material.
Suppose some material consists of long, nonspherical molecules (much longer than wide) and
suppose the molecules are arranged in material with long axes parallel.
What happens when oscillating electric field passes through material?
Suppose because of structure of material, electrons in material respond more easily to
oscillations in direction parallel to long axes of molecules than would respond if electric field
tries to push them perpendicular to long axes —> expect different response for polarization in
different directions.

The direction parallel to long axes called the optic axis.
When polarization is parallel to optic axis or along long axes of molecules, index of refraction is
different then when polarization perpendicular to optic axis —> material is called birefringent.
It has two indices of refraction depending on direction of polarization(relative to optic axis)
inside the substance.
Index of refraction affects electric field as propagates through material as shown
~ r, t) = E
~ 0 cos (kz
E(~

~ 0 cos (kz
!t) = E

~ 0 cos (k
!z/v) = E

n!/c) z

where n = index of refraction and v = c/n = speed of light in medium.
What do we expect to happen if we shine polarized light through a plate of birefringent
material?
If the polarization is parallel to optic axis, light is transmitted with one velocity;
if the polarization is perpendicular to optic axis, light is transmitted with different velocity.
What happens when light linearly polarized 45○ to optic axis?
Light linearly polarized at 45○ to optic axis represented by electric field
0

1

1
~ = Ex "ˆx + Ey "ˆy = Ex @ 1 A
E
0

or

~ r, t) = Ex0 cos ((k
E(~

nx !/c)z) "ˆx + Ey0 cos ((k

= E 0 cos 45 cos ((k
E0
= p (cos ((k
2

ny !/c)z) "ˆy

nx !/c)z) "ˆx + E 0 sin 45 cos ((k

nx !/c)z) "ˆx + cos ((k

ny !/c)z) "ˆy

ny !/c)z) "ˆy )

This corresponds to representing 45○ polarization as superposition of x− and y−polarizations
of equal amplitudes, frequency and in phase.
Assume that we choose y−axis to line up with optic axis (-> x−axis perpendicular to optic axis).
This choice is arbitrary.
As light passes through, phases change at different rates, i.e., at z' phases will not be equal
((k

nx !/c) z 0 ) 6= ((k

ny !/c) z 0 )

Thus, if two components start out in phase, will go in and out of phase as they travel through
the material.
The phase difference is proportional to depth into material, i.e.,
! 0
(phase) = z (ny nx )
c
If thickness is just right to introduce a 90○ phase shift between the x− and y−components,
linearly polarized (entering the material) light will leave the material circularly polarized.
Plate with exactly such thickness —> quarter-wave plate. In this case have
Entering:

E0
p (ˆ
"x + "ˆy ) cos (!t)
2

Leaving:

E0
E0
p (cos (!t) "ˆx + cos (!t + ⇡/2) "ˆy ) = p (cos (!t) "ˆx + sin (!t) "ˆy )
2
2

If send light through two such quarter-wave plates, then it exits linearly polarized again in
direction at right angles to original direction.
In this case we have
Entering:
Leaving:

E0
p (ˆ
"x + "ˆy ) cos (!t)
2
E0
E0
p (cos (!t) "ˆx + cos (!t + ⇡) "ˆy ) = p (ˆ
"x
2
2

"ˆy ) cos (!t)

Example: Birefringence of cellophane
Cellophane consists of long, fibrous molecules.
It is not isotropic since the fibers lie preferentially in one direction.
Create beam of linearly polarized light by sending unpolarized light through sheet of polaroid.
As said earlier, polaroid has useful property that it transmits light that is linearly polarized
parallel to preferred axis of polaroid with very little absorption, but light polarized perpendicular
to preferred direction is strongly absorbed (not transmitted).
When an unpolarized beam is sent through polaroid, only that part of beam (component of
electric field) vibrating parallel to preferred axis of polaroid gets though.
In this manner, the exiting beam is linearly polarized (in the direction of preferred axis).

This same property of polaroid is useful in determining the direction of polarization of any
linearly polarized beam or in determining whether beam is linearly polarized or not.
If beam linearly polarized, it will not be transmitted through a sheet when the preferred axis of
polaroid is orthogonal to the direction of polarization.
If transmitted beam intensity is independent of the orientation of polaroid, then the beam is not
linearly polarized.
Birefringence of cellophane illustrated by setup:

First polaroid produces linearly polarized beam (from entering unpolarized beam).
Linearly polarized beam then passes through cellophane and finally through second
polaroid.
Second polaroid detects effect of cellophane on polarization of beam.

If initially set axes of two polaroids orthogonal to each other, no light is transmitted through pair
(no cellophane present).

Now introduce cellophane as shown.
If rotate cellophane sheet around beam axis, find that some light transmits through second
polaroid.
In addition, there are two orthogonal orientations of cellophane which permit no light to pass
through second polaroid.
These two directions are such that cellophane has no effect on the linear polarization of the
beam so that none gets through second polaroid.
The directions are parallel and perpendicular to optic axis of cellophane.
Assume that light passes through cellophane with two different speeds in these two different
directions, but is transmitted without changing direction of polarization.
When cellophane is turned halfway between these two directions (as in diagram above)
observe that light passing through second polaroid is bright.
Turns out that ordinary cellophane is very close to half-wave thickness for most of colors in
white light.

Such sheet will turn the direction of linear polarization through 90○ if incident linearly polarized
beam makes angle of 45○ with the optic axis, so that beam emerging from cellophane is then
vibrating in right direction to pass through polaroid sheet.
Cellophane will be half-wave plate for only one wavelength in white light and the transmitted
light will be that color.
The transmitted color depends on thickness of cellophane. Very neat!
Finally explain polaroids.
Polaroids are materials where not only index of refraction but also amount of absorption is
different for light polarized in different directions.
Polaroid consists of thin layer of small crystals of herapathite (salt of iodine and quinine), all
aligned with axes parallel (optic axis).
Crystals absorb light when polarization orthogonal to this direction and do not absorb light
when polarization is parallel.
If send light into polaroid so that light is linearly polarized at angle θ to optic axis, what intensity
will come through?
Simply resolve incident light (electric field) into components parallel(cos θ) and
perpendicular(sinθ) to optic axis.

Light that comes out of polaroid is only the cosθ part; the sinθ part is absorbed.
The amplitude that is transmitted is smaller than amplitude that entered.
Entering:

E 0 (cos ✓ˆ
"x + sin ✓ˆ
"y )

Leaving:

E 0 cos ✓ˆ
"x

Intensity or brightness or energy is:
Entering: (E 0 cos ✓)2 + (E 0 sin ✓)2 = (E 0 )2

Leaving:

(E 0 cos ✓)2 = (E 0 )2 (cos ✓)2 < (E 0 )2

Absorbed intensity is (E0 sin θ)2.
An interesting experiment, which we have already mentioned is the following.
We know that no light will be transmitted through two polaroids if the optic axes are orthogonal.
Now place third polaroid between them with its optic axis at 45○ with respect to first polaroid.
Observations show that some light will now be transmitted through second polaroid.
We know that polaroids only absorb light
- they do not create light ,
nevertheless, the addition of the third polaroid allows more light to be transmitted.
As before, using components of corresponding electric fields can explain results easily.

Only Two Polaroids:
Entering 1 Polaroid:

E 0 (cos ✓ˆ
"x1 + sin ✓ˆ
"y1 )

Entering 2nd Polaroid:

E 0 cos ✓ˆ
"x 2

st

Leaving 1st Polaroid:

Leaving 2nd Polaroid:

E 0 cos ✓ˆ
"x 2

0

So no energy (no light) gets through.
Three Polaroids:
Leaving 1st Polaroid:

"x1 + sin ✓ˆ
"y1 )
Entering 1 Polaroid: E 0 (cos ✓ˆ
st

nd

Entering 2

0
E
cos ✓ˆ
"x 2
Polaroid:

nd

Leaving 2

E 0 cos ✓ˆ
"x 2

0

Polaroid: E cos ✓ cos 45 "ˆx2

1 0
= p E cos ✓ˆ
"x 2
2

1 0
"x 2
Entering 3 Polaroid: E cos ✓ cos 45 "ˆx2 = p E cos ✓ˆ
2
1 0
0
rd
"x 3
Leaving 3 Polaroid: E cos ✓ cos 45 cos 45 "ˆx3 = E cos ✓ˆ
2
rd

0

In this case, energy = (E0 cos θ)2/4 gets transmitted.
Have assumed that x−axis for each polaroid is its optic axis.
All of preceding discussion takes place at classical level.
All phenomena discussed can be explained with classical physics concepts.
As have seen, all such explanations fail at quantum level where ideas like electric fields and
components of electric fields will break down - i.e., single photons……

The Quantum Theory of Photon Polarization
Now we carry out the details of a special case that will illustrate how Quantum Mechanics
works and also illustrate the mathematical formalism that we have developed earlier.
This discussion is more mathematical than earlier parts of class, but we now have all the tools
needed and you will benefit if you persevere and work your way through the material.
As mentioned earlier, the electric field vector E⃗ of plane electromagnetic waves lies in plane
perpendicular to direction of propagation of wave.
Choosing the z−axis as direction of propagation, we can represent electric field vector as a
2−dimensional vector in x − y plane.
This means that we only require two numbers to describe the electric field.
Since the polarization state of light is directly related to electric field vector, this means that we
can also represent the polarization states of photons by 2−component column vectors or ket
vectors of form
✓
◆
x
| i=
y

where we assume the normalization condition ⟨ψ∣ψ⟩=1 which —> the condition
|

2

x| + |

2

y| = 1

Examples are:
|xi =

✓

|yi =

✓

1
0

◆

! x - polarized photon(linear or plane polarization)

0
1

◆

! y - polarized photon(linear or plane polarization)

1
|Ri = p
2

✓

1
|Li = p
2

✓

1
|45i = p
2

✓

Note that we can write

1
i

◆

! right-circular polarized photon

1
i

◆

! left-circular polarized photon

1
1

◆

! photon linearly polarized at 45 to the x-axis

1
|Ri = p
2

✓

1
i

◆

1
=p
2

✓

1
ei⇡/2

◆

so relative(difference) phase of components is π/2 as we discussed earlier.

Bra-vector or linear functional <—> ket vector given by row vector
⇤
x

h |=

⇤
y

which clearly implies via inner product rules
✓
◆
2
2
x
⇤
⇤
h | i=
=
|
|
+
|
|
=1
x
y
x
y
y
✓
◆
'x
|'i =
In general, for
inner product rule says
'y
✓
◆
⇤
x
h' | i = '⇤x '⇤y
= '⇤x x + '⇤y y = h | 'i
y

Also have

hx | xi = 1 = hy | yi and hx | yi = 0 = hy | xi ! orthonormal set
hR | Ri = 1 = hL | Li and hR | Li = 0 = hL | Ri ! orthonormal set

Each of these two sets is basis for 2−dimensional vector space of polarization states since any
other state vector can be written as linear combination of them, i.e.,
| i=
| i=

✓

x
y

◆

=

✓

x
y

◆
i

x

2

=

y

✓

x

1
i

✓
◆

1
0
+

◆

+

x

y

+i
2

✓
y

0
1
✓

◆

=

1
i

◆

x

|xi +

=

x

y

i
p
2

|yi
y

|Ri +

x

+i
p
2

y

|Li

We can find components along the basis vectors using
hx | i = hx| (
hy | i = hy| (

|xi +
x |xi +
x

|yi) =
y |yi) =
y

hx | xi +
x hy | xi +
x

hx | yi =
y hy | yi =
y

x
y

or

| i = |xi hx | i + |yi hy | i

and similarly

| i = |Ri hR | i + |Li hL | i

Basically, we are illustrating examples of the superposition principle
—> any arbitrary polarization state can be written as superposition (linear combination)
of x− and y−polarization states or equivalently,
as superposition of right- and left-circularly polarized states.
Earlier discussions of beam of light passing through polaroid can now be recast in terms of
these polarization states.
Classical physics (and now quantum physics) says that beam is superposition of x−polarized
beam and y−polarized beam and when beam passes through x−polaroid, effect is to remove
y−polarized beam and pass x−polarized beam through unchanged.
Energy of beam given by ∣E⃗ ∣2, which is proportional to ∣ψx∣2 +∣ψy∣2.
Thus, beam energy after passing through x-polaroid proportional to ∣ψx∣2.
Fraction of beam energy or fraction of number of photons in beam that passes through given
2
by
| x|
2
2
=
|
|
=
|hx
|
i|
x
2
2
| x| + | y |

The earlier discussion for the case of a single photon forced us to set this quantity equal to
probability of single photon in state ∣ψ⟩ passing through x−polaroid or
Amplitude that a photon in state | i passing through an x-polaroid = | hx | i |2

This agrees with earlier mathematical results.
Using earlier discussions, we also defined ⟨x∣ψ⟩ as the probability amplitude for an individual
photon to pass through an x−polaroid.
Another example confirming these results is light passing through a prism.
A prism passes right-circularly-polarized(RCP) light and rejects (absorbs)
left-circularly-polarized(LCP) light.
Since can write
| i = |Ri hR | i + |Li hL | i

We can generalize polaroid result to say
Amplitude that a photon in state | i

passes through the prism as a right-circular polarized photon = hR | i
Amplitude that a photon in state | i
passes through the prism as a left-circular polarized photon = hL | i

Polaroids and prisms are examples of go-nogo devices.
Certain photons are passed through while others are absorbed in these devices.

How Many Basis Sets?
We have seen two examples of basis sets for 2−dimensional vector space of polarization
states, namely,
|xi , |yi , |Ri , |Li
In 2-dimensional vector space there are an infinite number of orthonormal basis sets related to
the ∣x⟩,∣y⟩ set.
All are equivalent for describing physical systems (correspond to different orientations of a
polaroid in experimental measurements).
Can obtain other sets say, ∣x′⟩,∣y′⟩, by rotation of bases (or axes) as shown in figure (left).
Then have in x−y basis
| i=

x |xi +

y |yi =

✓

x
y

◆

=

✓

hx | i
hy | i

◆

and if we choose to use equivalent x′−y′ basis have
✓
◆ ✓ 0
◆
hx | i
x0
| i = x0 |x0 i + y0 |y 0 i =
=
hy 0 | i
y0

How are these components related to each other?
Have from earlier that
| i = |xi hx | i + |yi hy | i

which implies
hx0 | i = hx0 | xi hx | i + hx0 | yi hy | i
hy 0 | i = hy 0 | xi hx | i + hy 0 | yi hy | i

or using matrix multiplication notation
✓ 0
◆ ✓ 0
◆✓
◆
0
hx | i
hx | xi hx | yi
hx | i
=
hy 0 | i
hy 0 | xi hy 0 | yi
hy | i
So we can transform basis (transform components) if we can determine the 2 × 2
transformation matrix
✓ 0
◆
0
hx | xi hx | yi
hy 0 | xi hy 0 | yi
that is used in the above equation.
Turns out that this result is quite general in sense that it holds for any two bases, not just the
linear polarized bases we used to derive it.
For linear(plane) polarized case, we can think of an analogy to unit vectors along axes in
ordinary space as shown in above figure on right.

Then have(by analogy)
êx · êx0 = cos ✓ = hx0 | xi , êx0 · êy = sin ✓ = hx0 | yi
êx · êy0 = cos ✓ = hy 0 | yi , êy0 · êx = sin ✓ = hy 0 | xi
|xi = hx | x0 i |x0 i + hx | y 0 i |y 0 i = cos ✓ |x0 i sin ✓ |y 0 i
|yi = hy | x0 i |x0 i + hy | y 0 i |y 0 i = sin ✓ |x0 i + cos ✓ |y 0 i
✓

0

hx | i
hy 0 | i

◆

=

✓

cos ✓
sin ✓

or

or

◆✓
◆
✓
◆
sin ✓
hx | i
hx | i
= R̂(✓)
cos ✓
hy | i
hy | i

with transformation matrix, R̂(✓) given by
✓
cos ✓
R̂(✓) =
sin ✓

sin ✓
cos ✓

◆

There are two equivalent ways to interpret these results.
First, we could say it tells us components of ∣ψ⟩ in rotated basis (keep vector fixed and rotate
axes).

Second, can rotate vector and keep axes fixed(rotate in opposite direction).
In this case, we regard

✓

0

hx | i
hy 0 | i

◆

as new vector ∣ψ′⟩ whose components in fixed x’−y’ basis are same as components of ∣ψ⟩ in
x − y basis or
hx0 | i = hx | 0 i , hy 0 | i = hy | 0 i
For real ψx and ψy, ∣ψ′⟩ is a vector rotated clockwise by θ or, regarding R̂(✓) as linear operator
in vector space have
| 0 i = R̂(✓) | i

It is transformation of vectors and is unitary operator. Can see this as follows:
R̂

1

(✓) = R̂( ✓) =

✓

cos ✓
sin ✓

sin ✓
cos ✓

◆

= R̂T (✓) = R̂† (✓)

Transformation operators are unitary because transform state vectors which must not change
lengths (otherwise probability ideas get messed up).
This follows from fact that unitary transformations preserve inner products(and so they
preserve lengths)
| 0 i = R̂(✓) | i , |'0 i = R̂(✓) |'i
h'0 | 0 i = h'| R̂+ (✓)R̂(✓) | i = h'| R̂

1

(✓)R̂(✓) | i = h'| Iˆ | i = h' | i

Since R̂(✓) is unitary transformation operator for rotations - a very general theorem (beyond
scope of this class) says that can express it as exponential operator involving the angular
momentum operator with respect to axis of rotation (z−axis), Jˆz , of the form
R̂(✓) = e

i✓ Jˆz /~

PROOF(for mathematically inclined): We can rewrite R̂(✓) as
R̂(✓) =

✓

cos ✓
sin ✓

where

Iˆ =

sin ✓
cos ✓
✓

1
0

◆

= cos ✓

✓

1
0

0
1

◆

+ i sin ✓

◆
0
= Identity operator
1

,

✓

0
i

Q̂ =

i
0
✓

◆

0
i

= cos ✓Iˆ + i sin ✓Q̂

i
0

◆

and physical meaning of operator Q̂ is yet to be determined
Now show that

~Q̂ = Jˆz .

Expanding exponential in power series have
R̂(✓) = e

ˆ
i✓ J~z

Jˆz 2
Jˆz 3
Jˆz 4
ˆ
(i ~ ) 2 (i ~ ) 3 (i ~ ) 4
Jz
ˆ
= I + (i )✓ +
✓ +
✓ +
✓ + ....
~
2!
3!
4!

1 dR̂(✓)
= R̂(0) +
1! d✓

✓=0

1 d2 R̂(✓)
✓+
2! d✓2

1 d3 R̂(✓)
✓ +
3! d✓3
2

✓=0

1 d4 R̂(✓)
✓ +
4! d✓4
3

✓=0

✓4 + ....
✓=0

Using

~Q̂ = Jˆz , have Jˆz2 = ~2 Q̂2 = ~2 Iˆ so that can write

R̂(✓) = e
=

ˆ
i✓ J~z

✓

1

Jˆz 2
Jˆz 3
Jˆz 4
ˆ
(i
)
(i
)
(i
Jz
2
3
~
~
~ )
ˆ
= I + (i )✓ +
✓ +
✓ +
✓4 + ....
~
2!
3!
4!
◆
✓
◆
2
4
3
✓
✓
✓
✓
ˆ
+
..... I + i
+ ..... Q̂ = cos ✓Iˆ + i sin ✓Q̂
2!
4!
1!
3!

which agrees with earlier result. Thus, have
Jˆz = ~

✓

0
i

i
0

◆

must be matrix representing angular momentum operator Jˆz
completes the proof.

in ∣x⟩ , ∣y⟩ basis. This

Returning to discussion, now work out eigenvectors and eigenvalues of R̂(✓) , which are
given by equation
R̂(✓) | i = (cos ✓Iˆ + i sin ✓Q̂) | i
ˆz
J
R̂(✓) | i = (cos ✓Iˆ + i sin ✓ ) | i = c | i
~
where c = eigenvalue corresponding to eigenvector ∣ψ⟩.
Since all vectors are eigenvectors of identity operator Iˆ , only need to find eigenvectors and
eigenvalues of Jˆz in order to solve problem for R̂(✓) (have same eigenvectors since only
differ by identity operator).

Let
Now, since

Jˆz | i =

| i

Jˆz2 = ~2 Iˆ , i.e.,
✓

0
Jˆz2 = ~2
i

we have

Jˆz2 | i =

2

◆✓
i
0
0
i

i
0

◆

=

✓

1
0

◆
0
= ~2 Iˆ
1

| i = ~2 Iˆ | i = ~2 | i

which says that
2

= ~2

= ±~ = eigenvalues of Jˆz

!

We can find the corresponding eigenvectors by inserting eigenvalues into eigenvalue/
eigenvector equation
Jˆ |J = ~i = ~ |J = ~i
z

Assume that

then we get

z

✓

z

◆

a
2
2
|Jz = ~i =
where |a| + |b| = 1
b
✓
◆✓
◆
✓
◆
✓
◆
0
i
a
ib
a
~
=~
=~
i 0
b
ia
b

p
—> result ia = b, which together with normalization condition says that a = 1/ 2.

Have arbitrarily chosen a to be real since only relative phase between components will be
important in quantum mechanics.
p
This then gives b = i/ 2 .

Finally have eigenvector
✓
◆
1
1
p
|Jz = ~i =
= |Ri
i
2
So eigenvectors of

Jˆz

Similarly, get

and hence of

|Jz =

1
p
~i =
2

✓

1
i

◆

= |Li

R̂(✓) are RCP and LCP basis states. Then we have

Jˆz
ˆ
R̂(✓) |Ri = (cos ✓I + i sin ✓ ~ ) |Ri = (cos ✓ + i sin ✓) |Ri = ei✓ |Ri
R̂(✓) |Li = e i✓ |Li

Physically, —> ∣R⟩ and ∣L⟩ states are only changed by overall phase factor under rotation of the
basis.
This allows us to specify what happens to arbitrary vector ∣ψ⟩ under rotations.
First, expand arbitrary vector in ∣R⟩,∣L⟩ basis. Then apply rotation operator to obtain
R̂(✓) | i = R̂(✓) |Ri hR | i + R̂(✓) |Li hL | i = ei✓ |Ri hR | i + e

i✓

|Li hL | i

or RCP component multiplied by phase factor eiθ and LCP component multiplied by different
phase factor e−iθ.
Thus, rotations change the relative phase of components, which is real physical change (as
opposed to an overall phase change of the state vector).
Now, it is experimental fact that if a photon traveling in z−direction is absorbed by matter,
then the z−component of the angular momentum of the absorber increases by ~ or
decreases by ~ . It never remains same, nor does it change by any value other than ±~.

We interpret these results to say that RCP photon is in state which is eigenvector of Jˆz with
eigenvalue ~ for that photon in state has spin = ~ .
Similarly, LCP photon has spin = ~ .
One cannot predict, for any single photon, whether change will be +~

or

~ .

Can, however, predict probability of either value occurring.
In particular, according to probability formalism, must have
2

|hR | i| = probability of + ~
2
|hL | i| = probability of
~

and average value of z−component of angular momentum is
D E
X
Jˆz =
(eigenvalue)⇥ (probability of the eigenvalue)

or

all possibilities

D

E

2
Jˆz = ~ |hR | i|

~ |hL | i|

2

In general, a photon is neither pure RCP nor pure LCP and angular momentum does not have
definite value.
We can still talk in terms of probabilities, however.
The discreteness of angular momentum spectrum once again forces probabilistic interpretation
on us.
We can easily see how all of this works using our mathematical formalism as follows:

D

E

D

E

Jˆz = h | Jˆz | i
| i = |Ri hR | i + |Li hL | i

⇤
⇤
Jˆz = (hR | i hR| + hL | i hL|)Jˆz (|Ri hR | i + |Li hL | i)
2
2
= hR| Jˆz |Ri |hR | i| + hL| Jˆz |Li |hL | i|

⇤
⇤
+ hR| Jˆz |Li hR | i hL | i + hL | i hR | i hL| Jˆz |Ri

= ~ |hR | i|

2

~ |hL | i|

2

as above

Let us return for moment to matrix representation of operator. Have found following results:
Jˆz |Ri = +~ |Ri , Jˆz |Li = ~ |Li
Thus, in {∣R⟩,∣L⟩} basis, these relations imply matrix representation
✓
◆
✓
◆
ˆ
ˆ
hR| Jz |Ri hR| Jz |Li
1 0
Jˆz =
=
~
0
1
hL| Jˆz |Ri hL| Jˆz |Li
which is standard form of Jˆz in terms of one of so-called Pauli matrices, namely
✓
◆
1 0
ˆz =
! Jˆz = ~ˆz
0
1

1
i
|xi = p (|Ri + |Li) , |yi = p (|Ri |Li)
2
2
and, therefore, in {∣x⟩,∣y⟩} basis, have matrix representation
✓
◆
✓
◆
hx| Jˆz |xi hx| Jˆz |yi
0
i
ˆ
Jz =
=~
—> same form as derived earlier.
ˆ
ˆ
i 0
hy| Jz |xi hy| Jz |yi

Now

Projection Operators
Now let us look at projection operators in the context of photon polarization.
The projection operator ∣ψ⟩⟨φ∣ can be represented by a 2 × 2 matrix in the polarization state
vector space.
It is constructed using a mathematical object called an outer product.
✓
◆
✓
◆
⇤
⇤
x 'x
x 'y
x
'⇤x '⇤y =
P̂ = | i h'| =
⇤
⇤
y
y 'x
y 'y
or equivalently, by choosing basis and finding matrix representation
✓
◆ ✓
◆ ✓
hx| P̂ |xi hx| P̂ |yi
hx | i h' | xi hx | i h' | yi
P̂ =
=
=
hy
|
i
h'
|
xi
hy
|
i
h'
|
yi
hy| P̂ |xi hy| P̂ |yi
In particular, we have in the {∣x⟩,∣y⟩} basis
✓
◆
✓
1 0
|xi hx| =
, |xi hy| =
0
0
✓
◆
✓
0 0
|yi hx| =
, |yi hy| =
1 0

⇤
x 'y
⇤
y 'y

◆

0 1
0 0 ◆
0 0
0 1

✓

1
|xi
hx|
+
|yi
hy|
=
From these results, we easily see that
0
✓
◆
x
| i = Iˆ | i = |xi hx | i + |yi hy | i =
y

as specified in earlier mathematical discussions.

⇤
x 'x
⇤
y 'x

0
1

◆

= Iˆ

and

◆

Similarly, we have

Iˆ = |Ri hR| + |Li hL|

which leads to

Jˆz = Jˆz Iˆ = Jˆz |Ri hR| + Jˆz |Li hL| = ~ |Ri hR| ~ |Li hL|
which is the expansion of operator Jˆz in terms of eigenvalues and 1−dimensional subspace

projection operators (eigenvectors) that we discussed earlier.
The action of the polarizer can be considered as a measurement.
What are operators representing such measurements?
Clearly, operators for x− and y−polarizers are given by
✓
◆
✓
◆
1 0
0 0
Ôx = |xi hx| =
, Ôy = |yi hy| =
0 0
0 1
since
Ôx | i = Ôx (a |xi + b |yi) = (|xi hx|) (a |xi + b |yi) = a |xi

picks out x part!

and so on.

|✓i = cos ✓ |xi + sin ✓ |yi =

If light polarized at angle θ from x−axis, it is in state

Operator representing polarizer at angle θ is (in x − y basis)
✓
◆
2
cos ✓
sin ✓ cos ✓
Ô✓ = |✓i h✓| =
sin ✓ cos ✓
sin2 ✓
Note that probability of measuring x−polarization when in θ state is
2

hx| Ô✓ |xi = hx | ✓i h✓ | xi = |hx | ✓i| = cos2 ✓

A result we have seen several times in earlier discussions.

✓

cos ✓
sin ✓

◆

Amplitudes and Probabilities
The probability interpretation we have been making follows from the concept of superposition.
The superposition idea says that we can write any arbitrary photon state as linear combination
of basis states
| i = |Ri hR | i + |Li hL | i
2

and then interpret ∣⟨R ∣ ψ⟩∣ as probability that photon in state ∣ψ⟩ will behave as a RCP photon
in state ∣R⟩.
Generalizing this statement, we say that a system in a state ∣ψ⟩, in Quantum Mechanics, has
probability ∣⟨φ ∣ ψ⟩∣2 of behaving like was in state ∣φ⟩.
Might now conclude, from experimental fact that only ±~ is transferred to matter, that photons
always either in state ∣R⟩ with probability α or in state ∣L⟩ with probability 1 − α.
This cannot be correct, however, as we can see by following arguments.
FACT: x−polarized photon never passes through a y−polaroid.
PROBLEM: If, the above interpretation of being either ∣R⟩ or ∣L⟩ was true, then
2

(a) an x−polarized photon has probability = ∣⟨R ∣ x⟩∣ of being RCP and RCP photon has
2

probability = ∣⟨y ∣ R⟩∣ of being y−polarized photon and thus passing through y−polaroid.
2

(b) an x−polarized photon has probability = ∣⟨L ∣ x⟩∣ of being LCP and LCP photon has
2

probability = ∣⟨y ∣ L⟩∣ of being y−polarized photon and thus passing through y−polaroid.

This means that total probability that x−polarized photon would get through y−polaroid in this
interpretation is
1
2
2
2
2
total probability = |hR | xi| |hy | Ri| + |hL | xi| |hy | Li| =
2
However, as stated, it NEVER HAPPENS. What is wrong?
SOLUTION: When we think of an x−polarized photon being RCP photon or LCP photon with
equal probability, we are ruling out the possibility of any interference effects between the RCP
and LCP amplitudes.
We give meaning to word interference here in this way.
The correct calculation of probability, which lays the groundwork for all of amplitude
mechanics in Quantum Mechanics, goes as follows:
(a) Probability amplitude of x−polarized photon passing through y−polaroid = ⟨y ∣ x⟩ = 0, which
implies that probability = ∣ ⟨y ∣ x⟩ ∣2 = 0 also.
(b) If we say that an x−polarized photon is in a superposition of ∣R⟩ and ∣L⟩ (make no statement
about probabilities at this point), this implies that
|xi = |Ri hR | xi + |Li hL | xi

which gives

hy | xi = hy | Ri hR | xi + hy | Li hL | xi

or the amplitude for an x−polarized photon to pass through a y−polaroid is the sum of two
amplitudes, namely, that it passes through as an RCP photon ⟨y∣R⟩⟨R∣x⟩ and that passes
through as an LCP photon ⟨y∣L⟩⟨L∣x⟩. This does not say that it has actually done either!

(c) The probability of passing through is then the absolute square of the total amplitude
probability = |hy | Ri hR | xi + hy | Li hL | xi|
⇤

⇤

2

⇤

= hy | Ri hR | xi + hy | Li hL | xi
2

2

2

⇤

(hy | Ri hR | xi + hy | Li hL | xi)

= |hy | Ri| |hR | xi| + |hy | Li| |hL | xi|
⇤

2

⇤

⇤

⇤

+ hy | Ri hR | xi hy | Li hL | xi + hy | Ri hR | xi hy | Li hL | xi

(d) The first two terms are same as incorrect calculation done earlier.
The last two terms represent interference effects between the two amplitudes (RCP way and
LCP way).
A simple calculation shows that interference terms exactly cancel first two terms and that
probability equals zero in agreement with experiment!!
INTERPRETATION: The way to interpret this result is as follows:
hy | Ri hR | xi =
hy | Li hL | xi =

probability amplitude for x-polarized photon
to pass through y-polaroid as RCP photon
probability amplitude for x-polarized photon to
pass through y-polaroid as LCP photon

These are indistinguishable ways for process to occur, i.e., no measurement exists that can tell
us whether it passes through as an RCP photon or as an LCP photon without destroying the
interference, i.e., without radically altering the experiment.

To get the correct total probability, we add all amplitudes for all indistinguishable ways and then
square resulting total amplitude.
In incorrect calculation, we found the probability for each indistinguishable way and then added
probabilities.
In one case, eliminated interference effects and got wrong result and, in other case, included
interference effects and obtained the correct result.
Summarizing, we have these rules for amplitude mechanics and probabilities in Quantum
Mechanics:
(1) Probability amplitude for two successive events is product of amplitudes for each event,
i.e., amplitude for x−polarized photon to pass through y−polaroid as RCP polarized photon
is product of amplitude for x−polarized photon to be RCP photon ⟨R∣x⟩ and amplitude for
RCP photon to be y−polarized photon ⟨y ∣ R⟩
hy | Ri hR | xi

(2) Total amplitude for process that can take place in several indistinguishable ways is sum of
amplitudes for each individual way, i.e.,
hy | xi = hy | Ri hR | xi + hy | Li hL | xi

Note here that this is merely a reflection of property of projection operators that

which says that

Iˆ = |Ri hR| + |Li hL|
hy | xi = hy| Iˆ |xi = hy | Ri hR | xi + hy | Li hL | xi

Thus, the mathematical sum over all projection operators being equal to identity operator is
physically equivalent to sum over all possible intermediate states and turns into sum over
all amplitudes for indistinguishable ways in this interpretation.
(3) Total probability for process to occur is absolute square of total amplitude.
So, in classical physics, we
1- find amplitudes and probabilities of each way separately
2- add all probabilities to get total probability
——> get NO interference effects!!
In Quantum Mechanics, we
1- find the amplitudes for each indistinguishable way the process can occur
2- add all the amplitudes to get a total amplitude
3- square the total amplitude to get the total probability
——> get interference effects!!
Important result here is that we must consider ALL INDISTINGUISHABLE WAYS in step (2).
An indistinguishable way is characterized as follows:
(1) If two ways are indistinguishable, then there exists no measurement that can decide which
of two ways actually happened without altering experiment.
(2) In particular, if we attempt to find out, then the interference effects will disappear and we
will return to classical result obtained by adding probabilities.

What actually happens is that during any measurement trying to distinguish ways, relative
phase of components in superposition becomes completely uncertain and this will wash out the
interference.
This happens as follows: instead of
|xi = |Ri hR | xi + |Li hL | xi

if we attempted to add measurement to determine if x−polarized photon was RCP or LCP, we
would have
|x̃i = ei↵R |Ri hR | xi + ei↵L |Li hL | xi
Probability calculation then give
2

2

2

2

total probability = |hy | Ri| |hR | xi| + |hy | Li| |hL | xi|
h
i
⇤
⇤
+2Real hy | Ri hR | xi ei(↵R ↵L ) hy | Li hL | xi

Observed probability, which is result of many identical measurements in laboratory, is average
over all values of extra phases(they are random).
Z2⇡
1
ei(↵R ↵L ) d(↵R ↵L ) = 0
This involves integrating over relative phase, i.e.,
2⇡
0

It is clear that interference term averages to zero and we get the classical result!!

More about Pure States, Unpure States and Density Operators
If photon were in state ∣x⟩, then would have, for some linear operator Â , an expectation
value or average value given by
D E
Â = hx| Â |xi
We defined a property of an operator called trace as
X
X
T rQ̂ =
hqj | Q̂ |qj i = sum of diagonal matrix elements =
(Q̂)jj
j

j

that is, sum over diagonal matrix elements.
Some Properties of the Trace:

T r(ÂB̂) = T r(B̂ Â)
T r(cB̂) = cT r(B̂)
T r(c(Â + B̂)) = T r(cÂ) + T r(cB̂) = cT r(Â) + cT r(B̂)

General Definition: A density operator is a positive, Hermitian operator Ŵ with a discrete
eigenvalue spectrum such that, given any orthonormal basis set {|'k i} , we have
X
X
T rŴ = 1 =
Wkk =
h'k |Ŵ |'k i
k

k

where Wkk is diagonal matrix element(in basis) of density operator

Ŵ

.

Quantum theory assumes(equivalent postulates)
(1) A density operator exists for every real physical system (in same way that every physical
system can be represented by state vector or ket).

(2) The expectation value of an operator

is given by

Â

D E
Â = T r(Ŵ Â)

Let us choose simple example of density operator to get some handle on what the
postulate is saying.
In particular, choose as density operator Ŵ projection operator for some vector
(—> pure state)
Ŵ = | i h |
Ŵ 2 = (| i h |) (| i h |) = | i h | i h | = | i h | = Ŵ

—> idempotent operator

and thus has eigenvalues wk = 0, 1 only, i.e.,
Ŵ | i =
! 2

| i ! Ŵ 2 | i = Ŵ | i =
| i=0! 2
=0!

2

| i = Ŵ | i =
= 0, 1

| i

Assume that eigenvector corresponding to eigenvalue 1 is ∣α⟩.
Properties of the Density Operator
P
wk = 0 + 1 = 1 = T rŴ
k

ha| Ŵ |ai = |ha | ↵i|

2

0

so that all required properties for density operator are, in fact, satisfied by the assumed form.
If denote eigenvalues of Ŵ by wk and corresponding eigenvectors by ∣wk⟩ so that
Ŵ |wk i = wk |wk i
then, since Ŵ has discrete spectrum, can write Ŵ in terms of its eigenvalues and
X
eigenvectors as
Ŵ =
wk |wk i hwk |
k

Since Ŵ is Hermitian, its eigenvectors must form an orthonormal basis where hwk | wj i =
Now derive some other properties of this density operator object.
Ŵ

Spectrum of

is discrete set of numbers {wk}. Then have
P
P
P
T rŴ = 1 =
hwj |Ŵ |wj i =
hwj |wj |wj i =
wj hwj | wj i
j
j
j
P
! wj = 1
j

Since Ŵ is Hermitian, have Ŵ = Ŵ

+

—> eigenvalues are real numbers

Using fact Ŵ is defined to be a positive operator, we then have
X
X
X
2
ha| Ŵ |ai = ha|
wk |wk i hwk | |ai =
wk ha | wk i hwk | ai =
wk |ha | wk i|
k

k

wk = wk⇤

0

k

for any vector ∣a⟩.

Can only be true, in general, if wk 0
for all k.
X
Results wk 0 ,
imply that 0  wk  1
wk = 1
k

Returning to simple case of pure state Ŵ = | i h | , then have
hB̂i = h | B̂ | i = h | B̂ Iˆ | i
!
X
X
= h | B̂
|wk i hwk | | i =
h | B̂ |wk i hwk | i
=

X
k

k

hwk | i h | B̂ |wk i =

X
k

k

hwk | (| i h | B̂ |wk i =

X
k

hwk | Ŵ B̂ |wk i = T r(Ŵ B̂)

kj

Since important quantities for connection to experiment will be these expectation values, we
see that state represented by Ŵ is equally well represented by state vector ∣ψ⟩ in this case.
The density operator and the state vector are equivalent ways of representing a physical
system in this simple case.
The most important way of distinguishing whether state is pure or not follows from following
property of density operators:
The density operator for a pure state cannot be written
as a linear combination of the density operators of
other states, but the density operator for a nonpure
state can always be so written.
This is illustrated below with some examples.
Using ∣x⟩ , ∣y⟩ basis have
D E
Â = hx| Â |xi = T r(Ŵ Â) = hx| Ŵ Â |xi + hy| Ŵ Â |yi
= hx| Ŵ IˆÂ |xi + hy| Ŵ IˆÂ |yi

= hx| Ŵ |xi hx| Â |xi + hx| Ŵ |yi hy| Â |xi + hy| Ŵ |xi hx| Â |yi + hy| Ŵ |yi hy| Â |yi

This implies that

hx| Ŵ |xi = 1 ,
Ŵ =

✓

hx| Ŵ |yi = hy| Ŵ |xi = hy| Ŵ |yi = 0
1
0

0
0

◆

or

= |xi hx|

which is linear combination(one item in this case) of density operators and —> a pure state.
Now suppose that photon is in state

ei↵x
ei↵y
| i = p |xi + p |yi
2
2
where know that phases are equal, αx = αy (relative phase between components known
exactly in state)✓so that
◆
1
1
i↵x
p |xi + p |yi
| i=e
Terms ei↵x
, etc, called phase factors.
2
2

But, since all states must have length 1, can ignore overall phase factor and write
1
1
| i = p |xi + p |yi
2
2
This says that probability = 1/2 that photon behaves like ∣x⟩ and probability = 1/2 that photon
behaves like ∣y⟩. In this case, have
D E
i
1h
Â = h | Â | i =
hx| Â |xi + hx| Â |yi + hy| Â |xi + hy| Â |yi
2
= T r(Ŵ Â) = hx| Ŵ Â |xi + hy| Ŵ Â |yi = hx| Ŵ IˆÂ |xi + hy| Ŵ IˆÂ |yi
= hx| Ŵ |xi hx| Â |xi + hx| Ŵ |yi hy| Â |xi + hy| Ŵ |xi hx| Â |yi + hy| Ŵ |yi hy| Â |yi

which implies that

or

1
hx| Ŵ |xi = = hx| Ŵ |yi = hy| Ŵ |xi = hy| Ŵ |yi
2
✓
◆
✓
◆
1
1
1 1
1
1 1 = | ih |
Ŵ =
=
1
1
1
2
2

So, again have pure state.
But what happens if only know that probability = 1/2 that photon behaves like ∣x⟩ and
probability = 1/2 that photon behaves like ∣y⟩.
| i = a |xi + b |yi

—> state vector is
2

2

where only know that ∣a∣ = ∣b∣ = 1/2. Let us choose

ei↵a
a= p
2

,

ei↵b
b= p
2

Do not have any phase information in this case.
In addition, phase values could be different in each separate experiment
—> must average over relative phase αx − αy when computing probabilities
and thus all interference effects will vanish as shown below.
When calculate expectation value have
D E
1h
Â = h | Â | i =
hx| Â |xi + e i(↵a
2

↵b )

hx| Â |yi + ei(↵a ↵b ) hy| Â |xi + hy| Â |yi
D E 1
1
Â = hx| Â |xi + hy| Â |yi
and when average over relative phase obtain
2
2

i

Again, must have
D E
Â = T r(Ŵ Â) = hx| Ŵ Â |xi + hy| Ŵ Â |yi = hx| Ŵ IˆÂ |xi + hy| Ŵ IˆÂ |yi

= hx| Ŵ |xi hx| Â |xi + hx| Ŵ |yi hy| Â |xi + hy| Ŵ |xi hx| Â |yi + hy| Ŵ |yi hy| Â |yi

which implies that

or
1
Ŵ =
2

✓

1
0

1
hx| Ŵ |xi = = hy| Ŵ |yi
2
0
1

◆

,

hy| Ŵ |xi = hy| Ŵ |yi = 0

1
1
= |xi hx| + |yi hy| = probability(x) |xi hx| + probability(y) |yi hy|
2
2

This is a nonpure state.
So, we have a pure state only if the relative phase information is known exactly.
Unpolarized Light
Consider following experiment:
Have beam of monochromatic light composed of photons from two sources which output
photons in states ∣ψ1⟩ or ∣ψ2⟩, respectively.
Sources emit photons randomly and they are independent of each other —> cannot tell which
source a particular photon comes from.

Assign these probabilities
p1 = probability that photon comes from source #1
p2 = probability that photon comes from source #2
where p1 + p2 = 1. Now probability that particular observed photon transfers +~ is
p+ = p1 |hR |

2

1 i| + p2 |hR |

2 i|

2

and probability that it transfers ~ is
2
2
p = p1 |hL | 1 i| + p2 |hL | 2 i|
—> average value of angular momentum transfer for beam of photons is
D E
2
2
2
Jˆz = ~p+ ~p = ~p1 |hR | 1 i| + ~p2 |hR | 2 i|
~p1 |hL | 1 i|
~p2 |hL |
h
i
h
i
2
2
2
2
= p1 ~ |hR | 1 i|
~ |hL | 1 i| + p2 ~ |hR | 2 i|
~ |hL | 2 i|
D

= p1 Jˆz

E

1

D

+ p2 Jˆz

E

2 i|

2

2

or, average value of angular momentum transfer for beam of photons = sum over average
value in each beam weighted by probability that photon comes from that beam.
Emphasize that it is important to realize that statement photon is either in state but do not know
which is NOT same statement as photon is in state which is superposition of ∣ψ1⟩ and ∣ψ2⟩.
1
1
In second case, saying relative phase is known as in state | i = p |xi + p |yi
2
2
which was found to be a pure state.
Being in superposition implies that know relative phase of components.

In first case, however, saying that relative phase unknown and —> interference effects will
vanish.
In pure states, have superpositions and probability amplitude rules apply.
In nonpure or mixed states, where system is in one of several states with definite probabilities,
find weighted averages (weighted with state probabilities) of value in each state.
Use addition of probabilities with no interference effects —> equivalent to saying relative
phase is unknown.
Unpolarized light has equal probability of being in any polarization state.
It is just a special nonpure or mixed state.
No relative phase information is known for unpolarized light.
How Does the Polarization State Vector Change in Physical Systems?
Up to now have been considering devices such as polaroids and prisms, which are GO-NOGO
devices.
Some photons get through and some do not for these devices depending on their polarization
state.
Now we consider devices where all photons get through no matter what their polarization state
is, but the device changes the incident polarization state in some way.
In particular, consider example of birefringent crystal, such as calcite.
Calcite crystal has preferred direction called optic axis.
The crystal has a different index of refraction for light polarized parallel to the optic axis than it
has for light polarized perpendicular to the optic axis.

Assume that optic axis is in x-y plane and send beam of photons in z-direction.
Photons polarized perpendicular to optic axis called ordinary and are in state ∣o⟩ and photons
polarized parallel to optic axis called extraordinary and are in state ∣e⟩.
Set of states {∣o⟩,∣e⟩} forms an orthonormal basis and general photon states interacting with
calcite crystal are written as superpositions of these basis states —> example of a general rule
in quantum mechanics.
If doing experiment using particular measuring device that measures observable
then should use as basis for all states, eigenvectors of Q̂ .

Q̂

,

This requirement pushes us to ask correct experimental questions (those that quantum
mechanics can answer).
This particular basis is called the home space for experiment.
Now, as we saw earlier, the phase of light wave with wavelength λ as propagates through
medium in z−direction given by quantity φ = eikz with
2⇡
n!
k=
=
c
where n = index of refraction, ω = 2πν, ν = frequency and c = speed of light.
Since the phase depends on the index of refraction, the effect of passing through calcite
crystal is to change relative phase of ∣o⟩ and ∣e⟩ components making up superposition.
Assume that state of photon entering the calcite crystal is
|

in i

= |ei he |

in i

+ |oi ho |

in i

The two components have different indices of refraction ne and no, respectively.
If beam passes through length ` of calcite, then state upon leaving given by inserting phase
changes for each component and remembering that component phases change differently.
|

where

ike `
i
=
e
|ei he |
out

iko `
i
+
e
|oi ho |
in

in i

= Û` |

in i

Ûz = eike z |ei he| + eiko z |oi ho|

is a time development operator of some sort since ` = distance traveled in time t.
Now define two new quantities which are very important throughout the study of Quantum
Mechanics.
For transitions between two states (in and out in this case)
(1) transition amplitude for photon to enter calcite in state ∣ψin⟩ and leave in state ∣φ⟩ is
h |

(2) transition probability is

out i

= h | Û` |

|h |

out i|

2

in i

= h | Û` |

in i

2

To proceed any further, need to find out more about Ûz . Now
|

zi

= state of the photon after traveling distance z in calcite = Ûz |

in i

From form of Ûz have
Ûz+" = eike (z+") |ei he| + eiko (z+") |oi ho| = (eike " |ei he| + eiko " |oi ho|)(eike z |ei he| + eiko z |oi ho|)

or Ûz+" = Û" Ûz —> general result for time development operators, namely
—->

|

z+" i

= Ûz+" |

in i

= Û" Ûz |

in i

= Û" |

Ût+t0 = Ût0 Ût

zi

Now let ε→0 such that k0ε << 1 and keε << 1 and we can write (to 1st order)
Û" = eike " |ei he| + eiko " |oi ho| = (1 + ike ") |ei he| + (1 + iko ") |oi ho| = Iˆ + i"K̂
Iˆ = |ei he| + |oi ho|

where

,

K̂ = ke |ei he| + ko |oi ho|

Now, the relation
K̂ = ke |ei he| + ko |oi ho|

is an expansion of an operator in terms of its eigenvalues and corresponding projection
operators (eigenvectors).
It says that eigenvectors of

K̂ are ∣e⟩ and ∣o⟩ with eigenvalues ke and ko, respectively.

This illustrates awesome power in these methods!!
Then we have
|

or

lim

"!0

|

z+" i

z+" i

"

|

⇣

⌘

= Iˆ + i"K̂ |
zi

= iK̂ |

zi

or |

z+" i

|

zi

= i"K̂ |

zi

zi

—> differential equation for time development of state vector

d
|
dz

zi

= iK̂ |

zi

Similar to differential equation obtained earlier for time development operator —> have
K̂ = hermitian operator

,

Ûz = unitary operator

Derive some important results. We have, using the x − y basis
hx |

z+" i

hx |

zi

= i" hx| K̂ |

zi

= i" hx| K̂ Iˆ |

= i" hx| K̂ |xi hx |

zi

zi

+ i" hx| K̂ |yi hy |

zi

or the change in x−component of ∣ψz⟩ as move an infinitesimal amount ε has one part
proportional to x−component of ∣ψz⟩ and second part y−component of ∣ψz⟩.
Similarly, have
hy |

z+" i

hy |

zi

= i" hy| K̂ |

zi

= i" hy| K̂ Iˆ |

= i" hy| K̂ |xi hx |

zi

zi

+ i" hy| K̂ |yi hy |

zi

Now, since no photons are lost as we pass through, must have h
for all z. Then get
h

z+"

|

z+" i = h

z

|

h

⇤

i

2

hx| K̂ |xi |hx | z i|
z i + i" hx| K̂ |xi
h
i
⇤
2
+i" hy| K̂ |yi hy| K̂ |yi |hy | z i|
h
i
⇤
⇤
+i" hx| K̂ |yi hx| K̂ |yi hy | z i hx | z i
h
i
⇤
⇤
+i" hy| K̂ |xi hy| K̂ |xi hx | z i hy | z i

z+"

|

z+" i

=1=h

z

|

zi

—> must have
⇤

hx| K̂ |xi = hx| K̂ |xi
⇤
hx| K̂ |yi = hx| K̂ |yi

⇤

hy| K̂ |yi = hy| K̂ |yi
⇤
hy| K̂ |xi = hy| K̂ |xi

,
,

—> K̂ is Hermitian operator.
Finally, can show that Ûz† Ûz = Iˆ so that
transformation operator.

Ûz

is unitary as expected for a time

From earlier discussion identify
Ûz = transformation operator
K̂ = generator of the transformation

Calculating the Transition Probability
We defined the transition probability as

Using

T (z) = |h' |

z,out i|

2

= h'| Ûz |

Ûz = eike z |ei he| + eiko z |oi ho|

,

|

in i

in i

2

= a |oi + b |ei

where |a|2 + |b|2 = 1, get
T (z) = h'| e

ike z

= h'| be

|ei he| + e

ike z

|ei + ae

iko z

iko z

|oi ho| (a |oi + b |ei)

|oi

2

= be

ike z

2

h' | ei + ae

iko z

h' | oi

2

Now ask a specific question.
p
Suppose a = ib = 1/ 2 , which means that photon entering calcite crystal is an LCP photon.
What is probability that it will exit as a RCP photon?
—> choose

1
i
|'i = |Ri = p |oi + p |ei
2
2

or

i
h' | ei = p
2

,

1
h' | oi = p
2

Then get
T (z) = beike z h' | ei + aeiko z h' | oi
1 iko z
=
e
4
1
= (1
2

e

ike z 2

cos(ko

1⇣
=
1+1
4

2

i ike z i
1 iko z 1
p +p e
p
= p e
2
2
2
2
⌘
ei(ko ke )z e i(ko ke )z

2

ke )z)

If choose (ko − ke)z = π, then T = 1 and all LCP photons are turned into RCP photons by a
calcite crystal of just right length.
This non-trivial example clearly exhibits the power of these techniques.

Schrödinger Equation
The Dirac δ-Function
History
In development of quantum mechanics by P. Dirac, the following sequence of ideas occurred
(1) Observable = measurable quantity = Hermitian operator
(2) Physical states are linear combinations of the eigenvectors [requires complete
orthonormal basis]
(3) Possible measurements are represented by the eigenvalues [must be real numbers]
Ô | i =

| i

| i = eigenvector

,

,

= eigenvalue

(4) Some observables have a discrete spectrum [finite number or denumerably infinite number]
—> eigenvectors satisfy
h

0

| i=

0

In this case, for different eigenvalues this is a well-defined statement.
(5) Other observables have a continuous spectrum [non-denumerably infinite number of
eigenvalues].
For example, the position operator X̂ , which we have discussed and will discuss
further shortly, is such that
X̂ |xi = x |xi , |xi = eigenvector
Now ask question, what is ⟨x′ ∣ x⟩? Dirac assumed

,

x = eigenvalue

hx0 | xi ⌘ x0 x ⌘ (x x0 )
where he proposed the definitions
Z1
(x x0 )dx0 = 1
(x x0 ) = 0 if x0 6= x

Z1

1

f (x0 ) (x

x0 )dx0 = f (x)

1

Although, the new mathematical object assumed by Dirac did not fit in with any mathematics
known at time (1929), the assumption gave the correct physical theory in sense that all its
predictions agreed with experiments.
Eventually(1960), mathematicians, who initially vehemently disputed Dirac’s assumption of new
“function”, caught up to physicists and proved all of its properties in the Theory of Distributions.
Introduction to the Schrödinger Equation in One Dimension
Time Evolution
One way of doing quantum calculations —> the Schrödinger Picture and involves Schrödinger
equation for determining wavefunctions corresponding to energy eigenstates and for specifying
time evolution of physical quantities. In this picture:
(a) states are represented by ket vectors that depend on t, ∣ψ(t)⟩
(b) operators Q̂ representing observables or measurable quantities are independent of t
D
E
Q̂(t) = h (t)| Q̂ | (t)i
We then get a time-dependent expectation value of the form
Let t be continuous parameter. Consider a family of unitary operators Û (t) , with following
properties
Û (0) = Iˆ , Û (t + t ) = Û (t )Û (t )
1

2

1

2

Other transformations such as displacements, rotations and Lorentz boosts also satisfy these
properties.
The operator Û (t) is the time development operator whose existence was one of our
postulates and whose form we specified earlier.
Now consider infinitesimal t.
We then write an infinitesimal version of unitary transformation (using Taylor series) as
dÛ (t)
ˆ
Û (t) = I +
t + O(t2 )
dt
t=0

Since a unitary operator must satisfy unitarity condition Û Û + = Iˆ
Û Û

+

= Iˆ =

dÛ (t)
Iˆ +
dt

t + ....
t=0

which implies that

dÛ (t)
If we define
dt

=

"

!

+
d
Û
(t)
Iˆ +
dt

dÛ (t) dÛ + (t)
+
dt
dt

#

t + ....
t=0

!

= Iˆ +

"

for all t, we have
dÛ (t) dÛ + (t)
+
dt
dt

#

t + ....
t=0

=0
t=0

iĤ then condition becomes

iĤ = +(iĤ)+ =

iĤ + or Ĥ = Ĥ +

t=0

—> Ĥ is Hermitian operator —> generator of family of transformations Û (t)
determines operators uniquely. Now consider property Û (t1 + t2 ) = Û (t1 )Û (t2 )

because it

A partial derivative is defined by

@f (x, y, z)
df (x, y, z)
=
@x
dx

y,z=constants

For example, if f(x,y,z) = x3y + xy7z + x2sin(z), then
@f
@x

= 3x2 y + y 7 z + 2x sin(z)

@f
@y

= x3 + 7xy 6 z

@f
@x

= xy 7 + x2 cos(z)

Using the partial derivative we have
@
Û (t1 + t2 )
@t1

t1 =0

d
=
Û (t)
dt

=
t=t2

✓

d
Û (t1 )
dt1

◆

Û (t2 ) =

iĤ Û (t2 )

t1 =0

which is the equation for arbitrary t
dÛ (t)
i
= Ĥ Û (t)
dt

This equation is satisfied by the unique solution

Û (t) = e

iĤt

which gives an expression for time development operator in terms of Hamiltonian.
Formally —> Stone’s theorem.
Same form as we specified earlier for time-development operator.

Schrödinger picture follows directly from discussion of Û (t) operator.
Suppose we have some physical system represented by state vector ∣ψ(0)⟩ at t = 0 and
represented by state vector ∣ψ(t)⟩ at t.
We ask this question.
How are these state vectors related to each other?
We make the following assumptions:
(1) every vector ∣ψ(0)⟩ such that ⟨ψ(0) ∣ ψ(0)⟩ = 1 represents a possible state at t=0
(2) every vector ∣ψ(t)⟩ such that ⟨ψ(t)∣ψ(t)⟩ = 1 represents possible state at t
(3) every Hermitian operator represents an observable or measurable quantity
(4) properties of physical system determine state vectors to within phase factor since
∣φ⟩ = eiα ∣ψ⟩ implies that
h' | 'i = h | e i↵ ei↵ | i = h | i = 1
(5) ∣ψ(t)⟩ is determined by ∣ψ(0)⟩
Now, if ∣ψ(0)⟩ and ∣φ(0)⟩ represent two possible states at t = 0 and ∣ψ(t)⟩ and ∣φ(t)⟩
represent corresponding states at t, then
∣⟨φ(0) ∣ ψ(0)⟩∣2 = probability of finding system in state represented by ∣φ(0)⟩ given that
system is in state ∣ψ(0)⟩ at t=0
∣⟨φ(t) ∣ ψ(t)⟩∣2 = probability of finding system in state represented by ∣φ(t)⟩ given that
system is in state ∣ψ(t)⟩ at t

(6) It makes physical sense to assume that these two probabilities should be same
2

|h'(0) | (0)i| = |h'(t) | (t)i|

2

Wigner’s theorem (linear algebra) —> exists unitary, linear operator Û
| (t)i = Û (t) | (0)i

such that

and an expression of the form
h↵| Û (t) | i

2

gives the probability that the system is in state ∣α⟩ at t given that it was in state ∣β⟩ at t=0.
We assume this expression is continuous function of t. We already showed that Û (t)
satisfies the equation
iĤt
dÛ (t)
Û
(t)
=
e
or
i
= Ĥ Û (t)
dt
and thus,
| (t)i = Û (t) | (0)i = e iĤt | (0)i
which —> an equation of motion for state vector
dÛ (t)
i
| (0)i = Ĥ Û (t) | (0)i
dt

d
i | (t)i = Ĥ | (t)i
dt

which is the abstract form of the famous Schrödinger equation.
We will derive the standard form of the equation shortly.

As said earlier, operator

Û (t) = e

iĤt

—> time evolution operator.

Finally, we can write the time-dependent expectation value as
D
E
Q̂(t) = h (t)| Q̂ | (t)i
| (t)i = Û (t) | (0)i = e iĤt | (0)i

—> Schrödinger picture where state vectors change with time and operators are constant in
time.
Note that Schrödinger picture is not the same as Schrödinger equation.
The Schrödinger equation involves mathematical object called the wave function which is one
particular representation of state vector, namely the position representation - will see later.
Thus, Schrödinger equation is applicable only to Hamiltonians that describe operators
dependent on external degrees of freedom like position and momentum.
The Schrödinger picture, on other hand, works with both internal and external degrees of
freedom and can handle much wider class of physical systems, as shall see.
Schrödinger Wave equation - Coordinate Representation - Wave functions: Approach #2
To form representation of an abstract linear vector space we must carry out these steps:
(1) Choose complete, orthonormal set of basis vectors {∣αk⟩}
(2) Construct identity operator Iˆ as sum over one-dimensional subspace projection
X
operators ∣αk⟩⟨αk∣
Iˆ =
|↵ i h↵ |
k

k

k

(3) Write arbitrary vector ∣ψ⟩ as linear combination or superposition of basis vectors using
X
X
identity operator
| i = Iˆ | i = (
|↵k i h↵k |) | i =
h↵k | i |↵k i
k

k

It is clear from equation, that knowledge about behavior(say in time) of the expansion
coefficients ⟨αk ∣ ψ⟩ —> behavior of state vector ∣ψ⟩ and allow us to make predictions.

Remember also, that the expansion coefficient is the probability amplitude for particle in state
∣ψ⟩ to behave like it is in state ∣αk⟩.
A particular representation, very important in study of many systems using Quantum
Mechanics, is formed using the eigenstates of the position operator as a basis —> coordinate
or position representation.
We restrict our attention to one dimension for simplicity.
Eigenstates {∣x⟩} of the position operator x̂

satisfy

x̂ |xi = x |xi

where eigenvalues x are continuous variables in range [−∞,∞] —> basis of coordinate
representation.
Expanding earlier discussions, in this case, the summations become integrals and we have
Z
Z
Z
Iˆ = |xi hx| dx
| i = Iˆ | i = (|xi hx|) | i dx = hx | i |xi dx
The expansion coefficient in the coordinate representation is given by ψ(x) = ⟨x ∣ ψ⟩

Since the inner product defined for all states ∣x⟩, the new object is clearly function of
eigenvalues x —> probability amplitude for finding particle at point x in 1-dimensional space
if in (abstract)state vector ∣ψ⟩ —> wave function. Z
Z

Bra vector corresponding to ∣ψ⟩ is

h | = h | Iˆ =

⇤

h | xi hx| dx =

hx | i hx| dx

The normalization condition takes the form
Z
Z
Z
Z
2
2
h | i = 1 = h | Iˆ | i = h | xi hx | i dx = |hx | i| dx = | (x)| dx =

⇤

(x) (x)dx

The probability amplitude for a particle in state ∣ψ⟩ to behave like it is in state ∣φ⟩ is
Z
Z
Z
Z
0
⇤
⇤
0
0
h | i = ( hx | i hx| dx)( hx | i |x i dx ) = dx dx0 hx | i hx0 | i hx | x0 i
hx | x0 i .

In order to evaluate this, need the normalization condition
We have
Z
| i = hx0 | i |x0 i dx0
which implies that
where

(x

a) =

(

hx | i =

Z

hx0 | i hx | x0 i dx0

hx | x0 i = (x
undefined x 6= a
0
otherwise

(x) =

Z

(x0 ) hx | x0 i dx0

x0 )

and

Z1
1

f (x) (x

for any function f(x) —> Dirac delta function as mentioned earlier.

a)dx = f (a)

Putting into above equation for ψ(x), we have
Z
Z
(x) =
(x0 ) hx | x0 i dx0 =
(x0 ) (x

x0 )dx0

—> defining integral.

Thus, delta function normalization follows from completeness property of projection operators.
Using this result we get
Z
Z
⇤
h' | i = dx dx0 hx | 'i hx0 | i (x

x0 ) =

Z

⇤

hx | 'i hx | i dx =

Z

'⇤ (x) (x)dx

We formally write x̂ operator usingZ expansion in eigenvalues and projection operators as
x̂ =

x |xi hx| dx

Will also need properties of linear momentum operator. Eigenstates {∣p⟩} of momentum
p̂ |pi = p |pi
operator p̂ satisfy

where eigenvalues p are continuous variables in range [−∞,∞] —> basis of momentum
representation. Repeating the mathematical step used with x-representation we have
Z
Z
Z
1
1
1
ˆ
ˆ
I=
|pi hp| dp | i = I | i =
(|pi hp|) | i dp =
hp | i |pi dp
(p) = hp | i
2⇡~
2⇡~
2⇡~
Z
Z
1
1
⇤
ˆ
h | = h |I =
h | pi hp| dp =
hp | i hp| dp
2⇡~
2⇡~
1
hp | p0 i = (p p0 )
2⇡~
Z
1
p̂ =
p |pi hp| dp
2⇡~

Now we derive connections between two representations.
Need to determine quantity ⟨x ∣ p⟩ —>

hx | pi = eipx/~

—> key result.

It will enable us to derive the Schrödinger equation.
Derivation:

A representation of Dirac delta function is
Z1
1
ip(x x0 )
e
dp = (x x0 )
2⇡~
1

By representation —> can show that
2
Z1
Z1
1
4
f (x)
eip(x
2⇡~
for any function f(x).

1

1

a)

3

dp5dx = f (a)

Result follows from Fourier transform theory.
Now can rewrite equation in another way
Z1
1
ip(x x0 )
e
dp = (x x0 ) = hx | x0 i = hx| Iˆ |x0 i
2⇡~
1
2 1
3
Z1
Z
Z1
⇤
0
0
0
4
5
hx | pi hx | pi dp
= hx|
|pi hp| dp |x i =
hx | pi hp | x i dp =
1

which is clearly satisfied by

1

hx | pi = eipx/~

1

It is not unique choice, however.
It is choice, however, that allows Quantum Mechanics to make predictions that agree with
experiment.
We might even say that this choice is another postulate!
Now, we can use these results to determine the expectation values of operators involving
position and momentum operators.
Since we are interested in coordinate representation need only determine these relationships.
Position operator calculations are straightforward
hx| x̂ | i = x hx | i

,

hx| f (x̂) | i = f (x) hx | i

For the momentum operator write
Z
Z
Z
1
1
1
dp hx|p |pi hp | i =
pdp hx | pi hp | i
hx| p̂ | i =
dp hx|p̂ |pi hp | i =
2⇡~
2⇡~
2⇡~
Using
and

hx | pi = e

ipx/~

Z

we have

p hx | pi =

d
i~ hx | pi = hx| p̂ |pi
dx

1
hx| p̂ | i =
dp hx|p̂ |pi hp | i
2⇡~

Z
Z
1
1
d
=
dp hx|p |pi hp | i =
dp i~ hx | pi hp | i
2⇡~
2⇡~
dx
Z
i d
d
=
dp hx | pi hp | i = i~ hx | i
2⇡ dx
dx

Can also show that

h~x| p̂2 | i =

✓

d
i~
dx

◆2

h~x | i =

2
d
~2 2 h~x | i
dx

Using these results, we can now derive Schrödinger wave equation.
Schrödinger wave equation in one dimension is a differential equation that corresponds to
eigenvector/eigenvalue equation for Hamiltonian operator or energy operator.
The resulting states are energy eigenstates.
We already saw that energy eigenstates are stationary states and thus have simple time
dependence.
This property allows us to find time dependence of amplitudes for very complex systems in
straightforward way.
We have

Ĥ |

Ei

=E|

Ei

where E is a number and

p̂2
Ĥ = energy operator = (kinetic energy + potential energy) operators =
+ V (x̂)
2m
Then have
2
2
p̂
p̂
hx|
| E i + hx| V (x̂) | E i = E hx | E i
hx|
+ V (x̂) | E i = E hx | E i
2m
2m
~2 d 2
hx |
2
2m dx

Ei

+ V (x) hx |

Ei

= E hx |

Ei

~2 d2 E (x)
+ V (x)
2
2m dx

E (x)

=E

—> time-independent Schrödinger wave equation in 1 dimension.
Quantity E (x) = hx | E i is the wave function or energy eigenfunction in the position
representation corresponding to energy E.

E (x)

Quantity

|

2

E (x)| = |hx |

E i|

2

represents probability density to find particle at

coordinate x if in state represented by vector ∣ψE⟩.
Since
Û (t) |

Ei

=e

i Ĥ
~ t

|

Ei

=e

iE
~t

|

have hx| Û (t) |

Ei

E (x, t)

Therefore,

~2 d2 E (x, t)
+ V (x)
2
2m
dx
~2 d2 E (x, t)
+ V (~x)
2
2m
dx

=e

iE
~t

E (x, t)

Ei

=

E (x, t)

=e

iE
~t

hx |

Ei

E (x, 0)

=E

E (x, t)

@
E (x, t) = i~
@t

E (x, t)

which is time-dependent Schrödinger wave equation.
Clearly, systems change in time.
One change is collapse process, discontinuous (and non-unitary).
We have also developed (from postulate #4) a deterministic (unitary) time evolution between
measurements.
Between measurements states evolve according to equation
| (t)i = Û (t) | (0)i = e

For energy eigenstates we find that
| E (t)i = Û (t) |

E (0)i

that is, they only change by a phase factor.

iĤt/~

=e

| (0)i

i Ĥ
~ t

|

E (0)i

=e

iE
~t

|

E (0)i

Look at simple example to illustrate process.
Consider particle with hardness property but now place it in an external force that makes the
system have a higher energy when particle in hard state ∣h⟩ than when in soft state ∣s⟩.
Define two energies +E0 for ∣h⟩ and −E0 for ∣s⟩.
These energies —> corresponding energy eigenvalues for two states.
Therefore, energy operator (in hard-soft basis) given by
✓
◆
+E0
0
Ĥ =
0
E0
Thus, have
Case #1

| (0)i = |hi

| (t)i = e

iĤt/~

|hi = e

iE0 t/~

Case #2

| (0)i = |si

| (t)i = e

iĤt/~

|si = eiE0 t/~ |si

|hi

and

In either case, if measure hardness of this particle at t, still has same value as at t = 0, that is,
for case #1
2
2
2
iE0 t/~
|hh | (t)i| = hh| e
|hi = |hh | hi| = 1
2

|hs | (t)i| = hs| e

iE0 t/~

|hi

2

2

= |hs | hi| = 0

or hardness of particle does not change in time if starts out in state of definite hardness
(—> energy eigenstates)
When initial state is not an energy eigenstate, that is, when it is superposition of hard and soft
states, then it will change with time.

The change will be in relative phase between the components.
1
p
| (0)i =
(|hi + |si) ! |gi
2
⇣
⌘
1
1
| (t)i = e iĤt/~ | (0)i = p e iĤt/~ (|hi + |si) = p e iĤt/~ |hi + e iĤt/~ |si
2
2
⌘
1 ⇣ iE0 t/~
=p e
|hi + eiE0 t/~ |si
2
2iE
t/~
so relative phase is e 0
.
This state is not eigenstate of hardness or color! What is probability of measuring various
results?
Initially:
1
2
2
2
|hh | (0)i| = = |hs | (0)i|
|hg | (0)i| = 1 , |hm | (0)i| = 0
2
At time t:
✓
◆2
2
⇣
⌘
1
1
1
2
iE0 t/~
iE0 t/~
iE0 t/~
|hh | (t)i| = hh| p e
|hi + e
|si
= p e
=
2
2
2
✓
◆2
2
⇣
⌘
1
1
1
2
iE0 t/~
iE0 t/~
iE0 t/~
|hs | (t)i| = hs| p e
|hi + e
|si
= p e
=
2
2
2
✓
◆2
⇣
⌘
1
2
|hg | (t)i| = hg| p e iE0 t/~ |hi + eiE0 t/~ |si
2
2

1
= p e
2

1 iE0 t/~
iE0 t/~
hg | hi + p e
hg | si
2

2

1
= e
2

1 iE0 t/~
iE0 t/~
+ e
2

2

2E0 t
= cos
~
2

2

|hm | (t)i| = hm|

✓

1
= p e
2

1 ⇣
p e
2

iE0 t/~

|hi + eiE0 t/~ |si

⌘◆

2

2

1 iE0 t/~
1
iE0 t/~
hm | hi + p e
hm | si = e
2
2

iE0 t/~

1 iE0 t/~
e
2

2

2E0 t
= sin
~
2

So the probability of measuring the hardness of a particle that was originally in green state
remains 1/2 (as was at t = 0) since they are energy eigenstates or stationary states.
But much more interesting is the fact that probability for measurements of color oscillates
between probability =1 for green and probability = 1 for magenta.
So the procedure is as follows:
(1) Find the energy operator for the physical system.
(2) Express the initial state as a superposition of energy eigenstates.
(3) Insert the simple time dependence of the energy eigenstate to obtain the time dependence
of the state of the system.
(4) Determine probability for final measurements by taking appropriate inner products.

One-Dimensional Quantum Systems
Schrodinger equation in 1-dimension is
~2 d2 E (x)
+ V (x)
2
2m dx

E (x)

=E

E (x)

Solutions ψE(x) are energy eigenstates (eigenfunctions). Time dependence given by
E (x, t)

=e

iE
~t

E (x, 0)

E (x, 0)

where

= hx | Ei

2
p̂
Ĥ |Ei = E |Ei
and
where
Ĥ =
+ V (x̂)
2m
Thus we are faced with solving an ordinary differential equation with boundary conditions.

Since ψE(x) is physically related to the probability amplitude and hence to the measurable
probability, we assume that ψE(x) is continuous.
Using this fact, we can determine the general continuity properties of dψE (x)/dx.
The continuity property at a particular point, say x = x0, is derived as follows:
2 x +"
xZ0 +"
xZ0 +" ✓
xZ0 +"
◆
Z0
2
d E (x)
d E (x)
2m 4
dx =
d
V (x)
=
E
E (x)dx
2
2
dx
dx
~

E (x)dx

!

V (x)

x0 "

x0 "

x0 "

Taking limit as ε → 0
lim

"!0

d

E (x)

dx

d
x=x0 +"

E (x)

dx

x=x0 "

=

2

2m 4
E lim
2
"!0
~

x0 "

xZ0 +"

x0 "

E (x)dx

lim

xZ0 +"

"!0
x0 "

3
5
E (x)dx

3

5

✓

or

d

E (x)

dx

◆

2m
= 2 lim
~ "!0

xZ0 +"

V (x)

E (x)dx

x0 "

where have used continuity of ψE(x) to set
xZ0 +"
lim
E (x)dx = 0
"!0
x0 "

—> that whether or not dψE(x)/dx has a discontinuity depends directly on the potential energy
function.
If V(x) continuous at x = x0, i.e., if lim [V (x0 + ")
✓

d

E (x)

dx

◆

2m
= 2 lim
~ "!0

"!0
xZ0 +"

V (x)

E (x)dx

V (x0
=0

")] = 0

then

and dψE(x)/dx is continuous.

x0 "

lim [V (x0 + ") V (x0 ")] = f inite then
If V(x) has finite discontinuity (jump) at x = x0, i.e., "!0
xZ0 +"
✓
◆
d E (x)
2m
= 2 lim
V (x) E (x)dx = 0
and dψE(x)/dx is continuous.
"!0
dx
~
x0 "

Finally, if V(x) has an infinite jump at x = x0, then we have two choices
(1) if potential is infinite over an extended region of x, then we must force ψE(x) = 0 in that
region and use only the continuity of ψE(x) as boundary condition at the edge of region.

(2) if potential is infinite at single point, i.e., V(x) = δ(x − x0), then would have
xZ0 +"
xZ0 +"
✓
◆
d E (x)
2m
2m
= 2 lim
V (x) E (x)dx =
lim
(x x0 ) E (x)dx
2
dx
~ "!0
~ "!0
x0 "

2m
= 2 lim
~ "!0

x0 "

2m
E (x0 ) =
~2

E (x0 )

and thus dψE(x)/dx is discontinuous.

Last thing we must worry about is the validity of probability interpretation of ψE(x), i.e., ψE(x) =
⟨x∣ψE⟩ = probability amplitude for particle in state ∣ψE⟩ to be found at x —> must also have
Z1
2
h E | Ei =
| E (x)| dx < 1
1

This means that we must be able to normalize the wave functions and make total probability
that particle is somewhere on x−axis equal to one.
A wide range of interesting physical systems can be studied using 1-dimensional potential
energy functions.
Quantized Energy Levels in the Infinite Square Well Potential
This is standard first problem in any quantum mechanics class!
(
0
a/2  x  a/2
V (x) =
Now consider potential energy function
1 |x| a/2

This is the so-called infinite square well shown in the figure.
We consider the three regions labeled I, II, III.
—> example of potential that is infinite in an extended region.

Therefore, must require that wave function ψ(x) = 0 in these regions or the Schrodinger
equation makes no sense mathematically. In this case have
I (x)

=0 ,

III (x)

=0

Digression: Solving Second-Order ODEs
The solution technique use in most cases is called exponential substitution.
Exponential Substitution = Method applicable to all ordinary differential equations of form
d2 y
dy
A 2 +B
+ Cy = 0
dt
dt

Definitions:

where A, B and C are constants.

2nd-order = order of highest derivative
linear = no squares or worse
homogeneous = right-hand side = 0
constant coefficients = A, B, C

Therefore this equation is a 2nd-order, homogeneous, linear differential equation with constant
coefficients.

Method: Consider a typical equation of form
d2 y
dy
+3
+ 2y = 0
2
dt
dt
Make the exponential substitution
y = e↵t

into ODE. This will convert diffEQ into an algebraic equation for α. We thus have
d2 y
d2 e↵t
2 ↵t
=
=
↵
e
2
2
dt
dt

dy
de↵t
=
= ↵e↵t
dt
dt

which gives result
2

↵ + 3↵ + 2 e

↵t

2

= 0 ) ↵ + 3↵ + 2 = 0

since eαt ≠ 0.

Solutions of algebraic equation tell us allowed values of α that give valid solutions to ODE.
In particular, in this case we get
↵=

1, 2

as solutions to quadratic equation.
This result means that y = e−t and y = e−2t satisfy the original ODE as can be seen by direct
substitution.

If there is more than one allowed value of (as in this case), then the most general solution will
be a linear combination of all possible solutions(because this is a linear diffEQ).
Since, in this case, allowed values of α are α = −1, −2, the most general solution of ODE is
y(t) = ae

t

+ be

2t

where a and b are constants to be determined by the initial conditions.
Number of arbitrary constants that need to be determined by initial conditions is equal to
order(highest derivative → 2 in this case) of this ODE.
Suppose the initial conditions are
y=0 ,

dy
=1
dt

at t = 0.

Then have
y(t) = ae
dy
= ae
dt

t
t

+ be
2be

2t

y(0) = 0 = a + b
dy
(0) = a 2b = 1
dt

2t

which gives a = −b = 1 and thus the solution is
y(t) = e

t

e

2t

One can easily substitute this solution into original equation and see that it works and has the
correct initial conditions!!

Now Simple Harmonic Motion. The equation(spring) of motion has the form
dv
M
=
dt

d
kx ) M
dt

✓

dx
dt

◆

=

d2 x
kx ) M 2 + kx = 0
dt

so that A=M, C=k and B=0
Although the exponential substitution method is very powerful as described, we can make it
even more powerful by using a mathematical quantity called the complex exponential.
The change allows us to use this method for the SHM case.
Complex Exponentials - Alternative Very Powerful Method
Earlier found
e±i↵t = cos ↵t ± i sin ↵t

or sin !t =

ei!t

e
2i

i!t

,

ei!t + e
cos !t =
2

Can use these results to solve SHM equation
d2 y
d2 y
M 2 + ky = 0 ! 2 + ! 2 y = 0 ,
dt
dt

k
! =
M
2

Substituting y = eαt get algebraic equation
↵2 + ! 2 = 0

—> solutions (allowed values of α) α = ±iω —> most general solution
y(t) = Aei!t + Be

i!t

i!t

dy
y = y0 ,
=0
dt
y0
A=B=
2

Suppose initial conditions are
Then have
y(0) = y0 = A + B

at t = 0.
ei!t + e
y(t) = y0
2

i!t

= y0 cos !t

Returning to infinite square well Schrodinger equation:
Now in region II, Schrodinger equation becomes
~2 d2 II
=E
2
2m dx

II

,

p2
~2 k 2
E=
=
2m
2m

which has general solution(using above method) given by
ikx
+ Be ikx
II (x) = Ae
where k is some parameter to be determined.
Continuity of wavefunction at x = ±a/2 says —>
ka
a
i ka
i
) = Ae 2 + Be 2 = 0 and
II (
2
which imply that
B
=
A

e

ika

Equation is

=

eika

e2ika = 1

a
i ka
II ( ) = Ae 2 + Be
2

i ka
2

=0

—> equation for allowed values (values corresponding to a
valid solution) of parameter k.
—> allowed values of k form a discrete spectrum of
energy eigenvalues (quantized energies) given by

n⇡
~2 kn2
n2 ⇡ 2 ~2
2kn a = 2n⇡ ! kn =
! En =
=
, n = 1, 2, 3, 4, ........
2
a
2m
2ma

The corresponding wave functions are
(n)
II (x)

= An (eikn x

e

ikn a

e

ikn x

) = An e

a
i kn
2

and so on…..

⇣

e

(

ikn x+ a
2

)

e

(

ikn x+ a
2

)

⌘

= Ãn sin kn

⇣

a⌘
x+
2

We have mathematically solved ODE problem. Now what is the physical meaning of results?

We find a discrete spectrum of allowed energies corresponding to bound states of Hamiltonian.
Energy is quantized.
Bound states designate states localized in space, i.e., probability large only over restricted
regions of space and goes to zero far from potential region.
⇡ 2 ~2
Lowest energy value or lowest energy level or ground state energy is
E1 =
>0
2
2ma
(
with
A cos ⇡x
|x|  a/2
a
1 (x) =
0
|x| a/2

This minimum energy is not zero because of the Heisenberg uncertainty principle(next lecture).
Since particle has nonzero amplitude for being in well, we say that it is localized such that
∆x ≈ a and thus
~
~
p
⇡
x
a
This says kinetic energy (or energy in this case because potential energy equals zero in region
II) must have minimum value given approximately by
Emin = Kmin

( p)2
~2
⇡
⇡
2m
2ma2

The solutions also have the property
( x) = (x)

n odd

( x) =

(x)

n even

A discrete transformation of wave function corresponds to parity operator
}ˆ (x) = ( x) = (x) ! even parity

}ˆ (x) = ( x) =

}ˆ where we have

(x) ! odd parity

Now look more generally at the parity operation.
Suppose that the potential energy function obeys the rule V(x⃗) = V(−x⃗) and let ψ(x⃗) be solution
of Schrodinger equation with energy E. Then
✓
◆
2
~
r2 + V (~x)
(~x) = E (~x)
2m
Now let x⃗ → x⃗ to get the equation
✓
◆
2
~
r2 + V ( ~x)
( ~x) = E ( ~x)
2m

or

✓

~
r2 + V (~x)
2m
2

◆

( ~x) = E ( ~x)

—> that, if ψ(x⃗) is solution of Schrodinger equation with energy E, then ψ(−x⃗) is also solution of
same Schrodinger equation and hence with same energy E —> ψ(x⃗) ± ψ(−x⃗) are also solutions
of same Schrodinger equation with same energy E (by linearity).
Now
(~x) + ( ~x) ! even parity solution

(~x)

( ~x) ! odd parity solution

This says that if V (x⃗) = V (−x⃗), then we can always choose solutions that have definite
parity (even or odd).

Formally, we define the parity operator by the relation
h~x| }ˆ | i = h ~x | i

Since

h~x| }ˆ2 | i = h ~x| }ˆ | i = h~x | i

—> must have }ˆ2 = Iˆ , which means eigenvalues of }ˆ are ±1 as indicated earlier.
h
i
Ĥ, }ˆ = 0
Now can show
for symmetric potentials, i.e.,
}ˆĤ |Ei = }E
ˆ |Ei = E }ˆ |Ei = ±E |Ei
Ĥ }ˆ⇣|Ei = ±Ĥ ⌘|Ei = ±E |Ei
) }ˆĤ Ĥ }ˆ |Ei = 0
h
i
) Ĥ, }ˆ = 0

since ∣E⟩ is an arbitrary state.

This commutator relationship says that Ĥ and }ˆ share a common set of eigenfunctions
and that
Ĥ }ˆ = }ˆĤ
This means that Ĥ is invariant under }ˆ transformation.
}ˆĤ }ˆ = }ˆ2 Ĥ = Ĥ
}ˆ 1 Ĥ }ˆ = Ĥ
2
where we have used }ˆ = Iˆ in the derivation. It also says that
⇣
⌘
Ĥ (}ˆ |Ei) = }ˆ Ĥ |Ei = E (}ˆ |Ei)

or }ˆ ∣E⟩ is an eigenstate of Ĥ

with energy E as we stated.

The concept of parity invariance and the fact that Ĥ and }ˆ share a common set of
eigenfunctions can greatly simplify the solution of the Schrodinger equation in many cases.

Supplement #1 — Mathematics

A pattern exists……
Mathematics language <—> Relationships
Relationships <—> Correlations
Correlations <—> Quantum Mechanics
Quantum Mechanics <—> Mathematics language
The reality of this pattern will become clear as we proceed
through the class.

The Mathematics Of Quantum Mechanics - 1st Installment
We must learn some mathematics BECAUSE it is language of QM.
We will not be able to explain and use the ideas of QM using WORDS!!
High School level Stuff…

Vector =

directed line segment

—-> 2 numbers (a,b) = number of dimensions (of plane)
or Vector —> 3 numbers (a,b,c)= number of dimensions in ordinary space
Multiplication by a scalar(a number)
starting vector
multiply by 2
multiply by -1

Given two vectors

one can add/subtract them with geometric rules shown below

Sum

Difference

call the “tail to tip” rule

Now we generalize —> extend idea to a general linear combination(sum) of vectors

~ = ↵A
~+ B
~
C

still a vector!

adding parts => total
using

↵=2
= 0.5

I am drawing pictures in the real
3-dimensional world here!

Here, I note that all coefficients are real numbers at this time.

This works perfectly for all macroworld vectors.
But must generalize further in order to deal with microworld vectors.
Let us see how………..

The Space of Physics
vector = 3 numbers (3 = dimension of our world)
Location in space (relative to an origin) = 3 numbers
use axis labels

(x = x1 , y = y1 , z = z1 )

~r

—-> can define a position or radius vector

~r = (x, y, z) = (x1 , x2 , x3 ) = (a, b, c)
z

Now to add more mathematics to increase descriptive power:

z= x 3
(x,y,z)=(x1 ,x 2 ,x 3 )

First - define 3 special vectors (called a basis) that will be
used to construct all other vectors

r
^3
e

ê1 , ê2 , ê3 or î, ĵ, k̂ or x̂, ŷ, ẑ

^1
e
x= x 1

They are unit vectors (length=1) and define a Right-Handed
coordinate system as shown.
x

^
e
2

x 2 =y

y

By using vector addition rules we have
z

~r = xî + y ĵ + z k̂ = x1 ê1 + x2 ê2 + x3 ê3

z= x 3

= xx̂ + y ŷ + z ẑ

(x,y,z)=(x1 ,x 2 ,x 3 )

r
In words, x1=x=component of ~
in 1-direction(x-direction), etc

r
^3
e
^1
e

^
e
2

x 2 =y

y

x1 ê1

x= x 1

is a vector in 1-direction of length x1

x

~r

is vector sum of three vectors

x1 ê1 , x2 ê2 , x3 ê3

ê1 , ê2 , ê3 or î, ĵ, k̂ or x̂, ŷ, ẑ

called a basis set

length

p
r = |~r| = x2 + y 2 + z 2

using Pythagorean theorem

draw it yourself

Important
—> any vector
can be written
in terms of a
basis

Go to 2 dimensions (for simplicity)

êx = unit(length = 1) vector in x

direction

êy = unit(length = 1) vector in y

direction

multiply by a scalar

Ax êx = vector of length Ax in the x

Ay êy = vector of length Ay in the y

~ = Ax êx + Ay êy
A

direction

direction

by addition rule for vectors

Now

Ax = A cos ↵

,

Ay = A sin ↵

trigonometry —> components
For two vectors we now have

~ = Ax êx + Ay êy
A

,

~ = Bx êx + By êy
B

~+B
~ = (Ax + Bx ) êx + (Ay + By ) êy
A

~
A

~ = (Ax
B

Bx ) êx + (Ay

By ) êy

old tip-to-tail idea
eliminated in favor of adding and
subtracting components; tip-to-tail idea
cannot be extended to more
complicated situations such as in
microword!

More Generalization - Thinking about vectors
old

~ = v1 ê1 + v2 ê2
V

or

|V i = (v1 , v2 )

change of “notation” removes unit vectors
|Ai = (Ax , Ay )

Start of Dirac language
new -> Dirac Ket vector is
the first element in new
language

Your only job is to learn the new terminology; I will do the manipulations in class

addition
If |V1 i = (7, 2) and |V2 i = ( 5, 3)
then the sum |V i = |V1 i + |V2 i = (7 + ( 5), ( 2) + 3) = (2, 1)
adding components as before!

difference
If |V1 i = (7, 2) and |V2 i = ( 5, 3)
then the di↵erence |V i = |V1 i

|V2 i = (7

( 5), ( 2)

subtracting components as before!

length
If |V i = (v1 , v2 ) then length V =

q

v12 + v22

3) = (12, 5)

Now we have language element that will allow of to extend ideas so they are useful in
the microword:
A new operation and the generalized length
If |V i = (v1 , v2 )

,

|U i = (u1 , u2 ) ,

then hV | U i = v1 u1 + v2 u2

definition

we are using real-valued components —> called Euclidean vectors
symbol

h· · · | · · ·i

—> Dirac bra-c-ket or braket symbol —> another element in Dirac language
Then
hV | V i = v1 v1 + v2 v2 = v12 + v22 = (length)2

length =

—->

p

q
hV | V i = v12 + v22
hV | V i

0

The formalism easily extends to more dimensions……
3 dimensions
|V i = (v1 , v2 , v3 )

,

|U i = (u1 , u2 , u3 )

Definition:
summation
symbol

5
X

Aj = A1 + A2 + A3 + A4 + A5

j=1

then
hV | U i = v1 u1 + v2 u2 + v3 u3 =

3
X

v k uk

k=1

v
u 3
uX
p
p
length = hV | V i = v1 v1 + v2 v2 + v3 v3 = t
vk2
k=1

More than 3 dimensions (not in Kansas anymore, Toto)
can no longer easily visualize(draw on paper)

|V i = (v1 , v2 , ...., vn )

,

hV | U i = v1 u1 + v2 u2 + · · · + vn un =

|U i = (u1 , u2 , ...., un )
n
X

v k uk

extended definition

k=1

v
u n
p
uX
p
length = hV | V i = v1 v1 + v2 v2 + · · · + vn vn = t
vk2
k=1

braket = scalar or inner product(or “dot” product)

Now we need to generalize the idea of “components”
Up to now “components” = “real” numbers and vectors were “Euclidean vectors”
Generalization —-> complex components
Digression on complex numbers
i2 =

1 , i3 =

i , i4 = +1 , i5 = i , i6 =

1 ,

definition of complex number

z = a + bi

and so on

definition of i

a = real part

b= imaginary part
add real part and
imaginary parts
separately

(7 + 4i) + ( 2 + 9i) = 5 + 13i

definition of addition
(7 + 4i)( 2 + 9i) = (7)( 2) + (7)(9i) + (4i)( 2) + (4i)(9i)
= 14 + 63i 8i 36 = 50 + 55i

using i2 =-1

definition of multiplication
definition
2

⇤

z⇤ = a

complex conjugate

|z| = z z = (a

2

bi)(a + bi) = a + b

Note that z is real is

2

z* = z

bi
p
|z| = a2 + b2

absolute value

braket becomes
hV | U i = v1⇤ u1 + v2⇤ u2 + · · · + vn⇤ vn =

n
X

vk⇤ uk

k=1

(same as before if components real, i.e., vi*=vi)
v
v
u n
u n
p
uX
uX
⇤
length = hV | V i = t
vk vk = t
|vk |2
k=1

k=1

Vectors in QM = Euclidean vectors with complex components in Hilbert space
Now to extend idea of Basis vectors
|1i = (1, 0) $ êx

,

|2i = (0, 1) $ êy

new representation for old unit basis vectors

2 dimensions

|1i = (1, 0, 0)

,

|2i = (0, 1, 0)

,

|3i = (0, 0, 1)

called n-tuples

3 dimensions

Clearly length = 1 (unit vectors) and they are perpendicular or orthogonal(by definition)
and as we will prove shortly

Definition: Vector Space = collection of vectors such that
if add two vectors together => another vector in collection;

—> Hilbert space in
microworld

and have a scalar product(bracket) defined

Can write any vector in terms of basis <—> orthonormal set, i.e.,
|v1 , v2 i = v1 (1, 0) + v2 (0, 1) = (v1 , 0) + (0, v2 ) = (v1 , v2 )
|v1 , v2 i = v1 (1, 0) + v2 (0, 1) = v1 |1i + v2 |2i
v1 = component of vector in 1-direction, etc

no longer a valid picture when
components are complex;
just suggestive!!

Similarly for 3 dimensions
|U i = (u1 , u2 , u3 ) = u1 (1, 0, 0) + u2 (0, 1, 0) + u3 (0, 0, 1) = u1 |1i + u2 |2i + u3 |3i

and so on

Using earlier rule for evaluating the scalar product (sum of component products)
h1 | 1i = (1, 0) · (1, 0) = (1)(1) + (0)(0) = 1

h1 | 2i = (1, 0) · (0, 1) = (1)(0) + (0)(1) = 0

h2 | 1i = (0, 1) · (1, 0) = (0)(1) + (1)(0) = 0

h2 | 2i = (0, 1) · (0, 1) = (0)(0) + (1)(1) = 1

=1
=0
h1 | V i = v1 h1 | 1i + v2 h1 | 2i
h1 | V i = v1

=0
=1
h2 | V i = v1 h2 | 1i + v2 h2 | 2i
in new language

h2 | V i = v2

—> The component of vector in particular direction(along basis vector) given by
scalar product(bracket) of vector with corresponding basis vector.
Remember component = projection on vector in old real world!
But now, in Hilbert space, it is a “braket”.
Thus, we can always write
|V i = h1 | V i |1i + h2 | V i |2i

general definition in new language

Orthogonality
First way - remember High School - use old language
~ = (7, 4)
V

x̂ = (1, 0)
~ = 7x̂ + 4ŷ
V

,

ŷ = (0, 1)

using old notation

Define “dot” product:
~·B
~ = Ax Bx + Ay By = hA | Bi
A

as is easy to check -> old/new related

components

y

~ , 4 = vy = ŷ · V
~
7 = vx = x̂ · V
q
p
vx2 + vy2 = 65 length

4

origin=(0,0)

7

x

Now we can always write (in peculiar way)
~ = length(x̂) ⇥ length(V
~)⇥
7 = vx = x̂ · V

Now

vx
~)
length(V

vx
~)
length(V

~ and x̂
= cosine of angle between V

whole mess just multiplies by 1
can you see?

—> definition of cosine

so
~·B
~ = length(A)
~ ⇥ length(B)
~ ⇥ cos (angle between A
~ and B)
~
A
generalize

~·B
~ = AB cos ✓
A

Important special cases:
x̂ · x̂ = length(x̂) ⇥ length(x̂) cos (0 ) = 1 x̂ · ŷ = length(x̂) ⇥ length(ŷ) cos (90 ) = 0

—> Basis vectors are orthonormal!

As I have been assuming!

= orthogonal + normalized to 1(length=1)
—> orthonormal

Generalize further (add new notation) by defining in a vector space
orthonormality clear!

hA | Bi = AB cos (✓AB )

no simple geometric picture possible (as with real components); angle not geometric
angle but just a parameter now!
To explore further we need the definition of a Kronecker Delta.
(

1
0

h1 | 1i =

11

= 1 —-> length =1

h1 | 2i =

12

=0

h2 | 1i =

21

= 0 —-> orthogonal

hn | mi =

nm

=

n=m
n 6= m

for basis vectors

then

h2 | 2i =

22

=1

—-> orthogonal

—-> length =1

Using Kronecker delta to do algebra -> very powerful tool
3
X

Ak

k2

= A1

12

+ A2

22

+ A3

32

= A1 (0) + A2 (1) + A3 (0) = A2

k=1
n
X

k=1

Ak

km

= Am

mn

In order to complete our mathematic necessary to describe the microworld we need one last
mathematical object is needed —> completely new —> a Matrix
m × n matrix is m × n array(m rows and n columns) of numbers(matrix elements)
with a well-defined set of associated mathematical rules.
For example, see sample matrices shown below
✓ ◆
2
2 elements
5

2 5 2 elements

2 × 1 matrix (column vector) 1 x 2 matrix (row vector)
✓
◆
2
5
1
3 10 5
2 × 3 matrix

✓

2
3

5
10

◆

4 elements

2 × 2 matrix

A=

✓

a11
a21

a12
a22

◆

,

B=

diagonal elements

Consider two matrices
A=

✓

◆

2
5
3 10

—> 2

✓

b11
b21

b12
b22

◆

using row-column labels

oﬀ-diagonal elements

,

B=

✓

2 × 2 matrices

8 15
7
4

◆

(note boldface)

addition => add elements
✓
◆ ✓
◆
(2) + ( 8) (5) + (15)
6 20
A+B=
=
( 3) + (7) (10) + (4)
4 14
matrix multiplication
✓
◆✓
◆ ✓
◆ ✓
2
5
8 15
(2)( 8) + (5)(7)
(2)(15) + (5)(4)
19
AB =
=
=
3 10
7
4
( 3)( 8) + (10)(7) ( 3)(15) + (10)(4)
94

50
5

I just followed the general rule

AB =

a11
a21

◆

✓

◆

a11 a12
b
b
, B = 11 12
a21 a22
b21 b22
◆✓
◆ ✓
a12
b11 b12
a11 b11 + a12 b21
=
a22
b21 b22
a21 b11 + a22 b21

A=
✓

✓

using row-column labels
a11 b12 + a12 b22
a21 b12 + a22 b22

◆

◆

special cases:

I=

✓

1 0
0 1

◆

det A = a11 a22

A

1

1
=
det A

A=

AT =

If

✓

✓

✓

1
4i

a11
a12

a22
a21

4i
7

a21
a22

◆

◆

a12
a11

A

1

◆

A=

a11
a21

a12
a22

—>

= inverse matrix

1
=
2 12i

= transpose matrix

◆

IA = AI = A

a12 a21 = determinant of A

matrix = Hermitian
A† = A
✓
◆
1
4i
A=
4i 7
✓

—>

= identity matrix

✓

2
3

A† =

✓

a⇤11
a⇤12

—>
a⇤21
a⇤22

If A† = A

T r(A) = a11 + a22

Trace

4i
1

◆

A=

1
2

✓

◆

1

1+i
1 i

AA

1

=A

AA

1

=I

1

A=I

= Hermitian conjugate matrix

matrix = Unitary
1 i
1+i

◆

sum over diagonal elements

Start to pull it all together for QM
Filling out Dirac language for QM
✓ ◆
v
|V i = 1 = “ket00 vector
v2

hV | = v1⇤

v2⇤ = “bra00 vector

Every Ket vector has a corresponding Bra vector
hV | U i = v1⇤

v2⇤

✓

u1
u2

◆

= v1⇤ u1 + v2⇤ u2 = “braket00

—> rule is just matrix multiplication

From now on we assume that all ket vectors are unit vectors
Thinking about Operators
Operator is mathematical object which acts on vector in vector space and results in
another vector in same vector space.
Similar to a function with numbers y=f(x).

Example
A=

A |V i =

✓

a11
a21

✓

a11
a21

a12
a22

◆

,

✓ ◆
v
|V i = 1
v2

◆✓ ◆ ✓
◆ ✓ ◆
a12
v1
a11 v1 + a12 v2
u1
=
=
= |U i
a22
v2
a21 v1 + a22 v2
u2

Therefore
A=

✓

a11
a21

a12
a22

◆

= an operator

—> matrices are operators in QM

Operators very important because
observables or measurable quantities are represented in QM by Hermitian
operators(matrices)
and
transformations or physical changes of vectors are represented in QM by Unitary
operators (matrices).

Properties of operators -

(note boldface + hat)

Ô

Matrix representation
Definition: Matrix element (nm)=(row,column)
onm = hn| Ô |mi

—->

Assume that
then

O=

✓

h1| Ô |1i
h2| Ô |1i

Ô |1i = |qi

,

h1| Ô |2i
h2| Ô |2i

◆

=

✓

Ô |2i = |ri

o11
o21

o12
o22

◆

that is what operator do!

o11 = h1| Ô |1i = h1 | qi
o12 = h1| Ô |2i = h1 | ri
o21 = h2| Ô |1i = h2 | qi
o22 = h2| Ô |2i = h2 | ri

—-> Matrix elements are just brackets = numbers!!

Most important special case:
If

Â |V i = a |V i

(i.e., we get same vector back) then

|V i called an eigenvector of operator Â with eigenvalue a .

For Hermitian operators, used for observables in QM, the set of eigenvectors always forms an
orthonormal basis - called complete set and the eigenvalues are all real. Very useful!
If basis used to calculate matrix representing an operator
is set of eigenvectors of operator, i.e., if
Ô |1i = o1 |1i

then

,

{o1 , o2 }

Ô |2i = o2 |2i

= eigenvalues

o11 = h1| Ô |1i = o1 h1 | 1i = o1

o21 = h2| Ô |1i = o1 h2 | 1i = 0

o12 = h1| Ô |2i = o2 h1 | 2i = 0

o22 = h2| Ô |2i = o2 h2 | 2i = o2

O=

✓

h1| Ô |1i
h2| Ô |1i

h1| Ô |2i
h2| Ô |2i

◆

=

✓

o1
0

0
o2

◆

Matrix representation with operator’s eigenvectors is diagonal matrix
(nonzero elements (eigenvalues) on diagonal).
For general basis vectors(not eigenvectors),
matrix representation generally not diagonal.

An alternate method for defining operators uses the “ket” and “bra” vectors.
Consider the quantity

using our rules we get

Pf g = |f i hg|

Pf g |V i = (|f i hg|) |V i = hg | V i |f i = number ⇥ |f i

Thus, the new object is an operator!

Called the “ket-bra”

If g=f, then we get
Pf = |f i hf |

= projection operator i.e.,

Pf |V i = (|f i hf |) |V i = hf | V i |f i

“projects” onto

|f i

final vector now in that direction

hf | V i

gives amount in direction

Notice we used the rule: (hf |)(|f i) = hf | f i
Now consider set of orthonormal basis vectors:
We have(doing some algebra for practice):

|f i

to simplify notion
{|ni}, n = 1, 2, 3, ....., N

—> hk | ni =

kn

(|ki hk|)(|ki hk|) = |ki (hk | ki) hk| = |ki (1) hk| = |ki hk|

Another example:

(|ki hk|)(a |1i + b |2)) = |ki (a hk | 1i + b hk|2i) = (numberi ⇥ |ki

More details:
{|ni}, n = 1, 2, 3, ....., N
{set}

Now consider basis vectors:

hn | mi =

=

1
0

—> member of set

Pk2 = Pk

—->

Pk |ni = (|ki hk|) |ni = |ki hk | ni = hk | ni |ki

Now

hk | ni = 1 k = n

hk | ni = 0 k 6= n

Since

Pk |ni =

Thus:

(

|ki
0

n=k
n 6= k

eigenvalues of Pk

basis vectors

Pk |ki = +1 |ki = |ki
Pk |n 6= ki = 0 |n 6= ki = 0

are 0,1

Another way
Pk2 |ni = Pk |ni
(Pk
Pk (1

n=m
n 6= m

—> orthonormal

We have:
(|ki hk|)(|ki hk|) = |ki hk | ki hk| = |ki hk|

nm

(

Pk2 ) |ni = 0

Pk ) |ni = 0

eigenvalues of Pk

are 0,1

Now for some useful properties needed for derivations and examples of use of new
language.

Now for some useful properties for later derivations and examples of use of the language
n
X

Consider operator

k=1

—> sum of projection operators

|ki hk|

Remember from earlier that for any Ket vector, we can write (example in 2 dimensions)
|V i = h1 | V i |1i + h2 | V i |2i

or in general
|V i =

2
X

k=1

hk | V i |ki

so in n dimensions we have(2 terms in sum —-> n terms)
|V i =

We have
n
X

k=1

!

|ki hk| |V i =

n
X

k=1

n
X

k=1

hk | V i |ki

no change!!
hk | V i |ki = |V i

this is very powerful notation

n
X

k=1

|ki hk| = Î

the identity operator

Will be very important!
Technical term: It is a representation of the identity

Expectation Value
Very important object!!

hÔi = hV | Ô |V i

Will turn out(see later) to be the average value of an observable from a set of measurements
on identical systems in state |V i . Let us see how.

First, we need an alternative representation of an operator
(also some simple algebra practice for you to do)
B̂ |bk i = bk |bk i

if operator Hermitian

hbi | bj i =

eigenvector/eigenvalues equation

k = 1, 2, 3, ......, n

ij

|bk i

are an orthonormal basis so that

bk = eigenvalues

and

n
X

k=1

|bk i hbk | = Î

Then
B̂ = B̂Î = B̂

n
X

k=1

=

n
X

k=1

B̂ |bk i hbk | =

or
B̂ =

n
X

k=1

identity operator does not change anything

|bk i hbk |
n
X

k=1

bk |bk i hbk |

operator moves through summation
and operates on Ket vector

bk |bk i hbk |

—> operator written in terms of eigenvalues/eigenvectors or projection operators
Algebra gives (see next slide for details)

B̂2 =

n
X

k=1

b2k |bk i hbk |

B̂3 =

n
X

k=1

b3k |bk i hbk |

B̂n =

n
X

k=1

bnk |bk i hbk |

Examples of algebra with useful end results:

n
X

B̂2 =

k=1

=

bk |bk i hbk |

n X
n
X

k=1 m=1

=

n
X

k=1

B̂3 =

n
X

k=1

b2k

!

n
X

m=1

bm |bm i hbm |

bk bm |bk i hbk | bm i hbm | =

|bk i hbk |

b3k |bk i hbk |

Let us step through algebra…..

using

!

n X
n
X

k=1 m=1

X

bk bm |bk i hbm |

Ak

kn

= An

k

B̂n =

n
X

k=1

bnk |bk i hbk |

km

Definition: Power series representation of a function:
f (x) = a0 + a1 x + a2 x2 + a3 x3 + · · · =

Examples(the real definitions):

e↵x

1
X
1 k k
=
↵ x
k!

1
X

ak xk

k=0

k=0

sin ↵x =

1
X

k=0

1
( 1)k ↵2k+1 x2k+1
(2k + 1)!

Now consider
1
X
1 k k
↵x
e =
↵ x
k!

x ! Ô

In special case where

Ô2 = Î

cos ↵x =

1
X

k=0

1
( 1)k ↵2k x2k
(2k)!

e↵Ô

k=0

1
X
1 k k
=
↵ Ô
k!
k=0

(algebra on next slide)

ei↵Ô = cos ↵Î + iÔ sin ↵

One of most powerful relations in QM
(original derivation for ordinary functions by Euler in 16th century

ei✓ = cos ✓ + i sin ✓

! ei⇡/2 = i , ei⇡ =

real definition

1

ei✓Ô

1
1
X
X
1
1 k k k
1
1
1
k k
=
(i✓) Ô =
(i) ✓ Ô = Î + i✓Ô + i2 ✓2 Ô2 + i3 ✓3 Ô3 + i4 ✓4 Ô4 + · · ·
k!
k!
2!
3!
4!
k=0
k=0

where have used

= Î + i✓Ô

=

✓

Î

1 2 2
✓ Ô
2!

i2 =

1, i3 =

i, i4 = +1......

1 3 3
1 4 4
i ✓ Ô + ✓ Ô + · · ·
3!
4!

1 2 2
1 4 4
✓ Ô + ✓ Ô + · · ·
2!
4!

◆

✓

+ i ✓Ô

1 3 3
✓ Ô + · · ·
3!

where have used
Ô2 = Ô4 = Ô6 = · · · = Î

Ô = Ô3 = Ô5 = · · · = Ô

=

✓

Î

1 2
1 4
✓ Î + ✓ Î + · · ·
2!
4!

= cos ✓ Î + iÔ sin ✓

◆

✓

+ i ✓Ô

1 3
✓ Ô + · · ·
3!

◆

◆

In general, if we need operator for an arbitrary function f(x) we do the following:
if

B̂ |bk i = bk |bk i

k = 1, 2, 3, ......, n

then

Definition

ordinary numbers “commute”

operators may not “commute”

This is mathematical property behind Heisenberg uncertainty principle.
Remember these useful properties:
|V i = v1 |1i + v2 |2i

,

|U i = u1 |1i + u2 |2i

I have an interesting thought….(this is how a theoretical physicist works…….)
hB̂i = hV | B̂ |V i = expectation value
B̂
B̂

is Hermitian —>

eigenvectors are complete orthonormal set = basis —> make expansions
|V i =

n
X

k=1

dk |bk i

,

hV | =

n
X

k=1

dk = hbk | V i
d⇤k hbk |

Can always do this with any basis set!!
More algebra gives:
hB̂i =

see algebra on next slide

n
X

k=1

bk |dk |2

hB̂i =

=

n
X

k=1

!

d⇤k hbk | B̂

n X
n
X

k=1 m=1

=

n X
n
X

k=1 m=1

n
X

m=1

dm |bm i

d⇤k dm hbk | bm |bm i =

d⇤k dm bm

km

=

n
X

k=1

!

n X
n
X

=

k=1 m=1

n X
n
X

k=1 m=1

bk d⇤k dk

d⇤k dm hbk | B̂ |bm i

d⇤k dm bm hbk | bm i

=

n
X

k=1

bk |dk |2

Now, in general, if expectation value = average value, then we must have

hB̂i =

X

allowed values

(allowed value of B) ⇥ (Probability of that value)

which is just the definition of
the average value!!
Now we just derived
hB̂i =

n
X

k=1

bk |dk |2

Comparing(see arrows) last two equations - we might guess
allowed values = eigenvalues
and
probability = square of component value

Now we can write
|dk |2 = d⇤k dk = (hbk | V i)⇤ hbk | V i = | hbk | V i |2 = hV | bk i hbk | V i

This says that
| hbk | V i |2

= probability of observing value bk when in state

|V i

Also says
hV | bk i hbk | V i = | hbk | V i |2 = |component|2

= probability of observing value bk in state |V i
= expectation value of the projection operator
These ideas will become postulates - that is what random thinking sometimes produces
That is all mathematics will need for QM - lots of repetition coming…….

As we worked through the mathematics
we have laid the ground work for the postulates of QM
(in some cases we have actually stated the postulate already).
We will not use any more mathematics than I have shown you already.
You will get better at using the mathematics as we will use it in class
and you get used to the language.
If you cannot follow all the details of the mathematics,
then just follow along with the ideas that I will
present. That will be suﬃcient to understand QM.

Supplement #2 — Einstein, Bohr and God

The Einstein-Bohr-God Debate
Einstein actually said:
The theory produces a good deal but hardly brings us closer to the secret of the Old One,
events convinced that He does not play dice.’

I am at all

Einstein was responding to a letter from the German physicist Max Born.
The heart of the new theory of quantum mechanics, Born had argued, beats randomly and uncertainly, as
though suffering from arrhythmia.
Whereas physics before the quantum had always been about doing this and getting that, the new
quantum mechanics appeared to say that when we do this, we get that only with a certain probability.
And in some circumstances we might get the other.
Einstein was having none of it, and his insistence that God does not play dice with the Universe has
echoed down the decades, as familiar and yet as elusive in its meaning as E = mc2.
What did Einstein mean by it?
And how did Einstein conceive of God?
Hermann and Pauline Einstein were nonobservant Ashkenazi Jews.
Despite his parents’ secularism, the nine-year-old Albert discovered and embraced Judaism with some
considerable passion, and for a time he was a dutiful, observant Jew.

Following Jewish custom, his parents would invite a poor scholar to share a meal with them each week,
and from the impoverished medical student Max Talmud the young and impressionable Einstein learned
about mathematics and science.
He consumed all 21 volumes of Aaron Bernstein’s joyful Popular Books on Natural Science (1880).
Talmud then steered him in the direction of Immanuel Kant’s Critique of Pure Reason (1781), from
which he migrated to the philosophy of David Hume.
From Hume, it was a relatively short step to the Austrian physicist Ernst Mach, whose stridently
empiricist, seeing-is-believing brand of philosophy demanded a complete rejection of metaphysics,
including notions of absolute space and time, and the existence of atoms.
But this intellectual journey had mercilessly exposed the conflict between science and scripture.
The now 12-year-old Einstein rebelled.
He developed a deep aversion to the dogma of organized religion that would last for his lifetime, an
aversion that extended to all forms of authoritarianism, including any kind of dogmatic atheism.
This youthful, heavy diet of empiricist philosophy would serve Einstein well some 14 years later.
Mach’s rejection of absolute space and time helped to shape Einstein’s special theory of relativity
(including the iconic equation E = mc2), which he formulated in 1905 while working as a ‘technical
expert, third class’ at the Swiss Patent Office in Bern.

Ten years later, Einstein would complete the transformation of our understanding of space and time with
the formulation of his general theory of relativity, in which the force of gravity is replaced by curved
spacetime.
But as he grew older (and wiser), he came to reject Mach’s aggressive empiricism, and once declared
that ‘Mach was as good at mechanics as he was wretched at philosophy.’
Over time, Einstein evolved a much more realist position.
He preferred to accept the content of a scientific theory realistically, as a contingently ‘true’
representation of an objective physical reality.
And, although he wanted no part of religion, the belief in God that he had carried with him from his brief
flirtation with Judaism became the foundation on which he constructed his philosophy.
When asked about the basis for his realist stance, he explained:
‘I have no better expression than the term “religious” for this trust in the rational character of reality and
in its being accessible, at least to some extent, to human reason.’
But Einstein’s was a God of philosophy, not religion.
When asked many years later whether he believed in God, he replied:
‘I believe in Spinoza’s God, who reveals himself in the lawful harmony of all that exists, but not in a
God who concerns himself with the fate and the doings of mankind.’

Baruch Spinoza, a contemporary of Isaac Newton and Gottfried Leibniz, had conceived of God as
identical with nature.
For this, he was considered a dangerous heretic, and was excommunicated from the Jewish community
in Amsterdam.
Einstein’s God is infinitely superior but impersonal and intangible, subtle but not malicious.
He is also firmly determinist.
As far as Einstein was concerned, God’s ‘lawful harmony’ is established throughout the cosmos by strict
adherence to the physical principles of cause and effect.
Thus, there is no room in Einstein’s philosophy for free will:
‘Everything is determined, the beginning as well as the end, by forces over which we have no control …
we all dance to a mysterious tune, intoned in the distance by an invisible player.’

The special and general theories of relativity provided a radical new way of conceiving of space and time
and their active interactions with matter and energy.
These theories are entirely consistent with the ‘lawful harmony’ established by Einstein’s God.
But the new theory of quantum mechanics, which Einstein had also helped to found in 1905, was telling
a different story.

Quantum mechanics is about interactions involving matter and radiation, at the scale of atoms and
molecules, set against a passive background of space and time.
Earlier in 1926, the Austrian physicist Erwin Schrödinger had radically transformed the theory by
formulating it in terms of rather obscure ‘wavefunctions’.
Schrödinger himself preferred to interpret these realistically, as descriptive of ‘matter waves’.
But a consensus was growing, strongly promoted by the Danish physicist Niels Bohr and the German
physicist Werner Heisenberg, that the new quantum representation shouldn’t be taken too literally.
In essence, Bohr and Heisenberg argued that science had finally caught up with the conceptual problems
involved in the description of reality that philosophers had been warning of for centuries.
Bohr is quoted as saying:
‘There is no quantum world. There is only an abstract quantum physical description. It is wrong to think
that the task of physics is to find out how nature is. Physics concerns what we can say about nature.’
This vaguely positivist statement was echoed by Heisenberg:
‘[W]e have to remember that what we observe is not nature in itself but nature exposed to our method of
questioning.’
Their broadly antirealist ‘Copenhagen interpretation’ – denying that the wavefunction represents the real
physical state of a quantum system – quickly became the dominant way of thinking about quantum
mechanics.

More recent variations of such antirealist interpretations suggest that the wavefunction is
simply a way of ‘coding’ our experience, or our subjective beliefs derived from our experience
of the physics, allowing us to use what we’ve learned in the past to predict the future.
But this was utterly inconsistent with Einstein’s philosophy.
Einstein could not accept an interpretation in which the principal object of the representation – the
wavefunction – is not ‘real’.
He could not accept that his God would allow the ‘lawful harmony’ to unravel so completely at the
atomic scale, bringing lawless indeterminism and uncertainty, with effects that can’t be entirely and
unambiguously predicted from their causes.
The stage was thus set for one of the most remarkable debates in the entire history of science, as Bohr
and Einstein went head-to-head on the interpretation of quantum mechanics.
It was a clash of two philosophies, two conflicting sets of metaphysical preconceptions about the nature
of reality and what we might expect from a scientific representation of this.
The debate began in 1927, and although the protagonists are no longer with us, the debate is still very
much alive and unresolved.
I don’t think Einstein would have been particularly surprised by this.
In February 1954, just 14 months before he died, he wrote in a letter to the American physicist David
Bohm:
‘If God created the world, his primary concern was certainly not to make its understanding easy for us.’

Nobody in this argument was talking about any supernatural god.
Niels Bohr was an atheist and Einstein disavowed religion and supernatural beings.
Einstein simply and famously remarked
“God does not play dice”
and Bohr replied
“Einstein, stop telling God what to do”.
Einstein was skeptical that Quantum Mechanics was the correct formulation of physics and was
criticizing Heisenberg's Uncertainty Principle and the Copenhagen Interpretation of Quantum
Mechanics.
At the time, Heisenberg's Uncertainty Principle appeared to be incompatible with Einstein’s General
Theory of Relativity.
Einstein viewed Quantum Mechanics as being less secure in its mathematical foundations than
Relativity.
Einstein did not reject Quantum Mechanics, rather he felt that there must be some as yet undiscovered
version of Quantum Mechanics that would prove compatible with Relativity.

Physics is wrestling with this very problem today and we still don’t know which theory should be
modified, but all attempts to fix Quantum Theory seem to break it instead as we will see.
Nobody, not Bohr, Heisenberg, Einstein, et cetera, liked the philosophical implications of Quantum
Mechanics, but it seemed to be correct in spite of anybody’s preferences or difficulties.
All alternative theories failed in some way.
It is important to understand that there were viable alternatives to the Copenhagen Interpretation, for
example the de Broglie–Bohm theory, that were rejected on philosophical grounds, i.e. the principal of
Occam's razor, as introducing unnecessary theoretical elements.
Bohr meant that the consensus of the physics community had grown to accept Quantum Mechanics and
in particular the Copenhagen Interpretation of Quantum Mechanics.
Bohr was criticizing Einstein’s position by reminding him that empirical results take precedence over
theoretical considerations.
I believe that what the two gentlemen believed from religious point of view is not very relevant for this
question.
Their understanding of nature is.
Einstein believed that if one keeps scratching at the nature of things and measure everything precisely, in
the end a cause and effect chain will be revealed.

Bohr on the other hand, as one of the pioneers of quantum mechanics, was on the opinion that we can't
measure everything precisely.
The quantum world has some really strange rules.
You can't measure the position and momentum of a particle precisely.
You can measure precisely either one or the other but never both.
Then, a single particle seems to be in multiple places at once, so much so that it interferes with itself.
Further more, unlike the large objects, particles can jump through a potential well even if it wouldn't
have enough energy to do so.
It is like people jumping up and down on the surface of Earth but every once in a while someone would
find themselves jumping straight to the Moon.
Very strange indeed.
And last but not least, entanglement, as we will see.
This is a phenomena where two particles which are entangled can, apparently, communicate faster than
the speed of light even when they are incredibly far from each other.
If you would influence one of them in a way, the other one would respond as well.
Einstein used to call this, “spooky action at a distance”.

Supplement #3 — Two Gloves

The Saga of Two Gloves.
This tale illustrates one central features(very important) of quantum theory.
You and a friend are at the airport in Atlanta.
You each have a locked box containing a glove.
One box contains a right-handed glove of the pair, the other the left-handed glove, but you do not
know which.
Both of you also have keys, but they are not the keys to the boxes you are carrying.
Carrying your box, you each board a Delta airlines plane.
You fly to Chicago and your friend flies, at the same time, to Philadelphia.
When you get to Chicago you use your key to open a locker at the airport, and inside you find another
key.
This is the key to your box, which you now open to discover that the glove you have brought to Chicago
is the right-handed one.
As soon as you know this, of course, you know also that your friend’s box, by now in Philadelphia,
contains the left-handed glove.
With that instantaneous realization, you have acquired a piece of knowledge about a state of affairs on
the other side on the east coast.
Perfectly straightforward, you may say, and so it is.
You may have heard of Einstein’s rule that nothing, not even information, can travel faster than the
speed of light, but no part of this story contradicts this rule in any way.

You have made a deduction, using information available to you at the Chicago airport, about a fact that
pertains to your friend in Philadelphia.
We make this kind of long-distance inference, in big ways and small ways, all the time.
An astronomer observing the weak light that reaches a telescope here on earth uses it to deduce the
surface temperature of stars many light years away.
You get out of the shower one morning, look at your watch, and realize that a class meeting that you had
to attend has already started.
Figuring out what is happening in some distant place is a different thing from transferring that
knowledge from one place to another.
If, having discovered that your glove is right-handed, you wanted to tell your friend that she has a lefthanded one, you would have to use a cellphone, or send a telegram, or send her email or mail her a
postcard.
Some of these might even travel at close to the speed of light(under ideal conditions).
You have no way, however, of knowing whether she has already opened her box or not - unless you get
a message from her telling you that you must have a right-handed glove.
The fact that you have found out which glove she has does not allow you to beat the laws of physics
and get that information to her faster than Einstein allows.
But still, you think that there might be some way of exploiting your knowledge to influence your
friend’s behavior.

Suppose, before you both set off on your plane trips, you had agreed with your friend that if she found
the left-handed glove in her box she would proceed onto London, but if she found the right- handed one
she would fly to Paris.
Does your opening the box in Chicago determine where she ends up?
Not a chance!
Whichever glove was in her box was there from the outset (objective reality), so whether she has to fly
to London or Paris is predetermined.
When you open your box in Chicago you instantly know where she must be going next, but her
destination is as much a surprise to her as it is to you.
As before, you have found out what happens next, but you have no influence over it.
Now let us change this story.
The gloves in the two boxes are, you are informed, of a strange and quantum-mechanical kind, unlike
any gloves you have ever come across before.
They still make up a pair, but for as long as they are sealed up in the boxes, they are neither righthanded nor left-handed, but in an unfixed, indeterminate state.
Only when a box is opened, letting in the light, does the glove inside instantaneously become either
right-handed or left-handed and there is a 50-50 chance of either eventuality.
During the few hours you are in the plane flying to Chicago, you may well be puzzling over what the
glove in your box - this strange glove, neither right- handed nor left handed but potentially either actually looks like.

But you do not have the key that would let you open the box and peek inside, and, in any case, as soon
as you peeked the glove would have to take on a definite shape, right-handed or left handed.
The quantum-mechanical nature of the glove is such that you can never see it in its unformed state,
because as soon as you look, it turns(collapses) into something familiar and recognizable.
A frustrating catch-22.
On the other hand, as soon as you arrive in Chicago and open your box to find, let us suppose, a righthanded glove, you begin to think that things are not as straightforward as before.
You immediately know that when your friend opens her box, she must discover a left-handed glove.
But now, apparently, some sort of signal or information must have traveled from your glove to hers,
must it not?
If both gloves were truly indeterminate before you opened your box and looked inside, then
presumably as soon as your glove decided to be(remember it is a 50-50 chance) a
right-handed
one, hers must have become left-handed, so that the two would be guaranteed to remain a pair.
That is the rule for these quantum-mechanical gloves.
Does this mean that your act of observing the glove in Chicago instantaneously reduced the
indefiniteness of its partner in Philadelphia to a definite state of left-handedness?
It now occurs to you that there is another possibility.
How do you know that your friend did not get to Philadelphia first and open her box before you had a
chance to open yours?

In that case, she evidently found a left-handed glove, which caused yours to be right-handed even
before you looked inside your box.
So, if there was an instantaneous transmission of information, it might have gone the other way.
Your friend’s act of opening her box determined what sort of glove you would find and not the other
way around.
Now you realize that the only way to find out which way the instantaneous transmission of information
went, from your glove to hers or from hers to yours, is to use your cellphone and call Philadelphia and
find out at what time she opened her box.
That cellphone call, however, travels slower than light.
Now you are really getting confused.
There seems to have been some kind of instantaneous communication between the two gloves, but you
cannot tell which way it went, and to find out you have to resort to
old-fashioned, slower-thanlight means of communication, which seems to spoil any interesting tricks you might be able to figure
out if there really had been an instantaneous glove to-glove signal.
If you think again of the strategy whereby your friend had to get on a plane to either London or Paris,
depending on which glove she found in her box, then you realize you are no more able than before to
influence her choice by your action in Chicago.
The rules of the game are such that you have a 50-50 chance of finding either a right-handed or a lefthanded glove in your box, so even if you are sure that you have opened your box before she opened hers,
and even if you think that opening your box sends an instantaneous signal to hers, causing her glove to
be the partner of yours, you will still have no control over which glove you find.

It remains a 50-50 chance whether she will end up in London or Paris.
You have no say in the matter!
So now you are even more confused.
You think there has been some sort of instantaneous transmission of information, but you cannot tell
which way it went, and you cannot seem to find a way to communicate anything to your friend by
means of this secret link between the gloves.
Perhaps you might even conclude at this point that it is a good thing that real gloves are not like this.
In that case you would be in agreement with Einstein.

It is true that gloves do not behave this way, but according to quantum theory, as we shall see, electrons,
photons and other elementary particles do!
These particles have properties which, apparently, lie in some unresolved indeterminate (entangled)
state until an observer comes along and does an experiment that causes them to be one thing or the
other(collapses their state in some way).
The observer cannot know in advance what the result of any particular measurement is going to yield;
quantum theory predicts only the probabilities of possible results.
This greatly offended Einstein’s view of what physics should be like.
Before quantum theory, it was taken for granted that when we measure something, we were gaining
knowledge of a pre-existing state.
That is, gloves are always either right handed or left-handed, whether we are observing them or not,
and when you discover what sort of glove you have, you are simply taking note of an independent fact
about the world (objective reality).

Quantum theory says otherwise.
Some things are not determined except when they are measured, and it is only by being measured that
they take on their specific values.
The gloves are neither right-handed nor left-handed until we check.
Einstein and his colleagues actually devised an experiment of this sort(not with gloves) as a way to
show how absurd and unreasonable quantum theory really is.
They hoped to convince their physicist colleagues that something must be wrong with a theory that
seemed to demand signals traveling faster than light.
Not withstanding the genius of Einstein, in this case he was sadly wrong.
Nothing genuinely unacceptable is actually happening with the gloves.
The whole thing may seem very odd, and it may seem quite inescapable that some sort of instantaneous
communication between gloves is essential for everything to work, but in the end it seems impossible to
do anything with this communication.
We will discuss a real version of this experiment in detail later.

Supplement #4 - Slits and Interference

Light and Interference
What is light?
Einstein’s brilliant notion about “photons” still does not fully illuminate the nature of light.
The photon is a particle-like model, but clearly light does not actually consist of classical particles.
Particles do not diffract.
They do not interfere.
But light does.
Yet, this model demolishes the idea that light is a classical wave.
Indeed, the nature of electromagnetic radiation after Einstein seemed more ephemeral than ever;
depending on the physical conditions, light seemed to behave either like a classical wave or like a
classical particle.
The more one thinks about this so-called wave-particle duality, the more con- fusing it seems.
Understanding Diffraction the Classical Way - First Pass
Diffraction, which was first observed by Leonardo daVinci, is often considered to be the signature of a
wave.
Diffraction occurs when ripples in a pond encounter a pair of logs that are close together, when light
passes through a narrow slit in a window shade, or when x-rays scatter from a crystal.
In each case, we can explain the distinctive pattern that forms using classical wave theory.
Let us quickly review the most important characteristics of wave phenomena.

A schematic of a single-slit diffraction experiment with light is shown in the figure below.

The above diagram represents a highly simplified single-slit diffraction apparatus.
At the detector, the distance x is measured from a point on a perpendicular(dotted line) from the
midpoint of the slit.
The analysis of the experiment is performed in terms of the radial distance r from the midpoint of the slit
to the point at x and the corresponding angle θ.
In the actual experiment D >> w, i.e., the width of the slit is very much smaller than the distance to the
screen(the detector).
Monochromatic (single frequency or wavelength) light of frequency f from a distant source is incident
on a barrier in which there is a single slit of width w.
The width of the slit must be comparable to wavelength λ = c/f of the radiation(typically 5 × 10−5 cm) if
the slit is to appreciably diffract the light; for example, to diffract visible light enough to observe this
phenomenon, we require a slit of width w ≈ 10−4 cm.
Light diffracted by the slit falls on a detector such as a photographic plate or a photocell or a screen,
located at a distance D far to the right of the slit.

The detector measures the energy delivered by the diffracted wave as a function of the distance x as
shown in the figure below.

Light diffracted by the single-slit apparatus forms a beautiful pattern at the detector as shown above.
This pattern is characterized by a very bright central band located directly opposite the center of the slit,
surrounded by a series of alternating bright and dark regions secondary bands.
If we experiment with the frequency control of the light source and study the resulting diffraction
patterns, then we find that the separation between adjacent bright bands is proportional to the wavelength
λ of the incident radiation.
The phenomenon is called Frauenhofer diffraction.
To understand the origin of this pattern, we must digress and spend some time studying wave motion.
First, we ask what is a wave?
The essential feature of wave motion is that a disturbance of some kind is transmitted from one place to
another.

A local effect can be linked to a distant cause and there is a time lag between cause and effect that
depends on the properties of the medium and finds its expression in the velocity of the wave.
The most important wave for our purposes is the so-called traveling wave (assume propagation in the
x−direction) described mathematically by the expression

where y(x,t) describes the shape of the wave in space and time, A is the wave amplitude, λ is the
wavelength, v is velocity of propagation of the wave, and f = v/λ is the frequency of the wave.
If we imagine that time is frozen at some particular instant (i.e., we take a photograph of the wave), say
at t = 0, the shape of the wave in space(as shown by the solid or dashed line in the figure below) is a sine
wave

with a distance λ between any pair of identical(having the same value and slope) points on the wave (the
wavelength).

Now let us fix attention on any one value of y, corresponding to certain values of x and t, and ask where
we find that same value of y at a slightly later time t + ∆t.
If the appropriate location is designated as x + ∆x, then we must have

or

This says that the values of ∆x and ∆t are related by the equation

This implies that the wave(the propagating disturbance) as a whole is moving in the positive x−direction
with speed v as shown in the figure above, where we see the incremental displacement of wave traveling
in the positive x−direction.
If we look at the wave at only one location (say x = 0) we have the expression

or the shape(any point on the wave) of the wave oscillates with frequency f.
Note that ω = 2πf is called the angular frequency.

The wave is usually written in the useful form

It turns out that waves can be combined or added together.
The process is called superposition.
Suppose that we have two waves traveling over the same path (x−direction).
Then the resultant shape of the propagating disturbance at any instant of time is given by the simple sum
of the two shapes, that is, if we have two propagating waves

then the total disturbance at any point in space and time is given by

Since we have assumed that the two waves are propagating with the same speed, it turns out that the
combined disturbance will move with unchanging shape.
The shape of the combination or superposition is most easily determined if we put t = 0 (since we get the
same shape for any t value).

We then have

If the two wavelengths are not very different from one another, then we get the superposition of two
traveling waves of slightly different wavelength as shown the figure below, that is, we get a high
frequency sinusoidal wave modulated by a low frequency sinusoidal wave.

Superposition of two traveling waves of slightly different wavelengths.

Clearly the superposed wave shape is a combination of a very high frequency (small wavelength) wiggle
modulated by a low frequency(large wavelength) outer envelope.
In discussing superposed waves (and interference and diffraction later) it is convenient to introduce the
reciprocal of the wavelength.
The quantity k = 1/λ is called the wave number; it is the number of complete wavelengths per unit
distance (not necessarily an integer).
In terms of wave numbers, the equation for the superposed wave form can be written as follows:

Using the trigonometric identity

that you learned in high school, we can now write this as

With this basic knowledge of waves we can now return to the discussion of the single slit diffraction
pattern.

The Huygens-Fresnel Principle
Suppose that a disturbance occurs at some point in a tank of water - a small object is dropped into the
water, for example, or the surface is touched with a pencil point.
Then an expanding circular wave pulse is created.
The observed pulse expands at some well-defined speed v.
If the pulse is created at the origin at t = 0, then particles of the medium (water) at a distance r from the
origin are set in motion at t = r/v.
It was Huygens’ view that the effects occurring at r + ∆r at time t + ∆r/v were directly caused by the
agitation of the medium at r at time t(cause and effect), thus treating the disturbance very explicitly as
something handed on from point to adjacent point through the medium.
This picture of things was probably suggested by the observed behavior of ripples on water.
In particular, if wave traveling outward from a source encounter a barrier with only a tiny aperture in it
(tiny meaning a width small compared to the wavelength), then this aperture appears to act just like a
new point source, from which circular wave spread out as shown in the two figures below.

Double-Slit Interference using Huygens Principle
We now consider what happens when an advancing wavefront is obstructed by barriers.
From the standpoint of Huygens’ principle, each unobstructed point on the original wavefront acts as a
new source and the disturbance beyond the barrier is the superposition(sum) of all the waves spreading
out from these secondary sources.
For a traveling circular(spherical) wave (not one-dimensional as we have been discussing) starting out
from r = 0 at t = 0, we have the form

The quantity
phase or the value of the phase at r = 0 and t = 0.
Because all of the secondary sources are derived from the same original wave, there is a well-defined
relation between their initial phases.

This says that all the sources, primary and secondary, are in phase or are coherent.
If this were not true, they would be incoherent.
This condition of coherence implies, in turn, a definite phase relation among the secondary disturbances
as they arrive at some distance point beyond the barrier.
As a result there exists a characteristic interference pattern in the region on the far side of the barrier that
does not fluctuate in appearance.
The simplest situation, and one that is basic to the analysis of all others, is to have the original wave
completely obstructed except at two arbitrarily narrow apertures.
In this two-dimensional system, the two slits act as new point sources, according to Huygen’s principle,
as shown in the figure below.

Spherical wave interacting with
two slits and generating a pattern

In the figure above we indicate a wavefront approaching two slits S1 and S2, which are assumed to be
very narrow (but identical).
For simplicity we assume that the slits are the same distance from some point source which acts as the
primary source of the wave. Thus, the secondary sources are completely in phase with each other, that is,
the phase ω(t − r/v) is the same for the primary wavefront when it arrives at both slits and thus for for
each new source (we choose β = 0 for simplicity).
If the original source generates sinusoidal waves, then the secondary sources also generate sinusoidal
waves.
At an arbitrary point P(could be on a screen), the disturbance is obtained by adding together the
contributions arriving at a given instant from S1 and S2.
In general we need to consider two characteristic effects:
1. The disturbances arriving at P from S1 and S2, are different in amplitude(value of A) for two reasons.
First, the distances r1 and r2 are different, and the amplitude generated by an expanding disturbance
falls off with increasing distance from the source (like 1/r). Second, the angles θ1 and θ2 are different
and this also affects the amplitudes. We will concentrate on situations for which the distances r1 and
are very large compared to the separation between the slits d. In these situations, the differences
between the amplitudes from the two slits at P is negligible and we ignore the difference.

Clearly there exist nodal lines along which the resultant disturbance is almost zero (called destructive
interference) at all times.
It is easy to calculate their positions.
Between the nodal lines there is another set of lines of maximum displacement, where the resultant
disturbance reaches its greatest value (called constructive interference).
The important parameter that governs the general appearance of the interference pattern is the
dimensionless ratio of the slit separation d to the wavelength λ.
The condition for interference maxima is

and the amplitude at some arbitrary direction is given by

We then see that the interference at a large distance from the slits is essentially a directional effect, that
is, if the positions of the nodes and the interference maxima are observed along a line parallel to the line
joining the two slits (we put a screen out there), the linear separation of adjacent maxima (or zeroes)
increase in proportion to the distance D from the slits (sin θ ≈ x/D).
If we now turn to the schematic for the double slit setup shown in the figure below

Two slit schematic

then, in this case, the detector or screen shows an interference pattern like the one in the figure
below (s >> λ)

Screen interference pattern

The separation between maxima is

The pattern above does not assume the slit width w is zero. The equation for this pattern is

where I0 = A02
The intensity wiggles are shown in the figure below where they are modulated by the single-slit pattern

Theoretical prediction

You might think that the same effect could be achieved by firing two lasers (why bother with the slits?).
Unfortunately, this doesn’t work.
As the two lasers are independent light sources, there is no guarantee that the phases of the waves from
each laser start out in a fixed pattern.
The path difference still produces a phase difference at the screen, but whether this is constructive or
destructive depends on how the waves started out, which could vary from one moment to the next.
All you would get is a rapidly and randomly shifting pattern, which just looks like featureless
illumination on the screen.
A single laser beam covering both slits will split into two parts with the same phase as the light passes
through the slits.
It is worth emphasizing this aspect of the experiment: the effect can only be made to work when waves
from a single source pass through both slits at the same time.

Supplement #5 — Gambler’s Ruin

The Gambler’s Ruin Problem and Quantum Measurement
Fabrice Debbasch Sorbonne Université, Observatoire de Paris, Université PSL, CNRS, LERMA, F-75005, Paris, France

As we have seen, quantum physics needs two main ingredients.
One is a description of the unitary time evolution of quantum systems in the absence of measurement
(e.g. the Schrodinger equation) and the other is a rule which predicts the probabilities of various
measurements(Born rule).
Understanding if and how the Born rule emerges from unitary evolutions of quantum system has been a
longstanding problem of quantum mechanics.
Most physicists now agree that decoherence delivers at least part of the answer.
But physicists disagree on whether decoherence tells the whole story, or if it should be complemented by
something else, like for example explicit collapse models.
As we have seen, decoherence predicts that, upon measurement, the density operator of a quantum
macroscopic system interacting with its environment evolves toward a classical superposition of states
and that no quantum interference is therefore observed on macroscopic objects.
What is still a matter of debate is how the apparent random character of measurement links with
decoherence.
There are essentially two points of view.
The first point of view considers that the classical superposition of states predicted by decoherence never
collapses on a single state.
The apparent collapse is then purely subjective ‘in the observer’s mind’.

This point of view seems to warrant a many-world, a la Everett-DeWitt interpretation of quantum
physics.
Even if one forgets about the obvious non-minimality of such a point of view (the need to envisage a
constant branching of worlds to describe a single ‘reality’ experienced by communicating observers), one
can be frustrated by the fact that decoherence theory never puts into equations the apparent collapse or
branching.
Said differently, one can be frustrated by the fact the many-worlds interpretation, which is just a mere
interpretation of a given physical theory, and not a physical theory nor a part of a theory, exonerates
physics for not modeling a simple basic fact of experience.
Seen from the opposite angle, the price to pay for not modeling a basic fact of experience seems to be the
necessity of adding an interpretation to a well-defined and experimentally confirmed physical theory.
The second point of view consists in taking what we experience at face value and admit that
(i) quantum measurement involves a random aspect which is not taken into account in decoherence
theory
(ii) this randomness can be modeled within the realms of a physical theory.
In this point of view, decoherence delivers the correct probabilities of measurement i.e., the correct
averages, but does not model the randomness which prompts macroscopic quantum systems to evolve
towards a particular state, as opposed to a classical superposition of states.
Naturally, adopting this point of view prompts the search for a model of that randomness.

A non quantum example
Consider the system S to be a non quantum particle of mass M diffusing in a dilute gas E (environment)
made of N ≫ 1 non quantum particles of mass m with m ≪ M.
This example is definite enough to allow for a simple discussion of all issues and the main argumentation
and conclusion can be extended to other macroscopic systems in interaction with a fluid environment.
Let Σ = S ∪ E be the total system.
The motion of S can be studied in various manners.
The first one consists in writing the mechanical, Hamiltonian equations of motion for all particles in Σ.
The natural variables at this stage are the positions and the momenta of all particles.
It is well-known that the exact Hamiltonian system of equations cannot be solved analytically.
One is then left with the choice between
(i) solving this system numerically for relatively small, unrealistic values of N
(ii) using approximations leading to a physically reasonable statistical treatment of the problem.
Note that option (i) requires the knowledge of initial conditions for all particles of E, which is of course
unattainable to observers.
For this reason alone, option (ii) is the one to choose.
If one follows this second route, one has first to choose the variables through which the motion of S will
be studied.

The simplest possibility consists in retaining only the position of S, but a better treatment, essentially due
to Langevin, retains both the position and the momentum of S.
The Langevin approach thus eliminates the mechanical variables of E but retains all mechanical
variables of S.
Once this choice has been made, modeling the motion of S comes down to writing an effective equation
of motion for S i.e. to determining an effective form of the force which acts on S because of its
interaction with the environment.
The Langevin models states that, at all times, the motion of the S particle obeys the stochastic equations:

where rt and pt are respectively the position and momentum of the S particle at time t, α is a positive
friction coefficient and D is the diffusion coefficient in momentum space.
Let us now comment on this model.
As a first approximation, the interaction between S and E can be viewed as the result of separate
interactions between S and all the various particles constituting E.
The interaction between S and an E particle only takes place when both are close enough and can
therefore be envisaged as a collision.
Thus, S undergoes a certain number of collisions per unit time, which defines a mean collision time τC.
If one supposes that E remains in a constant equilibrium state, each E particle encountered by S obeys
the same statistics and this statistics is independent on the previous motion of S.

The momentum transferred to S by a collision with an E particle is thus a random variable with known
statistics.
This statistics depends on the statistics of E and on the momentum of S.
Now, since m ≪ M, the relative momentum variation for S in a single collision is much smaller than
unity.
It then takes a large number Nc of collisions to substantially modified the momentum of S.
If m/M is small enough, Nc is large enough and one can find an N such that 1 ≪ N ≪ Nc.
Consider the total momentum variation of S after N collisions.
Let p1,...pN be the momenta after each collision.
The jump ∆pi = pi+1 − pi is a random variable whose statistics depends on E and pi.
Since all jumps are small and the total number of jumps is small compared to Nc, a reasonable first
approximation is to neglect the variation of the momentum p in the jump statistics.
Each jump is then a random variable with the same statistics, which depends on E and on the initial
momentum p0 = p.
The central limit theorem then guarantees that averaging the momentum jump ∆pt on N collisions
delivers a Gaussian random variable with known average and mean-square displacement.
For ‘small enough’ impulses pt , a detailed computation which assumes E is a dilute gas then delivers [4]
an equation of the form

where ∆Bt is a Brownian jump.
This equation is clearly a discrete form of equation (1).
The continuous equation (1) is therefore only valid on time-scales much larger than τC.
To prepare for the next section, let us remark the deterministic friction force −αp can be obtained by
averaging the momentum jump per unit time over all realizations of the noise.
This mathematical point can be rephrased using the language of statistical physics.
The particle S does not interact with a equilibrium statistical ensemble of copies of E, but with one single
copy.
This single copy constitutes a realization of the noise because, for this copy, all the momenta of the
E-particles colliding with S have definite values before the collisions.
The set of all these values determines a realization of the momentum jump of the particle S and, thus, a
realization of the noise acting on S.
Averaging over the equilibrium statistical ensemble associated to E comes down to averaging over all the
possible values taken before collision by the momenta of E-particles.
By definition, the average of the noise over the statistical ensemble vanishes and one thus gets −αp as the
average momentum jump per unit time. It coincides with the deterministic part of that jump. The random
part of the momentum jump is proportional to dBt by the central limit theorem and the proportionality
coefficient codes for the mean square displacement of the momentum jump per unit time.

Note that the Markov property of the Langevin equation is derived by assuming that m ≪ M is much
smaller than unity, which is in turn a weak interaction assumption:
it takes a time much larger than τC to substantially modify the momentum of S.
Quantum Problem: General Discussion
The right variable
Consider now a quantum system S interacting with a macroscopic environment E.
For example, the environment can be a fluid and its constituents, conveniently called particles, be they
molecules, atoms or photons.
The dynamics of the system can be a priori studied in various ways.
The ‘mechanical’ approach would consists in writing and solving the exact dynamical (typically
the
Schrodinger) equation obeyed by the time-dependent state | sΣ > (t) of the combined system Σ = S∪E,
conceived as a system of N interacting particles (degrees of freedom), N ≫ 1.
This state defines a time-dependent ‘mechanical ’ density operator ρΣ(t) =| sΣ > (t) < sΣ | (t) and the
mechanical approach can be equivalently implemented by writing the exact evolution equation obeyed
by the mechanical density operator ρΣ(t) of Σ.
Limitations similar to those discussed above for non-quantum systems make it necessary to develop a
statistical, effective treatment of the problem.
In the non-quantum case, defining the variables retained to describe the ‘state’ of S is almost trivial.
The quantum situation is more complex.

As well-known, the right variable to use if one wants to implement a statistical treatment is the so-called
reduced (mechanical) density operator ρS(t) of S, defined by ρS(t) = TrEρΣ(t), where ρΣ(t) is the
mechanical density operator of the whole system and TrE stands for a trace over the degrees of freedom
of E.
Although the ultimate aim is to develop an effective, statistical treatment of the dynamic of S interacting
with E, the various mechanical density operators introduced so far do not involve any averaging and,
therefore, are not identical to the density operators commonly used in statistical physics. Indeed, the
density operator of S used in standard statistical physics is the average of the mechanical reduced density
operator ρS(t) over a statistical ensemble describing the statistics of the environment E.
Random process and decoherence
In the light of what has been discussed in the previous section for the non quantum case, the right
description of a single quantum system is obtained by taking the trace over the degrees of freedom of the
single environment E this single quantum system is interacting with.
Since this environment is macroscopic, its microscopic dynamics is best described stochastically.
The reduced density operator ρS(t) is therefore a random operator, whose law can be in principle
determined once one knows the statistical properties of the environment and its interaction with S.
For example, imagine a simple quantum formulation of the Langevin problem where the reduced density
operator of diffusing particle corresponds to wave-packet centered on the classical, stochastic trajectory.
To be consistent with the classical treatment, and because the interaction with the environment happens
through collisions, the reduced density operator of the Langevin particle must be stochastic, so that the
expectation values of the position and momentum operators are indeed stochastic variables.

Keeping the discussion quite general, let us introduce the reduced density operator ρE(t) of the single
environment the single system S is interacting with and write the density operator ρΣ(t) of Σ as

Assuming all density operators are normalized to unity, one gets from the definition of ρS(t) that
TrEρe(t)= 0. The density operator ρe(t) is the part of ρΣ(t) which does not factorize and, thus, describes
the (time-dependent) entanglement between S and E.
One can show that the most general interaction Hamiltonian Hint fixing the time-evolution of all density
operators in the interaction representation can be written as

where the operators HkS (resp. HkE) act only on S (resp. E). The evolution equation for Σ is then

Taking its trace over E delivers

Note that TrEρe(t) = 0 does not imply that TrE ︎Hint,ρe(t)︎ = 0.
Note also that TrE ︎Hint,ρe(t)︎ ︎ cannot be written as the action of a linear operator acting on ρS(t).

The general equation fixing the time-evolution of ρS(t) is thus not closed i.e., it involves a knowledge of
the entanglement between S and E which is not encoded in either ρS(t) or ρE(t) (whatever ρE(t) may be).
Thus, there is no reason to suppose a priori that the random evolution of ρS(t) is linear in ρS(t).
Now, usual decoherence theory determines the average evolution of ρS(t) obtained by averaging the
random evolution of ρS(t) over all realizations of the noise experienced by S.
In practice, this is usually done in two steps.
The first one is to replace the exact, time-dependent reduced density operator ρE(t) of the single
environment the system S is interacting with by the statistical average of ρE(t), which is typically chosen
to be a Gibbs equilibrium density operator.
The second step is to neglect the contribution of ρe(t) to the equation of motion for ρS(t).
The success of decoherence thus suggests that the contribution of ρe(t) to the equation of motion for ρS(t)
averages to 0.
What interests us in this article is not the average equation of motion, but the fluctuations around it and,
specifically, the fluctuations of the those components of ρS(t) which are diagonal in the decoherence
basis.
By definition, these fluctuations average to zero but must be taken into account if one wants to model the
stochastic evolutions of single systems interacting with single copies of the environment.
These fluctuations may come from both terms in the right-hand side of (6).
The first term generates fluctuations linear in ρS(t). But those coming fro the second term may not be.

Properties of the random process
What are the properties of the random process describing the stochastic dynamics of ρS(t)?
An evident one is that this random process must be trace preserving i.e. TrρS(t) = 1 at all times.
To go on, we choose to work in the so-called decoherence basis and focus on the diagonal components of
ρS(t).
Each of these components is a random process.
Since the random process ρS(t) is trace-preserving, all diagonal components must be bounded above by
unity.
They must also be bounded below by 0, because each diagonal component represents the probability of
finding the system S in a particular eigenstate of the decoherence basis.
We now suppose that the measurement induced by the interaction between S and E is fair or, if one
prefers, unbiased, so that the noise experienced by each diagonal component of ρS(t) averages to zero at
all times.
Note that this assumption is not only physically reasonable for many practical situations but is also
implicit in usual decoherence theory, which describes the average effect of the noise experienced by the
system S, and predicts that, on average, the diagonal components of ρS(t) are left unchanged by the
interaction between S and E (while the off-diagonal components of ρS(t) naturally go to zero).
Assuming that the interaction between S and E is unbiased implies that the random process describing
any of the diagonal components of ρS(t) must stop when this component equals 0 or 1.
Indeed, assume a component reaches 0.

If the noise experienced by that component has a certain non vanishing probability of shifting that
component by a certain amount to the right towards positive values, it has the same probability of
shifting that component by the same to the left, towards negative values.
Since all components must remain positive, the noise must vanish at 0 for all components independently.
Similarly, the noise must also vanish at unity independently for all components.
The influence of noise on quantum measurement thus comes down to a generalized gambler’s ruin
problem: each eigenstate of the decoherence basis is a gambler, the corresponding diagonal component
of ρS(t) represents the fortune of the gambler at time t.
The total fortune of all gamblers together is fixed to unity, they exchange money during the game and,
when the fortune of one gambler reaches 0, that gambler stops playing.
The game goes on till one gambler wins, with fortune equal to unity.
The probability that a given diagonal component of ρS(t) reaches unity is thus the probability that the
corresponding gambler wins the game.
In mathematical terms, the random process describing the stochastic evolution of each diagonal
component of ρS(t) or, if one prefers, the fortune of each gambler, is a martingale(a gambling system of
continually doubling the stakes in the hope of an eventual win that must yield a net profit.), and the time
at which that component or fortune reaches either 0 or 1 is a stopping time for that process.
The win probability of each gambler can then be computed with the help of a so-called optional stopping
theorem for martingales.

Remark that a noise with the above properties cannot be linear in ρS(t), unless it identically vanishes.
Thus, any unbiased noise acting on the diagonal components of ρS(t) has a necessarily a contribution
coming from the entanglement density operator ρe(t) usually neglected in decoherence models.
Optional stopping theorem and the Born rule
There are several, slightly different versions of the optional stopping theorems.
In essence, they all state that, under suitable, physically not stringent conditions, the expectation or
average value of a martingale at a stopping time is equal to the initial expectancy or average value of that
martingale.
The different versions differ by the exact conditions under which they apply.
For example, for a positive martingale as the ones we are dealing with in this article, Doob’s version of
the theorem applies, i.a., if the statistical average or expectancy of the martingale exists i.e. is finite at all
times and if the stopping time is bounded with probability one.
We will not discuss here the differences between all versions of the theorem and simply assume that least
one of these theorems applies to the diagonal components of the density operator ρS(t).
Explicit computations for a simple choice of martingale are presented in the next section as an
illustration.
Since there is no ambiguity, we can drop the upper S index on ρS(t) for the remainder of this section, and
we focus on a particular diagonal component of this operator, say ρii(t).
Let τ be the stopping time for that component i.e. the time when that component reaches either 0 or 1.
By the optional stopping theorem,

Naturally, < ρii(0) >= ρii, where ρii is the fixed initial value of ρii(t). And, by definition,

where piw is the probability the ii-component ‘wins the game’ i.e. reaches unity before it reaches 0, and
pil is the probability the ii-component ‘loses the game’ i.e. reaches 0 before it reaches unity. One thus
finds that
which is the Born rule.
A quantum example
We now present a simple example which illustrates the above ideas and for which explicit computations
can be carried out easily.
Continuous stochastic process
Let us consider quantum measurement in an n-state system S.
The eigenstates of the measured observable are labelled by i = 1,...,n.
As in the preceding section, the effective density operator of the system S will now be denoted by ρ, with
components are ρij, (i, j) ∈ {1,...,n}2.

We normalize the trace of ρ to unity and all its diagonal components, being positive, are between 0 and
1.
What follows focuses on the diagonal components of ρ, the dynamics of the off-diagonal components
being fully described by standard decoherence(they go to 0).
The stochastic process we are presenting now is built out of n(n − 1)/2 independent Brownian motions
and codes for a trace preserving random walk in diagonal ρ space, which randomly takes from one
diagonal component to give to another.
In components, the stochastic equation obeyed by the diagonal components of ρ reads:

where summation over lower and upper repeated indices is implied (Einstein summation convention).
The index i runs from 1 to n and K runs from 1 to n(n − 1)/2.
The index K can therefore be used to index the pairs {k,l} of integers between 1and n for which k ≠ l.
We thus replace the notations BK and σiiK(ρt) by B{k,l} and σii, with the convention that the first integer
appearing in the label of the pair is smaller than the second (i.e. k < l).
Let D be a positive constant.
The noise σ is defined by σii{k,l}(ρt) = +D if i = k and ρtkk ≠ 0 ≠ ρtll, σii{k,l} (ρt) = −D if i = l and ρtkk ≠ 0 ≠
ρtll, and σii{k,l} (ρt) = 0 otherwise.
Thus, once a component reaches 0, the noise coefficients coupling that component to the other ones
vanish, so that component stays at 0 until the end of the process.

The process finishes when all but one component vanish.
This non vanishing component then equals unity because the process is trace preserving.
Suppose for example that n = 3 and the process starts from an initial density operator ρ0 with no
vanishing diagonal component, which is the generic situation. The equations of motion for the diagonal
components of ρ initially are:

Note that the trace of ρ is conserved by this process. Note also that the opposite of a Brownian motion is
a Brownian motion. Thus process therefore treats all components of ρ on equal footing.
The above equations are supposed to be valid until one of the diagonal components of ρ, say ρ22 reaches
0. The noise coefficients in front of all dB12’s and dB23’s then drops to zero and remain there till the end
of the process, so the component ρ22 remains also fixed at 0 and the process goes on with the other 2
components:

The process stops when either ρ11 or ρ33 vanishes. Since the process conserves the trace of ρ, the
non-vanishing component is then necessarily equal to unity and this signals the end of the process. The
remaining component corresponds to the measurement result.

Discrete formulation as a gambling problem
The connection with a gambling problem is best seen by discretizing the above process.
We consider the time t to be an integer multiple of a certain time-step ∆t, t = 0,∆t,2∆t,.., and suppose that
the diagonal components of ρ only take the discrete values 0,∆ρ,2∆ρ,...,N0∆ρ = 1.
We also suppose as before that the initial values of the diagonal components of ρ, ρ11 = N1∆ρ, ρ22 =
N2∆ρ, ... do not vanish.
Note that ∆ρ = 1/(∑i N0) = 1/N0 with N0 = ∑i Ni0.
To be consistent, the discretization thus requires ∆ρ to be the inverse of an integer.
This set-up is viewed as a collection of n gamblers, starting the game with fortunes ρ011, ρ022, ... and
susceptible of increasing these fortunes by steps of ∆ρ.
The aim of the game is to get all the money i.e. 1.
The game proceeds as follows.
One round of the game is represented by ∆t. Each round is made of n(n − 1)/2 sub or partial rounds, one
for each pair of gamblers.
Each gambler in a pair rolls a dice once.
The gambler with the highest value on the dice sees his/her fortune increase by ∆ρ while the other one
sees his/her fortune decrease by ∆ρ.
Once a gambler has no more money, he/she stops playing and the other ones go on with the same rule till
one of them gets all the money.

It is straightforward to show that this game admits the process described in the earlier section as
continuous limit provided D = (∆ρ)2/(2δt).
The Born rule
Let us now compute the win probabilities of each gambler in the above game.
Focus on an arbitrary gambler i and put yourself in his/her shoes.
To do this, use a new time ti which increases by δt each time this gambler plays, but stays constant when
this gambler does not play.
If one monitors the fortune of this gambler as a function of ti, one finds a simple, non-biased random
walk with step ∆ρ - or, in the continuous case, a Brownian motion indexed by ti.
The probability this gambler wins (resp. loses) the game is the probability this random walk - or the
continuous Brownian motion- reaches 1 (resp. 0).
Now, computing the probability that a random walk or a Brownian motion which starts between 0 and 1
hits 1 before 0 is a standard exercise in probability.
Let’s present this computation for random walks.
Let P(N0i) be the probability that a non biased random walk which starts at N0i ∆ρ ∈ (0, 1) reaches 1
before 0.
Evidently, P(0) = 0 and P(N0) = 1.
Since the random walk, at each time-step, has an equal probability 1/2 of going to the right or to the left,
one has:

This can be rewritten as
It follows from this that

so that

which delivers

The win probability law is thus linear in the initial fortune.
Since N0i is arbitrary, one can choose N0i = N0 − 1 in the above equation, which delivers
Since PN = 1, this implies P(1) = 1/N0, which leads to

This result could have been found in a slightly shorter way by noting that (14) combined with P(0) = 0
implies that P is a linear function of its variable and the coefficient can then be found by normalization
or, equivalently, by using P(N0) = 1.
The win probability of gambler i thus coincides with his/her initial fortune.
Since the fortunes actually represent the diagonal components of the density operator, this result
coincides with he Born rule from quantum mechanics.
Discussion
We have argued that the reduced density operator of a single quantum system interacting with a
macroscopic environment is generally a stochastic, or random process and that decoherence only
describes the average of this random process over all realizations of the environment.
We have also argued that, because of the entanglement between the system and its environment, the
dynamics of the reduced density operator of the observed system is generally non-linear.
Thus, the time evolution of a single quantum system is best described by a possibly non-linear stochastic
process in its reduced density operator.
This process must be trace preserving and cannot allow any diagonal component of the density operator
to become negative.
Further assuming that the measurement induced by interaction with the environment is unbiased ensures
the process is a martingale which stops when all components but one vanish.
Unbiased quantum measurement can thus be reformulated as a gambler’s ruin problem where the game
is a martingale for each gambler.
The Born rule then emerges as a straightforward consequence of the so-called optional stopping theorem
for martingales.

Master equations are differential or finite difference equations obeyed by the time-dependent law of a
given stochastic process.
In classical, non quantum statistical physics, the variables susceptible of obeying stochastic differential
equations are positions and momenta and the law of a stochastic process in positions and momenta can
be expressed by a function of these variables.
For example, if the process is continuous, its law is actually a measure in phase space, usually
represented by its density with respect to a reference measure (say, the Lebesgue measure), and the
master equation obeyed by this density is a transport equation in phase space.
The equations obeyed by positions and momenta are stochastic but the master equation obeyed by the
law of the process is naturally deterministic.
The right variable to be used in describing the evolution of a single quantum system S interacting with its
environment is the reduced density operator of that system.
Since the environment is macroscopic, the interaction necessarily involves some randomness and it is the
reduced ‘mechanical’ density operator ρS of the system, as the natural quantum dynamical variable,
which must then obey a stochastic differential equation.
The time-evolution of this reduced density operator is thus a stochastic process.
The time-dependent law of that process is defined by a measure in ρS-space and the density of that
measure with respect to a reference measure obeys a certain master equation.
Thus, in this case, the proper master equation is not the stochastic equation obeyed by the reduced
density operator ρS, nor its deterministic average, but the equation obeyed by the law of that operator.

Nevertheless, the literature on open quantum systems and quantum noise often designates by ‘master
equation’ the deterministic average of the stochastic equation obeyed by the reduced density operator ρS,
because of its formal similarities with master equations for non-quantum problems, and because
stochastic equations for ρS do not seem to have been considered before this article.
As noted above, the only linear, unbiased noise acting on the diagonal components of ρS in the
decoherence basis vanishes identically.
There are thus only three possibilities.
The first possibility is the one explored in the present article: the interaction with the environment
produces a non vanishing unbiased noise acting on the diagonal components of ρS.
This noise is necessarily non linear.
It therefore admits a contribution from the pure entanglement density operator ρS.
It is also this noise which is ultimately responsible for the apparent collapse and for the Born rule.
It is thus the entanglement i.e., the delocalization of correlations, which is responsible, for all aspects of
quantum measurement, from decoherence to the apparent collapse and the statistics of measurement.
The second possibility is that the interaction with the environment produces a biased noise on the
diagonal components of ρS.
But the bias would then be detectable as such, because changing environment would modify the statistics
of measurement and because these would not depend only on the state of the quantum system before
measurement.

The third possibility is that the interaction with the environment does not produce any noise on the
diagonal components, and only on the off-diagonal ones, that noise averaging into standard decoherence.
But if noise is present on the off-diagonal components, why would there not be noise on the diagonal
ones, especially if all observations confirm a robust consequence of such a noise?
Indeed, let us stress again that the results presented in this article are valid for any unbiased noise acting
on the diagonal components of the reduced density operator ρS, provided only some ‘light’ conditions
are fulfilled, as for example that the average measurement time is finite.
It is not even necessary that the diagonal components a stochastic differential equation as the Langevin
equation or as the dynamical equations of the example presented earlier.
Thus, the ubiquity of noise explains the ubiquity of the apparent collapse associated to measurement, and
the robustness of the optional stoping theorem explains the robustness of the Born rule
Consider now two physicists observing the same quantum system S.
Each physicist regroups the degrees of freedom of the universe to which she has no observational access
into what she calls ‘the’ environment.
Suppose one of the physicists witnesses a measurement on S because of the stochastic interaction of S
with certain degrees of freedom of what this physicist calls ‘the environment’.
If the environment of the other physicist contains the same degrees of freedom, then this other physicist
also witnesses a measurement, with the same outcome and, hence, both physicists experience the same
‘reality’.

Several things remain to be done.
First, explore systematically simple models of quantum measurement, for example based on quantum
walks, for which the stochastic evolution of ρS could be analyzed in full detail.
Second, identify and perform experiments which would allow the observation of this stochastic
evolution.
Finally, quantum measurements in relativistic systems should be revisited in the light of the results
presented in this article.

