Partial Differential Equations (PDEs)

In Physics, there are differential equations of motion that
describe the response of systems to external disturbances. These
are called ordinary differential equations (ODEs). There are
also differential equations of states, or field equations, whose
solutions give the space-time dependence of physical properties.
These are called partial differential equations (PDEs) in the 4
variables x,vy,z,t.

In general, the PDE's we will discuss describe three-dimensional
situations. The independent variables are the position vector 7

and the time t. The actual variables used to specify r are
dictated by the coordinate system in use, i.e.,

(X,Y’Z) s (p,(paz) s (r,9,¢) ’ etc.

The most important PDEs are:

(1) The wave equation

1

T o

This equation describes as a function of position and time the

Vu

displacement from equilibrium, u(r,t), of a vibrating string or
membrane, or a vibrating solid, gas or liquid. The equation also
occurs in electromagnetism, where u(¥,/) may be a component of the

electric or magnetic field in an electromagnetic wave, or the
current or voltage along a transmission line. The quantity c is
the speed of propagation of the waves.

We now derive the wave equation in a special case. We consider
the small transverse displacements u(x,t) of a uniform string of
mass per unit length p held under uniform tension T, assuming

that the string is initially located along the x-axis in a
Cartesian coordinate system.

The figure below shows the forces acting on an elemental length
As of the string.
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If the tension T in the string is uniform along its length, the
net upward vertical force on the element is
AF =Tsin@, — T sinf,

Assuming that the angles 6, and 0, are both small, we may make

the approximation sinf@=tanf . Since, at any point on the string
the slope is

tan0 = a
dx

the force can be written as
2
du(x+Ax,1) 8u(x,t)j _ TaLf’t)Ax
ox ox ox

where we have used the standard definition of the partial
derivative.

ar =1

The upward force may be equated, by Newton's second law, to the
product of the mass of the element and its upward acceleration.

The element has mass pAs, which is approximately equal to pAx if
the vibrations of the string are small, and so we have
Qulx,t) .. d'u(x,t)
Ax =T ~— Ax
P or’ ox’
QFulx,t) 1 u(x,t) 5
T 32 2 a2 ¢
ox c* ot

which is the one-dimensional form of the wave equation.

r
P

(2) The diffusion equation



This equation describes the temperature u(7,f) in a region
containing no heat sources or sinks. It also applies to the
diffusion of a chemical that has concentration u(7,f). The

constant D is called the diffusivity.

We now derive now derive the diffusion equation satisfied by the

temperature u(r,t) at time t for a material of uniform thermal

conductivity k, specific heat capacity s, and density p.

Let us consider an arbitrary volume V lying within a solid, and
bounded by a surface S. At any point in the solid the rate of

heat flow per unit area in any given direction 7 is proportional

to minus the component of the temperature gradient in that
direction and is given by

(=kVu)-r

The total flux of heat out of the volume V per unit time is
given by

_‘2_? = jsj(—kvu) AdS = MV (= kVu)dVv

where Q is the total heat energy in V at time t, and n is the

outward-pointing unit normal to S; note that we have used the
divergence theorem to convert the surface integral into a volume
integral.

We can also express Q as the volume integral over V,
0= J” spudV
Vv

and so its rate of change is given by

dQ du

—= ||| sp—dV

dt -w P ot
Comparing the two expressions for dQ/dt and remembering the
volume V is arbitrary, we okbtain the three-dimensional
diffusion equation

Vz”_lé’u D k

2

Do sp

(3) Laplace's equation
Viu=0
This equation is obtained by setting
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ot
in the diffusion equation and describes (for example) the

steady-state temperature of a solid in which there are no heat
sources - i.e., the temperature after a long time has elapsed.

0

Laplace's equation also describes the gravitational potential in
a region containing no matter, or the electrostatic potential in
a charge-free region. It also applies to the flow of an
incompressible fluid with no sources, sinks or vortices - in

this case u(r,t) is the velocity potential, from which the

velocity is given by v=Vu.

(4) Poisson's equation

Viu = p(7)
This equation describes the same physical situations as
Laplace's equation, but in regions containing matter, charges,
or sources of heat or fluid. The function p(F) is called the

source density, and in physical applications usually contains
some multiplicative physical constants. For example, if u is the

electrostatic potential in some region of space, in which p(¥) is

the density of electric charge, then

Viu=-+ p(F)
80

where & is the permittivity of free space. Alternatively, u

might represent the gravitational potential in some region where

the matter density is given by p(¥); then
Viu=4rnGp(r)
where G is the gravitational constant.
(5) Schrodinger equation
—%Wa +V(F)u= ih%

This equation describes the quantum mechanical wave function

u(r,t) of a non-relativistic particle of mass m; # is Planck's

constant divided by 2rx.
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All of these equations are linear, They are all 2nd-order in the
space variables and of 1lst- or 2nd-order in time.

The use of these differential operators guarantees several
things:

(1) differential operators imply invariance with respect to
space and time translations and hence conservation of energy
and momentum

2
(2) the differential operator V™ is the simplest operator that
will be invariant under the parity transformation
(inversion)

(3) equations that are 2nrd-order in time are invariant under
time reversal (!—>—f) and hence, a movie of the system in
time should represent a real physical system whether it is
run forwards or backwards. For example, the wave equation
might have a solution representing a wave propagating to the
right and if we run the movie backwards, we get a wave
propagating to the left, which is also a valid solution.

In the diffusion or heat conduction, the field equation (for the
density or temperature fields) is only lst-order in time. The
equation does not, and should not, satisfy time-reversal
invariance, since heat is known to flow from high temperature to
low temperature and NEVER the other way around. A movie of a
pool of water solidifying into a block of ice on a hot day has
obviously been run backwards.

The Schrodinger equation is a sort of diffusion equation with an
imaginary diffusion constant; the wave function is a complex
function.

The textbook discusses general aspects of PDEs and their
solutions. We will concentrate in class on one solution method,
namely, separation of variables.

Separation of Variables and Eigenfunction Expansions

Under certain circumstances the solution of a PDE may be written
as a sum of terms, each of which is the product of functions of
only one of the variable. This is called solution by separation
of variables (SOV). Let us illustrate the procedure by an
example:
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Consider a l-dimensional wave equation describing the transverse
vibrations of a string

du_ 1 du
ox> ¢ or
In the SOV method we simply look for a solution of the form

u(x,t)=Xx)T(t)
Direct substitution then gives

2 2

2 uen =1 XD = Ly IO

1 d&*X(x) 1 1 d°T@)

X(x) d* T di?
It is clear that we have separated the variables. Since the LHS
is a function of x only and the RHS is a function of t only,

both sides of this equation must be equal for all x and t. The
only way this is possible is for both of them to be equal to the

same constant, say A.
1 d2X(x)_)L_1 1 d°T@)

X(x) dx* A T@) df
which gives
dX(x) ~AX(x)=0 and dth(t)—Ac T(t)=0

These are two separated ODEs (single variable). They are not
completely independent of each other since the same separation

constant A must appear in both. They are both eigenvalue/
eigenfunction equations.

The general solutions of these equations are:
X(x) = Acos(v—Ax) + Bsin(v=Ax)
T (1) = Dcos(v—Act) + Esin(v—Act)
As a rule, all possible values of the separation constant A are

allowed unless explicitly forbidden by the physics of the
system. i.e., certain values of A can be forbidden when the

corresponding solution X(x), which depends on A, does not have

the correct properties. The properties in question, are the
boundary conditions imposed by the physics of the system.
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It may happen that one or more of these boundary conditions can
be satisfied only when the separation constant takes on a set of
special values. This set then contains the only permissible
values, or eigenvalues , for the problem. The corresponding
solutions are called eigenfunctions. Let us illustrate this with
a particular example:

Suppose, as in the case of the Fourier series, we are interested
in solutions with a period of 27 i.e.,

1 , cos(nx) , sin(nx) , n>0,integer
This implies that the only permissible constants are
A=-n" |, n=1234,..
For each A=4, we then get a wave solution of the form
X, (X)T,(t)= (A, cos(nx)+ B, sin(nx))(D, cos(nct) + E, sin(nct))
= a, cos(nx)cos(nct) + b, sin(nx)cos(nct) + d, cos(nx)sin(nct) + e, sin(nx)sin(nct)
Since the l-dimensional wave equation is linear, the general

solution periodic in x with period 27 is then the linear
superposition

u(x,t)= %ao + an T, (1)

of all possible solutions. Note that this is a double Fourier
series.

Boundary and Initial Conditions

The complete determination of a solution of the PDE requires the
specification of a suitable set of boundary and initial
conditions. The boundaries may not be just points, but,
depending on the dimension of the system they can be lines or
surfaces.

Let us return to the wave equation. We now specialize the
problem and consider the 1l-dimensional vibrations of a string
rigidly attached to a support at the points x =0 and x = L.

X, (x)=A, cos(yJ—A, x)+ B, sin(y/—4, x)

= A cos(k,x)+ B, sin(k,x) where k, =,/—-A

n

These boundary conditions mean that
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X0)=0—-A,=0 forall n

X(L)=0— B, #0—sin(k L)=0—k = % forall n
This gives as a solution
X,(x)=B, sin(m—xj
L

where

2
nm .
%z—tszmmwanmmmnwmmms

The eigenfunction X,(x) belongs to the eigenvalue A, and

describes the nth eigenmode (or normal mode) of the vibration

the string (fixed at both ends) (see figure below)

of

05

1] 0.1 0.z 0.3 0.4 0.5 0.5 0.7 0.3

0.4

—_

—_

0 0.1

Page 8

04

—_



These represent the fundamental vibration along with the first
and second harmonics.

Note that there are points given by
mL

where the displacement u = r

0 o
. [ nmx .
X (x)=8B, sm(Tj = B, sin(mm)=0

which are called nodal points of the wave.
The time factor 7,(t) associated with X,(f) is given by

T (t)=D,cos(w,t)+E, sin(w,t)

where
_ new
"L
is the frequency of vibration of the nt! normal mode of the
string (fixed at both ends).

Hence, the general wave amplitude function (shape) of the
vibrating string fixed at x = 0 and x = L 1is the general
eigenfunction expansion (superposition of all solutions)

1< 1<
u(x.0)= 20, + XX, (0T, (11)= 2 a, + ZSin(er—xj(Dn cos(w, 1)+ E, sin(a, 1))
n=1 n=1

If we pluck the string at time t = 0, which mode(s) will be
excited?

The answer depends on how we pluck the string or on the initial
conditions at t = 0.

Since PDE is 2nd order in time, we need 2 initial conditions to
completely specify the solution. We usually choose them to be
u(x,0) = u,(x) = initial displacement of the string at t=0
Ju(x,t)
at |

= v,(x) = initial velocity profile of the string at t=0

or we have
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u(x,0)=u,(x)= iDﬂ sin(mz—x)

Ju(x,t) nmx
E» =v,(x)= ZE(U sm( 3 j

which implies that
2% mmx
D =—sin x)dx
§ L! (L]uou

2 & mmnx
E = sin Xx)dx
" mei ( L )VO()

These coefficients determine which normal modes are excited and
with what strength.

t=0

Real example of a vibrating string(back through everything
again):

2%y 1,82

5;5 2ot
gives

y(x,1) = X(x)T'(t)

X", 17

x 4T

X'+a’X=0 , T+a’c’T=0
Define

Tc 21
Occ=a)=27rv:76a:7=k:wavenumber

The solution is (as before)

y = (asin(kx) + b cos(kx))(d sin(wt) + e cos(wt))

The string is fastened at x = 0 and x = L , so that y(0) = y(L)
= 0, which gives
y(0) = b(dsin(wt) + ecos(wt)) =0 —>b=0

y(L) = asin(kL)(d sin(wt) + ecos(wt)) = 0 — sin(kL) = 0 — kL = nrx

. nmwx . nmvt nmvt
y, =a,sin| — || dsin + ecos
( L ]( ( L j L D
0

Now choose initial conditions at t =

and

x/2 0<x<L/2

0)= f(x)=
y(x,0)= f(x) {L/z_x/z L2<x<L
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and

J
Y& g
at |
The condition
t 1 t
ay(x,t) —0>a Sin(nn’x)n_ﬂ:v d Cos(mrv )_ . Sin(nn'v )
2/ L L L L o

d =0

n

0=a, sin(@j"_m(dn> 5
L L

This means we physically pull the string into a triangular shape
and let is go from rest. The most general solution is then is

- nmx nmy
x,t)= A sin| — | |cos| —¢
y()(gf”(LD(L]
Now using the other initial conditon, we have

nmwx

y(x,0)= f(x) = iAn sin(T)

or the A, are the Fourier coefficients of the sine series for

the triangular pulse. We have

25 mmnx 15 mmnx 1% mmnx
A == jsin( ]f(x)dx == j sin( }\dx +— j sin( j(L — X)dx
L L LY L L L

0 L/2

1 L2 mr/2 ) 1 L2 mm ) L mm )
ZZW J ysmydy—zm J. ysin ydy + — I sin ydy
0

mm/2 mm/2

= L(siny — ycos y)|m”/2 __L (siny — ycos y)|m” - L(cos y)|""r
m27z.2 0 m2n_2 mm/2 mri mm/2

L . [ mm mn mm .
=—— (sm(Tj — 7005(7) —sin(0) + (O)cos(())}

L ) . [mm) mx mrm
—~ ?(sm(mﬂ) — mrcos(mm)— sm(Tj + —008(7))

o)

or

and so on.
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The other possible initial condition is

y(x,0)=0
and
x/2 0<x<L2
L/2—-x/2 LR2<xZL

dy(x,1)
ot

=f(X)={

t=0

which corresponds to hitting the string when it is flat. This

gives
- nwx nwy
X, t)= B sin| — | |sin| —¢
y()(;” (LD (L)

dy(x,t)
ot

For each n (in either case) there is a different frequency

= f(x)= ZBn sin(n—zxj = initial velocity profile
n=1

t=0

w niwy ny

f":27r:27rL:Z

which are the normal mode frequencies. These frequencies can be
excited separately and would be stable. The string would vibrate
in a single mode or one term of the general sum

. (nmx ) . (nmv
sin| —— |sin| —¢
(L] (L)

If we took a photograph at any given value of t, we get a
picture of the string
—sm(””x]
Y L

which are the shapes shown earlier.

—-ﬂn(nﬁvtj
Y L

or a particular x point oscillates up and down with the normal
mode frequency.

At a fixed point x,
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Fast Image Sequence (like a movie)

function z=acoeff(m,L)

if (2*floor(m/2) == m)
z=0;
else
z=(2*L/(m"2*pi”2))*sin(m*pi/2);
end

function z=aterm(m,L,v,x,t)
z=acoeff (m,L)*sin(m*pi*x/L).*cos (m*pi*v*t/L);

$ m-file wavegxt.m

for k=1:100
sum=sumt+aterm(k,L,v,x,t);
end
plot(x,sum, '-k');
axis([-1 2 -.5 .5]);
pause(0.01)
end

Vibrations of a Rectangular Drum

We now choose to look at a rectangular drum because we can
handle this boundary easily with a simple extension of our 1-
dimensional solutions in cartesian coordinates. We will look at
a circular drum later.

The vibration of a 2-dimensional membrane fixed at the
boundaries x =0, x=a, y=0 , y=Db can be described
as follows:

d’u N d’u 1 ou

ox>  dy* ¢ o

We choose
u(x,y,1) = X(x)Y ()T (1)
SOV substitution gives
10°X 10y 1

19X 107 1107
Xox> Yoy T ot
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The separation constant assignment goes like
19°X 19%Y 11T
Xox* 7 T Yoy V7 TP

with
A, +A,=A , allconstants

The solutions are
X(x)=Acoskx+ Bsinkx , k>=-2,
_ : 2 _
Y(y)=Ccosky+ Dsinky , k; =-A
T(t)= Ecosat+ Fsinot , o’ =-2

with

aZ

K+k==
X y C2

The boundary conditions give
X0)=0—->A=0 , Y(0)=0->C=0

X@=0>k ="k , Y()=0-k="C=k
a ’ b
or

mZTL,Z nZTL,Z a2 w2 m2 n2

mn

t——=—="2 50, =cT|—+—
a2 b2 02 c2 mn a2 b2

The general solution is then a sum of all possible solutions
(all m,n)

mgX . nwy .
sm—( c,,cosw, t+d, sin a)m”t)

u(x,y,t)= z sin

m,n=1

where ®,, = frequency of the (m,n) normal mode. Some examples of

modes are shown below:

b
| 1
| 1
| |
| |
N dommme
! :
- e | !
| 1
| 1
| R r--—----
I I
| |
| 1
I:l 1
a
(1.2) mode i1.1y mode {2.3) mode
dotted lines = nodal lines all bowmdaries are nodes

Page 14



As always, the strength with which various normal modes are
excited depends on the exact initial conditions.

The MATLAB program below shows the (n,m) modes of the
rectangular membrane (image sequence type movie).

x=-1:0.05:1;y=-1:0.05:1;

[X,Y]=meshgrid(x,y);

c=1l;a=2;b=2;

% (1,2) mode

;m=1;n=1;

% (1,1) mode

ym=2;n=3;

% (2,3) mode

m=2;n=3;

w=c*pi*sqrt(m”2/a”2+n"2/b"2);

Z=sin(m*pi*X/a).*sin(n*pi*Y/b);

lim=[-1 1 -1 1 -1 1];

figure('Position', [200 200 400 400])

for j=1:500
t=(j-1)*.01;
mesh(X,Y,Z*cos(w*t))
axis(lim);
colormap(waves);
pause(0.01);

end

An image from the sequence for the (2,3) mode looks like

. ,--i' \Q& ‘ Jt"}t

| \\\ 1\\\ i \,“

il
& \\\\\\\m i

I

\\\\ W

05

-0.5

-0.5
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Diffusion Equation

The l-dimensional diffusion equation is
A*u(x,1) 1 du(x,1)
ox’ D ot

Using SOV we have
u(x,t)= X(x)T'(t)

19°X 11T .
=———=)1= separation constant

XJx DT o
We get equations and solutions
d’x

2

y —AX=0— X(x)=Acoskx+ Bsinkx
X

dT : :
d——)LDT =0T (1)=Qe " +Re""”
t

with

k> =-2
The positive exponential solution is not allowed physically
since it would imply that, as

t—>oo=T >

which makes no sense in a heat diffusion problem. On the other
hand for the negative exponential solution

t—>c00=T—0
which does make physical sense.

This is just an example of the "physics of the problem"
restricting or modifying the strictly mathematical solution.

Therefore, we have
T(z_) — e*kth

Special case:

Consider a l-dimensional rod of length a, at temperature T,

which has both of its ends placed in contact with a heat
reservoir at 7=0.

We have the possible solutions

u(x,t) = (Acoskx + Bsinkx)e ™* >
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Boundary Conditions
x=0—=u0,)=0 - (A)e =0 A4=0
nr

x=a—u(a,t)=0— (Bsinka)e *” =0 > sinka=0— k=k, = —
a

Therefore, a solution is given by
u (x,t)= B, sink xe ">
so that the most general solution is

. 12
u(x,t)= Y B, sink,xe "

Initial Conditions

At t = 0, we were in equilibrium such that 7 =7, everywhere. This

means that

x_
ot
so that
u(x,0) 1 du(x,0 :
Mﬁ ) 1 dulx ):0—9mammgdémmmnmnmxme6mw
ox D ot
d*u(x,0)

0 =0->u(x,0)=F+Gx=T, forall x=>G=0,F=T,
X

This gives
u(x,0)=T, =Y B,sink,x
nwx 27, { 4T, /nt  mnodd

2&
Bn:—jﬂﬁme——dxz——{l—amnﬁ%:
as a

nmw 0 n even

The final solution is then

4 . nmx "o
ulx,t)=T —sin—e ¢
(=1, 2 i
The MATLAB program tempdiff.pro, which generates a sequence of
temperature profiles (in time), is given by
¢ m-file diffl.m
=1.0
=1.0

Vv

~e we

T0=100.0;
kk=100;
tdel=0.005;
x=(a/kk)*(l:kk);
numterms=500;
for i=1:201
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t=tdel* (i-1);
z=0.0;
for j=l:numterms
Jjj=2*j-1;
z=2z+T0*(4.0/(jj*pi))*sin(jj*pi*x/a).*exp(-(Jjj*jj*pi*pi/a"2)
*D*t);
end
plot(x,z, '-k');
axis([-0.1 1.1*%a -10.0 1.1*T0]);
pause(0.05);
end

Another example:

We consider a slab, as shown below, which is infinite in the
y-direction. This means we only need to worry about the x and t

variables.

¥ slahb

consider heat flow
in the =slab

— 1, —

We assume that initially (t = 0)
T=0 a x=0

T=100 at x=L

and for t > 0 we assume
T=0 at x=0

T=0 at x=L

and ask what happens in time?
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The T(t) solution is the same as before, namely, TO):e”%% where
D=ao’-
For the x solution, first we find the initial steady-state T

distribution. We have only x to worry about (everything must be
uniform in y). Now, steady-state means

o _
ot
or
d*u(x,0
duE0) _ 6 u(x,0)= ax+b
dx
1(0,0)=0—>5b=0
100
u(L,0)=100 > a = —
L
so that

100x

u(x,0)=

For t > 0 we use the diffusion equation which gives
u(x,t) = (acos kx + bsin kx)e ™"
u0,t)=0-5b=0

n
w(L,1)=0—>sinkL=0— k =k, ="T

Therefore the most general solution is

- -(ﬂ)zt nmwx
u(x,t)zZane L sinT

n=1

Now
100x
u(x,0)= — =3 a, sin =
L n=1
which gives
200 (—1)""
a,=——
T n

and the solution

200 (<" A"V pmx
u(x,t)= - ;; e sin
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Heat conduction example:

We consider a long rectangular metal plate which has the steady-
state configuration as shown in the figure below:

T =10
at
WV far end

—— 10 cm —H*

T = 100 X

We are looking for a solution of the 2-dimensional steady-state

diffusion equation

T T 19T

VT (x,y)=2mt ="l =
ox~ dy- D ot

We assume
d’X _ dY
dx’ dy’

T(x,y)=Xx)Y(y)— =—k* , k>0

The solutions are
X(x)=asinkx+ bcoskx
Y(y)=ce® +de™

We made this particular choice of signs for the separation
constant because we need X to be trigonometric functions and Y
to be exponential functions for physical reasons, i.e., X being
trigonometric is the only way for us to be able to have X = 0 at
both x = 0 and x = 10.

Therefore, the solution is
T(x,y) = (asinkx+bcosk)(ce” +de™™)

The boundary conditions give
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T(0,)=0—b=0

TUOJO:O—9QEMk=O—+k:kn:ﬁE

which gives the most general solution (sum of all possible
solutions) as

T(X, y) = Zsin knx(cnek"y + dne—kny)

Now, if we let the far end be at y = 30, then we have

T(x,30)=0= Zsin k x(c,e +d e N d = e %

Therefore

-3  -Z(y-30)

. B iy . NTX _ iy
T(x,y)= Zdn sink x(e e + 7y = Za’n sin= e T (10 +e 10 )
n

—ZD sm—smh—(y 30)

Finally, we have

T(x,0)=100=-Y.D, sin%sinh 3n

n

Solving for D, we finally get

400 nmwx nw

T(x,y)=— sin sinh—(y—30
(x.3) (g‘nnnsinh?mrc 1o Sy =30)

A MATLAB program that plots the steady-state solution as a

surface and an image is given by

function z=ssfuncl(x,y,n)
z=(400.0/(n*pi*sinh(3.0*n*pi)))*sin(n*pi*x/10.0).* ...
sinh(n*pi*(30.0-y)/10.0);
¢ m-file diff2.m
x=0.0:0.2:10.0;
y=0.0:0.5:30.0;
[X,Y]=meshgrid(x,y);
sum=zeros (length(y),length(x));
for ii=1:30
jj=2*ii-1;
sum=sum+ssfuncl(X,Y,jj);
end
figure
mesh(X,Y,sum);
colormap(waves);
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% use Tools > Rotate3d to orient for viewing
figure

pcolor(X,Y,sum);

colormap(hot);

shading interp

figure

contour(X,Y,sum,40, '-k');
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