Non-Cartesian Coordinates

The position of an arbitrary point P in space may be expressed
in terms of the three curvilinear coordinates U.U>.U’, If
F(u',u’,u’) is the position vector of the point P, at every such
point there exist two sets of basis vectors

ézéi ad &=Vu

"oou'
where the & (subscripts) are tangent to the coordinate curves

(the axes) and the © (superscripts) are normal to the coordinate
curves. Thus, we can write a vector in two ways (we change our
summation convention so that we now sum over repeated indices
only if one is up and the other is down)

a=de =ae

1

The @ are called the contravariant components of the vector a
and the & are called the covariant components of the vector a.

For cartesian coordinate systems there is no difference between
these two sets of basis vectors, which is why we were able to
only use lower indices.

The é are the covariant basis vectors and the & are the
contravariant basis vectors.

In general, the vectors in each set are neither of unit length
nor form an orthogonal basis. The sets & and & are, however, dual

systems of vectors, so that

816 ="
We thus have .

al8=a'®'8=a" =d

- e :

al@=a@'@=a"] =q,
If we consider the components of higher rank tensors in non-
Cartesian coordinates, there are even more possibilities. For
example, consider a second rank tensor T. Using the outer
product notation we can write T in three different ways

T=T'é! §=T/é! 6§=T8! &
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where T ,T/ and T, are called the contravariant, mixed and

covariant components of T respectively. These three sets of
quantities form the components of the same tensor T, but refer
to different (tensor) bases made up from the basis vectors of
the coordinate system.

In Cartesian coordinates, all three sets are identical.
(13) The Metric Tensor

Any particular curvilinear coordinate system is completely
characterized (at each point in space) by the nine quantities

g =@'¢
Since an infinitesimal vector displacement can be written as

dr =du'® we have these results
(d9)’ =dr -dr =du'§ - du'é =du'du'g - & = g,du'du’
Since (ds)®> is a scalar and the dU are components of a

contravariant vector, the quotient law says that the §i are the
covariant components of a tensor g called the metric tensor.

The scalar product can be written in four different ways in
terms of the metric tensor

alb =a@!b'd =é!8ab’ =gab’
=a8!b® =8'!8ab =gd'ab,
=a8!b'§ =8!8ab’' ="ab' =ab
=d@'!b® =é!dab ="/ab =ah
These imply that
g’b,=b" ad gb'=b

or that the covariant components of g can be used to lower in
index and the contravariant components of g can be used to raise
an index.

In a similar manner we can show that
©=g'e¢ ad =96

Now since & and & are dual vectors, i.e.,

416 =",
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We have
Pk — = i = k
lha =a =g'a;=g"g,a
if —gi
88, =1y

In terms of matrix representations this says that

G=[g].G=[d"].1=[6]>GG=1->G=G"

or the matrix formed from the covariant components is the
inverse of the matrix formed from the contravariant components.

The above relations also give the result

g, =816 ="' # componetsareidentical
Finally, we have

g= |g| = da[gij] = gligzj93k!ijk =Q"(@#8)
and

dV = du*) - (du’8& x du’8,) = 8 - (8, x &,)du’du’du’
or

dV’=|ghhfdu2du3

General Coordinate Transformations and Tensors

We now discuss the concept of general transformations from one
. 1 2 3 il 12 13 .
coordinate system U ,U,U to another u ,u",u”. We can describe the

coordinate transformation using the three equations

u.i - u:i (ul’u2’u3)
for i = 1,2,3, in which the new coordinates u" can be arbitrary

functions of the old ones U, rather than just represent linear
orthogonal transformations (rotations) of the coordinate axes.
We shall also assume that the transformation can be inverted, so
that we can write the old coordinates in terms of the new ones
as

u' =u'(u",u”,u”)
An example is the transformation from spherical polar to
Cartesian coordinates given by

x =rsinfcos¢

y=rsin@sing

z=rcos6
which is clearly not a linear transformation.
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The two sets of basis vectors in the new coordinate system
1l 12 13 .
u-,u-,u” are given by

—

&, =— and & ="u"

Considering the first set, we have from the chain rule that
v lu" Iy lu",
e

e = = =

U 7 A F7E RN F7TE N PP

i

so that the basis vectors in the old and new coordinate systems

are related by
Ili
o=""_wb

Y A

Now, since we can write any arbitrary vector in terms of either
basis as

. - e du"

a:a”@'iza’@jzafw@'i

u
it follows that the contravariant components of a vector must
transform as
i

i_lu

o
In fact, we use this relation as the defining property that a

al

set of quantities & must have if they are to form the
contravariant components of a vector.

If we consider the second set of basis vectors, ¢"=Vu", we have
from the chain rule that

ou’ ou ou’

X ou' Ix
and similarly for du'/dy and du'/dz. So the basis vectors in the

old and new coordinate systems are related by
I .

e’ =

1

Tu
For any arbitrary vector d,

oA AN — - A

I
a=a'e"=ae =a,—
“lu

4 J

and so the covariant components of a vector must transform as
Iy’

| J—

In a similar way to that used in the contravariant case, we take
this result as the defining property that a set of quantities &
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must have if they are to form the covariant components of a
vector.

We now generalize these two laws for contravariant and covariant
components of a vector to tensors of higher rank. For example,
the contravariant, mixed and covariant components, respectively,
of a second-order tensor must transform as follows:

, TR IR
contravariant components T" =-—-—
'u® !u
: TR AT}

nixed components T =-——T*
SEATANATE
- Iu“ Iu

@vaiant components T = ——-T,
Iu" Iu"

It is important to remember that these quantities form the
components of the same tensor T but refer to different tensor
bases made up from the basis vectors of the different coordinate
systems. For example, in terms of the contravariant components
we may write

—TiA A — i A A
T=T'¢q! ¢=T"e}! &,

J

We can clearly go on to define tensors of higher order, with
arbitrary numbers of covariant (subscript) and contravariant
(superscript) indices, by demanding that their components
transform as follows:

f

SR UL [T S 1Ty Vg LT
I fu® o Ju® futru™ o ot
Using the revised summation convention (matched contravariant
and covariant indices summed over), the algebra of general
tensors is completely analogous to that of Cartesian tensors
discussed earlier.

For example, as with Cartesian coordinates, the Kronecker delta
is a tensor, provided it is written as a mixed tensor 5;, since

Wl i ok i

pio_ Ut "ut ut _"u
BT A TE R T U TU TR
where we have used the chain rule to prove the third equality.
Since we showed earlier that

$,=0-8=9

=
T

5; can be considered as the mixed components of the metric tensor

g.

In the new (primed) coordinate system, we have
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g’ :éi!é'j

Using
i
L odu"
e =——-=¢
oo
we have
€ tut . TuY L R AT L
€, =—0,="¢=0=—:r¢
Iu" u lu lu

and similarly for &,. Thus, we can write

,_luerd oL Tue 1l
9 =TT T T

Iu' 1y 9o

which shows that the §; are indeed the covariant components of a

second-order tensor (the metric tensor g).

A similar argument shows that the quantities g” form the

contravariant components of a second-order tensor, such that

g‘ij:!u"!u“ y

ATRAT)

Earlier we saw that the components U; and g” could be used to
raise and lower indices in contravariant and covariant vectors.
This can be extended to tensors of arbitrary rank. In general,
contraction of a tensor with §; will convert the contracted index
from being contravariant(superscript) to covariant (subscript),
i.e., it is lowered. This can be repeated for as many indices as
required. For example,

— k — K
Ti =0T =049, T
Similarly, contraction with g” raises an index, i.e.,
] — ~kT — ~KAl
T =g'T/ =g"g'T,
That these two relations are mutually consistent, can be shown
by using the relation

i

ik —
8 gkj_"j
Derivatives of basis vectors and Christoffel symbols
In Cartesian coordinates, the basis vectors & are constant and
so their derivatives with respect to the coordinates vanish. In

general coordinate systems, however, the basis vectors & and ¢
are functions of the coordinates. In order that we may
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differentiate general tensors, we must therefore first consider
the derivatives of the basis vectors.

Let us consider the derivative

'e

I’
Since this is itself a vector, it can be written as a linear
combination of the basis vectors Q, k =1,2,3. If we introduce

the symbol !Z to denote the coefficients in this combination, we

have
98
auj l_‘Ija(
. C e 'é
The coefficient ! is simply the k®®h component of the vector T
Ju

— i

Using the reciprocity relation &'!¢,=". , these 27 numbers are

given (at each point in space) by

na

ék.—a—#mAk'em #m$k —

nuj
C_oaky§
#, =€l J.
u
Furthermore, we then have
!(é 'lé() O é" Q( q(
I Iu! ’uJ

, " H'é( m " i
o 6 =#6 = #$78 "8, = #$,

%—é-#$ &
ul

is called a Christoffel symbol (of the second

k
The symbol !

kind), but despite appearances to the contrary, these quantities
do not form the components of a third-order tensor.

In a new coordinate system

m@
lk kn
1 =¢ #U”
Using
. ou' .. N ou™ .
o = A and & = foj
Yoou" “ ou"
we get
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o ak " ool !

Ty $"u

I IiI; = m, N é~l‘)‘J:"f" 1 " 1 Q
u u' 8'u 2

_ "ulk ] $ "2u| Q . uul "Q '
uun nulj nuli nuli nulj 2
ok n2 .l ok ol " &
u u s s u u .
= n, N |j my i 61 #Q + men o i " qjj
u u'u u u u
m, 1k n2 myk ooy m " &
_"u u n ut u U g, e
Hur'l nulj null nun Ilull nulj nulm
B Ilulk 112u| nulk nu| "um [
nul nulj uuli nun uuli nulj *im

This result shows that the !5 do not form the components of a

third-order tensor because of the presence of the first term on
the right-hand side.

We note that in Cartesian coordinates it is clear from the
relation

9,

ou’

that !{=0 for all values of the indices i, j and k.

k _ ~k
Fg—e

In a given coordinate system we can, in principle, calculate the

!5 using the relation

| k_ékll#é
In practice, however, it is often quicker to use an alternative
expression, which we now derive, for the Christoffel symbol in

terms of the metric tensor g; and its derivatives with respect to

the coordinates.

First, we note that the Christoffel symbol !X is symmetric with

ij
respect to the interchange of its two subscripts i and j. This
is easily shown, since

16 1% 14 1é

— - I

ardlid Il tu
This gives
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!Q_Ilk"_llk"_!g
o T AT
"k P T Iy
nl _nl
i i
k
i

To obtain an expression for I, we then use §;=¢'¢, and consider

the derivative
Jg, o0& . . 098 A A a .
PR YIL R R vRRE LR RIS

= F:kglj + Fljkgil

By cyclically permuting the free indices i,j,k in this relation
we obtain two further equivalent relations

Ig_

. K —ul n
!ui - jig|k+ kigj|
Ig.

s Ikl nl
T K9 T G

k

where we have used the symmetry properties of both !U and @ .

Contracting both sides with g™ leads to the required expression

for the Christoffel symbol in terms of the metric tensor and its
derivatives, namely

| .m:1

i TS
Example: cylindrical polar coordinates

wuuh)=(."2

ds’ =d/*+/%d"* +dZ = gijduiduj

# O zl,gzz = !2,933 :l,a” others=0

nk$llgjk N "gki # "gijl

g &wi ::kz

u o u

This implies that the only non-zero Christoffel symbols are
I',=T3 and T . These are given by
1—*2 :FZ :g_zzagzzz 1 a922: 1 apzzl
YR 200t 29, p 207 p
999, 1 99, _1dp° _
2 out 29, dp 2dp

Alternatively, we can use

Féz == —p
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=&

B 1. 0§ 1. 11
26 8

7:= P@pﬁﬁz—ulél*rﬁz=—ul——/3

as expected.
Covariant differentiation

For Cartesian tensors, we noted that the derivative of a scalar
is a (covariant) vector. This is also true for general tensors,

as may be shown by considering the differential of a scalar
II, .
d/ = ﬁduI
u

Since the dU are the components of a contravariant vector, and

I . . o
d is a scalar, we have by the quotient rule that the quantities

a9
au'

must form the components of a covariant vector.

It is straightforward to show, however, that (unlike in
Cartesian coordinates) the differentiation of the components of
a general tensor, other than a scalar, with respect to the
coordinates does not, in general, result in the components of
another tensor.

For example, in Cartesian coordinates, if the V are the
contravariant components of a vector, then the quantities
8Vi
ox!
form the components of a second-order tensor. In general

coordinates, however, this is not the case. We may show this

directly by considering
!

N\ o' du ' du' 9 au”‘/
ouw' | u OuV out  du” dut\ ou’
ou ou" ' ot Fu" |
= ST ot "5 k9. 17
ou" du' du" u" du"ou
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The presence of the second term on the right-hand side shows
that the

i

Iy

Iy’
do not form the components of a second-order tensor. This term
arises because the "transformation matrix" [8u”h%ﬂ] changes with

position in space. This is not true in Cartesian coordinates,
for which the second term vanishes, and

8Vi

ou’

is a second-order tensor.

We can, however, use the Christoffel symbols to define a new
covariant derivative of the components of a tensor, which does
result in the components of another tensor.

Let us first consider the derivative of a vector V with respect
to the coordinates. Writing the vector in terms of its

contravariant components V=Vé, we find

v N . 08
—.:+@1+V -_—
ou’  du’ ou’
where the second term arises because, in general, the basis
vectors € are not constant (this term vanishes in Cartesian

coordinates). Using the definition of the Christoffel symbol we
can write

IV e
TR
Since i and k are dummy indices in the last term on the
right-hand side, we may interchange them to obtain
[} . .
.’V _!vl" + kn i ~ _#IVI + klli&"
The reason for interchanging the dummy indices is that we may
then factor out €. The quantity in the bracket is called the
covariant derivative, for which the standard notation is
Iy ,
- k

i — "

V. ki

Iyl
where the semicolon denotes covariant differentiation; a similar
short-hand notation also exists for the simple partial
derivative, in which a comma is used instead of a semicolon. For
example
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so that

Using the quotient rule, it is then clear that the VH are the

(mixed) components of a second-order tensor.

In Cartesian coordinates, all the FE are zero, and so the

covariant derivative reduces to the simple partial derivative
IV
Iy

Example: cylindrical polar coordinates

Contracting the definition of the covariant derivative we have
"i

i — K = iy ,k

Vi SV R V==t v

u

Using the Christoffel symbols we worked out earlier we find
1
3

1 =11 412 413 ==
R ] 'll+'12+'13 "

1 =11 412 413 =
* 20 '21+'22+'23 O

1 =11 412 413 =
Pa=lag+ln+!l =0

and
. 7 1, 1d(pv’) N W
V,=—+—+—+—V'=— +—
Y odp 9y dz p p dp ap Iz
which is the standard expression for the divergence of a vector
field in cylindrical polar coordinates.

So far we have considered only the covariant derivative of the
contravariant components of a vector. The corresponding result
for the covariant components V, may be found in a similar way, by

considering the derivative of V=v&. We obtain

Y/
Vi;j :I—u'j" #:;Vk

Following a similar procedure we can obtain expressions for the
covariant derivatives of higher-order tensors.

Expressing T in terms of its contravariant components, we have
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1T I & !Q

IT 1 o NP B
W‘W(T]@ 8)=7 8" §+1T' =" H+1'8

1

Iyt Tu 7]

=~

Using the definition of the Christoffel symbols we can write
or JT’
ot ot

Interchanging dummy indices i and 1 in the second term and j and

1 in the third term on the right-hand side this becomes

IT #ITY &
ﬁ:%o!uk"' IkT”+ |]|<T|(@) @,

§®O+TT\®8 +TE®T &

where the expression in brackets is the required covariant
derivative

T
T”:'T
Tk ,uk
In a similar way we can write the covariant derivative of the
mixed and covariant components. Summarizing we have

T, =T)+0,T"+T}T"
T =T+ T T =TT
Hm=H*—FHh—FMH

+" :lej +" Ijk-l-il :-]-’:: +" :lej +" Ijk-l-il

We note that the quantities TE,T;kandka are the components of

the same third-order tensor V7 with respect to different tensor

bases, i.e.,
VI=T6®E®&=T,600QR=T,600 ¢

We conclude by considering the covariant derivative of a scalar.
The covariant derivative differs from the simple partial
derivative with respect to the coordinates only because the
basis vectors of the coordinate system change with position in
space (hence for Cartesian coordinates there is no difference).
However, a scalar function ¢ does not depend on the basis

vectors at all, so its covariant derivative must be the same as
its partial derivative, i.e.,

u!
I =——=1_
3] nuj N

(17) Vector Operators in tensor form

We now use tensor methods to obtain expressions for the grad,
div, curl and Laplacian that or valid in all coordinate systems.

Gradient. The gradient of a scalar ! is simply given by
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. dD .
Vo=06="¢
‘ Ju
since the covariant derivative of a scalar is the same as its
partial derivative.

Divergence. The divergence of a vector field V in a general
coordinate system is given by

"y,

| ) )
L V=V, = —+#,V
’ nul

Using
g1 03" 8 + "8u # "8l _ 1 a8
ki T g 1k T} ”]2_ nm_ k
2 u u u 2 u
The last two terms cancel because

giI agkl — gli agk| — giI 8gki
ou' ou' ou'
where in the first equality we have interchanged the dummy
indices i and 1, and in the second equality we have used the

symmetry of the metric tensor.

We also have

-’g_ ij!gii
uk 9
Finally, we get
qo_ 199 _ 199 _ 19
== =79 _ -

which gives the result

Vhoy_ M, 1 a@vk: 1 a( gvk)

Laplacian.

Curl. The special vector form of the curl of a vector field
exists only in three dimensions. We therefore consider its more
general form, which is also valid in higher-dimensional spaces.
In a general space the operation curlV is defined by

(curlv); =vi; ! vy

which is an antisymmetric covariant tensor.

The difference of derivatives can be simplified since

Page 14



ov. ov. ov. oV.
Vi = Vi = Ty -—— 4Ty ="t -—1
' oou T ol ! ou’ U
using the symmetry properties of the Christoffel symbols. Thus,
\/ - I\/I n !VJ — n
(curl V); —m ﬁ“’” Vi

Absolute derivatives along curves

We now consider the problem of calculating the derivative of a
tensor along a curve r(t) parameterized by some variable t.

Let us begin by considering the derivative of a vector v along
the curve. If we introduce an arbitrary coordinate system u with
basis vectors &, i = 1, 2,3, then we can write V::V@, and we

have
v _dv' . d® dv' . . 1& du
_:_@l+v_’:_@l+v_;c_
dt dt dt dt Tu® dt
where we have used the chain rule to rewrite the last term on
the right-hand side.

Now, using the definition of the Christoffel symbols we obtain

av _dv . o du
— = e+, v—g8
dt dt dt
Interchanging the dummy indices i and j in the last term we get
av _"dv - du* %

A (R i}

at Far " dr &
The expression in the brackets is called the absolute (or
intrinsic) derivative of the components v along the curve r(r)

and is usually denoted by

wedvt jduk %y’ i du* . du"

— A —— =t H V=V —

't dt dt  &$u ) dt dt
so that

av IV dut,

___ez = k_el

dr It dt

Similarly, we can show that the absolute derivative of the
covariant components Vi of a vector is given by

Iv ,  du

TR,
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and the absolute derivatives of the contravariant, mixed and
covariant components of a second-order tensor T are

ITv, L du
T % ar
T, du®
e M dr
I'T du®

_ij " heg T
e " dr
The derivative of T along the curve r(r) may then be written in

terms of, for example, its contravariant components as

a1 e W g
dt !tQ ) ;kdtq '

(19) Geodesics

As an example of the use of the absolute derivative, we conclude
our discussion of tensors with a short discussion of geodesics.

A geodesic in real three-dimensional space is a straight line,
which has two equivalent defining properties. First, it is the
curve of shortest length between two points and, second, its
tangent vector always points along the same direction (along the
line).

Although we have explicitly considered only the familiar three

dimensional space in our discussions, much of the mathematical

formalism developed can easily be generalized to more abstract

spaces of higher dimensionality in which the familiar ideas of

Euclidean geometry are no longer valid. It is often of interest
to find geodesic curves in such spaces by using the properties

of straight lines in Euclidean space that define a geodesic.

Consideration of these more complicated space is left for a
future seminar in general relativity. Instead, we will derive
the equation that a geodesic in Euclidean three dimensional
space(i.e., a straight line) must satisfy, in a sufficiently
general way that it may be applied with little modification, to
find the equations satisfied by geodesics in more abstract
spaces.

Let us consider a curve 7(s), parameterized by the arc length s

from some point on the curve, and choose as our defining
property for a geodesic that its tangent vector

b dr

r=—

ds
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always points in the same direction everywhere on the curve,
i.e.,

df

ds
This is called parallel transport of the tangent vector, i.e.,
the vector is always moved parallel to itself along the curve,
which is the same as its direction not changing for a straight
line.

0

If we now introduce an arbitrary coordinate system u' with basis
vectors Q, i=1, 2,3, then we can write i=fé, and we have
dt
ds
Writing out the covariant derivative, we obtain

i k
(d—t+r;kti di)e =0

o du”
“hgs 970

ds ds

But since

ds
we find that the equation satisfied by a geodesic is
d' ., du’ du®
-+ 'k__:0
d " ds ds

Example: cartesian coordinates

All Christoffel symbols are zero. Therefore, the equations of a

geodesic are

d’x d? d’z

£2-0, Z=0, 2=
ds ds ds

which correspond to a straight line.

0

Example: cylindrical polar coordinates

The only non-zero Christoffel symbols are

n 1
1,="# and !f2=!§1:;

The geodesic equations are then
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du',, dudu _ d*# . &d%’ _

! =0" —%$#— 0
d$  *ds ds as P Cgst
dzu2 | 2 du' du* dz% 2 d#d%_

S p) =0 T A A
ds2 ds ds ds2 # ds ds
d*u’ d*z

=0 " ——=0
ds’ ds’

On the surface of a cylinder given by !/ =constant we have
d?! d" d’z
—=0, —-=0, —=0
ds’ ds’ ds’

which also corresponds to a straight line. Think if unrolling
the cylinder. It is then just a plane!

Example: spherical polar coordinates

The metric tensor is

#1 O 0 &
% | 2 (
%00 L r 0 (
$0 0 l r2sn?™

The non-zero Christoffel symbols are

Po="r , 'L ="rsin’# | 2, =" sin#cos#

1 1
2 12 = 3 13 — 3_ 3
Po=ty ==, =ty ==, =13 =cot#
r r
The corresponding geodesic equations on the surface of the
sphere r =constant are

d2

zr_y

ds

o sd#”
——" sin! cos! g—
ds? 5&32
2

LF et L
ds’ ds ds

which correspond to the equations of a great circle!
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Parallel Transport and the Riemann Tensor

If a vector is parallel transported along a curve, the geodesic
equations tells us how the vector components change during the
transport.

2 j k
%+ ij%ddis =0
It also can be shown that for a covariant vector field A we
have this result
A #A L, =R A

that is, in a general curved spacetime the covariant derivatives
do not commute (order is important). In a Cartesian or flat
space the difference would be zero. Thus the fourth-rank tensor

Ry s which is called the Riemann curvature tensor is a measure

of the curvature of spacetime. It is given by

R =$%,. +%. , $ %%, $ %%,

If a vector field is parallel transported around a closed path
in a curved spacetime, the vector components do not return to
the same values at the end (as they would do in flat space). In
fact, parallel transport around a parallelogram gives the result

A" =R, A"d%d%

where the d/* represent the sides of the parallelogram. Thus,

once again the Riemann tensor serves as a measure of the
curvature of spacetime.

The second-rank Ricci tensor is defined by a contraction over
the first and last indices of the Riemann tensor

R, =R,

In addition we define the curvature scalar R by

Einstein Field Equation for Metric Coefficients

The gravitational field equations developed by Einstein are

N _ . 8#G
Ru! %gu! R= C4 Tu!
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where the inclusion of the Riemann scalar term is necessary for
energy-momentum conservation.

where ﬂw is a second-rank tensor that gives the energy-momentum

content of spacetime. It represent 16 coupled differential
equations for the metric coefficients 9 .

An alternative form of these field equations originally proposed
by Einstein but later discarded by him as his worst mistake, is
now coming back into favor. It contains the so-called
cosmological constant ! .

8rG
R;Av_%g,uvR—i_Aguv:_ C4 T,uv

It predicts the existence of a repulsive gravitational force on
a cosmological scale and is of interest now that data seems to
indicated that the universal expansion is accelerating.

Schwarzschild Solution

For a spherically symmetric point mass at the origin, the filed
equations are given by (for r > 0)

R, -29,R=0

Schwarzschild solved these equations in 1915. His solution
written as the square of the spacetime interval looks 1like

" 2GM %, ., dr? 2o L 2 ) 2
= | ' | —  —
ds’ ﬁl' ; c’dt? ! - 2GM % r’(d(’* +sin’(d)?)

ﬁ“ )

where M is the central mass.

This solution accounts for bending of light around the sun, the
advance of the perihelion of mercury, gravitational redshift,
radar time delays from signals bounced off of planets,
precession of spinning satellites in earth orbit and black
holes, where the radius r=2GM is the radius of the event horizon
or the boundary where nothing can escape the mass, even light.

Further work in the General relativity Seminar - Physics 130
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