The Laplace Transform
Another important integral transform is the Laplace transform.

For a function f(t), we define the Laplace transform by

F(s)= [ dte™ f(t)= L(f(t))

The Laplace transform is a linear operator so that

L(af(t)+bg(t)) = aL(f(t)) +bL(g(t))

The Laplace transform has a first shifting property expressed as
if L(f(t))=F(s),then L(e“f())=F(s! a)

The Laplace transform has a second shifting property expressed as

. "f(t! a) t>a |
it L(f(z))=F(s),and g(t) = # then L(g(t))=e “F(s)
$O t<a

If welet r =1 /aqa, then o 1

F(s) = [dte™f(t) = g]idfces’”a f(z/a)

and if ao=s we get aF(ao) = Jd’ce_ST/a f(r/a)
0



Examples:

(1) Heaviside unit step function

L(H()) = Tdte‘“HO(t) = Tdte‘ﬁt = é = F(S)

Since integration is only between (1 " , this also says that

0 — st _°° —St_}
L(1)=£dte 1= | dre ==

(2) Exponential function f (1) =e"

™) = #it gl ot -1 - F(s! a)

sl a

or by first shifting

L(e"f(t))=F(s! a)
1

L(]) = —
S

L(e“1) = L(e") =

sl a



By second shifting

—as

L(H (1))= L(H,(t—a))= e “L(H, (1)) = —

\)
(4) Euler function €% = coSO+i9NO . From (2) we have
L(e”")=——= L(coswt +isin®t) = L(coswt) + iL(sin wt)
S —im
I s+iw ) (),
= . . = 2 2 T1 2 2
s—iows+inw s+ o s“+w
s
L(cosmt) =—; :
S+ @
0
L(sinwt) =
S + 0)

1 (oo

k —x . .
kﬂjx e "dx using x=st
0

1 k!
k+1 F(k T 1) T k+l
\) \)

(5) Power function t*

L(t") = the_“dt =
0 S




(6) Power series f(t)= i at"
n=0

n!

F(s)=L(f@) =" a,Lt")=" a,—
n=0 n=0 \)
(7) Bessel Function - we will see later that the Bessel function can be written as
1
J (1) = 2 gk ! = Bessdl fundion oforder 0
22 (k')
We have 00 k o0 k
(—-1)" (2k)!
L(J, (1)) = L(t°") =
( ( ) Zsz(k') ( ) 262216(16')2 S2k+l
Now™ 2k )1=1.2-3 o %=2-4-6-......:2k-1-3-5-....... (2k - 1)

=2k1-1-3:5-....... (2k = 1)

(1D (2k)! 1%, #(l 1) 183%58..... K2k ! 1)(
22k(k|) (2k+] _S& ' 122kk| o2k )

SO

L(Jo(1)) = #

Now using the binomial theorem



| | |
(1+x)”:1+2x+n(n' 1)x2+. +n(n. D......(.n! k+1)xk+....

1! 2! k!

12 (! 1)"19/0 (! 1)2"1%5-% (! 1)k"1%§f)/‘?.." 2k 1%
"1+i.% =1+ %2 ] 1.%+ ﬁz&ﬁz&" 1%+ + ﬁz&ﬁz& ﬁ 2 & 1?/6
e T X 2! $og 2! #28

or VO |
L(J,())= —(1 + —2) = Wow!
S S \/52 +1

(7) Dirac Delta Function

L[5(t o to)] — 75(1‘ — 1, )e_Stdt — o %o

There are tables of Laplace transforms.

More examples - typical electric circuit input functions):

(1) Consider the square pulse

-

0 for t<a
fH)=< A for a<t<b
0 for t>b

\



We rewrite this function as
f(t)=AH,(1)! AH, (1)

and then using linearity and (3) we have
I as I bs
A

L(fe)=AaS—1 aS—=Lyplay g
\ ) )
(2) Consider the time-dependent pulse
0 br 0<<1
fH)y=41° br 1<<2
0 br 2<

\

We rewrite this function as

f)=H ()’ H, (1)t’

This expression is not in the proper form to use the second shift property. We fix it by the
following algebra

fO=H®|t-1)’+20t-D+1|-H, ()] (t-2) +4(—-2)+4 |

Now using the second shift property and linearity we have



L(F@0)= L(H,O[( =1+ 20~ 1) +1])~ L(H,()[ (- 2" + 4(t - 2) + 4]}
= ]o[(t —1?+ 2t 1) +1|e"dt - ]o[(r — 2P+ 4(t—2)+4 e dt

2

o0

=" ]o[xz + 2x + 1] e dx— e_zsj[xz + 4x + 4}e_sxdx
0

0

2 2 11 _L[2 4 4
=¢'| S+5+-|—e =+ —
\) \) \) \) \) \)

Finally, let us use the tables to find the inverse Laplace transform.

(1) Consider F(g) = 25
(5) s°+4
Now
2
L(cosmt) =—; > ~—> L(2cos2t) = — > > f(t)=2cos2t = Ll( > - 2)
s+ s*+4 s+
. Os
(2) Consider F(s) = _
s“+4s5s+13

Now



6s B 6s _6(s+2)-12 6(s+2) B 12

F(S): 2 o 2 o 2 o 2 2
s“+4s+13 (s+2)+9 ($+2)"+9 (s+2)+9 (s+2)"+9

which is in a form where we can use the first shift property. We have

L(e*f(t))=F(s! a) and L(cos"t) = 2 +S
I +2
or L(e.2t COS 3t) — L(COS 3(t + 2)) — (S . )
(s+2)+9
and w
L(e*f(t))=F(s—a) and L(sinwt)=———
S +w
of L(e* sin3t)= L(sin3(t + 2)) = s _|_23)2 o
Therefore, o o 06+2) 12 _ (1 e cos3t)— 4L sin3t)

(S+2)°+9 (S+2)°+9
= L(6e " cos 3t —4e ' sin 3t)

Os 0/
s°+4s + 13&

or

f(t)=L" ﬁ 2¢'“'(3c0s3t ! 25n3)



(3) Consider de' % "4 0

F(s)= = ;
=16 221 16 &
N
N L(sinh47)=— 4 > L_l( : u j:sinh4t
s —16 s —16
The second shift property then gives
L(sinh4(t —2)) = € *°L(sinh 4t) = €° > 4
S —16
or L 4e” % (sinh4(r! 2) for 2
f@)=L 1@ 2 T
s°116& %0 for t<2

Other Properties of the Laplace Transform
Laplace Transform of Derivatives and Integrals

I will just quote some results here without proof. L(f)=sL(f)— f(0)
L(f™)=s"L(f)=s""f(0)=s"°f'(0)—......— f"(0)

L Jf(T)dT :lL(f)
g S



Examples:

(1) Consider f(z) =tsint . We have
f'(t)=tcost —sint and f'"(t)=—tsint + 2cost

Now ) , ,
L(f)=s"L(f)=sf(0)= f(0)=s5"L(f)
L(tsint) = izL(2cost —tsint) = %[L(Zcost) — L(tsin?) |
s s
(1 + %)L(tsint) = izL(2cost) = %L(cost) = 22 2S
S S S sTs +1
L(tsint) = 28
(5P +1)
(2) If 7 3
L(tsin2t) = I F(s)= (% +4)
L= F()= s =

(s2+4)  s(s>+4)

1 28

L[Jf(f)df) LY L[jfsinZTdT) L pesinan =1
0 S 0

) s (s +4)
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or f f
L(f)= 4L[Jrsin2¢dr] — f(r) = 4jfsin2m’r = —2t COS2t + SN2t
0 0

Derivatives and Integrals of the Laplace Transform

L(t"f(t))=(=1)"F"(s)
L(@j = ]iF(G)dG
t A
Laplace Transforms of Periodic Functions

We now consider functions that are periodic with period a, i.e.,

f@y=f(t+na) n=1273,.........
The transform is . . ha 3a
L(f (1)) = #f ()e “dt = #f (t)e “dt + #f (H)e “dt + #f (H)e “dt+......
0 0 a 2a
= Hf (H)e Sdt+ Hf (t +a)e " Pdt + Hf (t +2a)e S Vdt + ...
0 0 0

— #f (t)e' Stdt + #f (t)e' S(t+a)dt + #f (t)e' S(t+2a)dt +
0 0 0

=(1+€=+e2+ ) #f (e *dt 5 ##f (t)e *dt
0 ) 0
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Partial Fractions
(1) Consider two polynomials P(s) and Q(s) such that

degree(Q) > degree(P)

and O(s)=(s—a,)(s—a,)(s—a;)............ (s —a,) with all the roots &
distinct. We saw earlier that we can then write(partial fractions)
F(s)= P(s) __ A + 4, + 4, + oot A,
o(s) (s—a) (s—a,) (s—ay) (s—a,)
We then have
. P(s)
Iim ——(S— =
i S (S)( a)=A
9 (s-a
— 1im 823 p(g) = pa ) lim =) _ p(a ) lim 98
=ac Q(S) =ac Q(S) =a Ay,
ds
= P(a,) lim —— = — &)

% Q'(s) Q'(a,)
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Example:
s> +35°—2s+4

" s(s—1)(s—2)(s% + 4s + 3)

then what is f(t) or how do we find the inverse Laplace transform? We have

Suppose we know F( S)

F(s) = s°+35°—2s5+4 B s°+3s° =25+ 4
s(s=D(s=2)(s°+4s+3) s(s—1D(s—2)(s+D(s+ 3)
— A1+ AZ + AS 4+ A4 + AS
s (s=1) (s—-2) (s+1) (s+3)
Using
A = P(a,)
[O(s)/ (s —a, )],
we get
A=2/3,A,=13/4,A,=2/3,A,=12/3,A,=1/12
S0 that 2/3 3/4 2/3 2/3 1/12
F(S) = — + — +
s (s-1) (s—-2) (s+1) (s+3
Using
L(ea‘)zL we have f(t):%—éet+%e2t—%e‘t+ie—3t

S—a 3 4 3 3 12
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When the roots of Q(s) are not all distinct we get a different result. Suppose there is a
repeated factor (s—a,)" ,i.e,

O(s)=(s! a)"(s! a,)(s! az)...c.c.....

We then get
F(s)zﬂz B — Bm‘lm_1+ ..... + % ~+ 5 + A + A +
Q(S) (S_al) (S_a1) (S_a1) (S_a1) (S_az) (S_as)
where P(a,)
A =
[O(s) /(s —a,)],-,,
and 1 a™ Py %
" (! D" F0() 1 (5! )" g,

. P(a,)
") (5 a)" %

Two final cases are:

O(s)=((s—a) +b>)(s— a ) s—a,)(s—a;).cccuc....

P(s)  Bs+B, A N A,

F(s)= = ——+
O(s) (s—a)y +b° (s—a,) (s—a,)
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P(a,) ) P(s) $

. | _ .
CI0() / (s—a)], AlarbITE §Q<S>/%&S! )" +08y.
and Q(s):((s—a)2+b2)2(S—dl)(S_az)(S_a3) ............
F(S):P(S): Cs+C, , Bs+B, A 4 L
O(s) ((s! a)?+b?)? (s! a)*+b* (s! a) (s! a)

A = P(a,)
[Q(s)/ (s —a,)],

P(s)
0 /[(s—ay+b°] |

c,(a+ib)+c, =

d P(s)
ds| (s)/[(s—ay +b° ]

B (a+ib)+ B, =

A Convolution Theorem
Suppose that we have two functions f(t) and g(t). We define the integral
t
n(t) = j f(t—7)g(7)dr = f * g = convolution integral
0

I L(f(t)) = F(s) and L(g(t)) = G(s)
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then we have r
H(s)= | die”h(t) = F(s)G(s) = L(f *3)

The Error Function as an Example of Convolution

The error function is defined by

erf (x) = %je dt

From the table
L i _ \/E . Ll( 1 j_ e_t
\/; Vs +1 ' Vs +1 \/E

Now the convolution theorem says that

1 1 t t e’
L' - = = — dt = | (1 d
(S rHj fg !f(t 7)g(T)dT £<>% T
M =19t = F(9)= L, G(s) =
— T T Y T e Y T e

Changing variables with x=+// we get

L( j i e %je dx = erf (+/t)
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