Dealing with the Laplacian
To deal with other equations we must work with the full Laplacian operator.

The first step is always to separate out the dependence using the SOV procedure. So we
always assume u(;’t) _ u(; \T'(1)
Most of the PDEs of interest then reduce to the form

(1 2+ k2)u(r) =0

k*=0 fortheLaplace equaion

k>0 for the Hemholtz equaion

k*<0 forthediffuson euaion

The Schrodinger equation is an exception to the rule because of the appearance of an extra

term due to the potential function 2m_ "
|—2V(’” )

The Laplacian in different Coordinate Systems

Cartesian V2 S R

Cylindrical Polar




Spherical Polar
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Cartesian SOV Solution:  assuming
u(r) = X(X)Y(y)Z(2)
1&x 1&Y 1dZ

X dx’ Y dy2
we then choose
1 dZY d?y 5 1 d? d°Z
> +mY=0 and = =—m’ — +mZ=0
Yay - g t™ =gz T
which gives d2 X d2 X
+ (k> ! X=0-= + M X
dx’ (4 L) dx’ i
so that we end up with three separate ODEs
Cylindrical Polar SOV Solution: assuming
u(f) =u(p,9,2) = R(p)P(¢)Z(2)
1 d( IR 1 0°d 10°Z |,
———| p= |t —+ —+k =0
pRdp\" dp ) p® dp~ Z oz

we then choose
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Again, we end up with three separate ODEs

Spherical Polar SOV Solution:  assuming

u(@)=u(r,!,")=Rr)#()$ (")
1 %&, %), 1  %&. %) 1 %$

r 9N +k°=0
rR%( %’_‘l_ rSln’#%( %;‘l_ r’sn®!$ 9°
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Again, we end up with three separate ODEs



Solutions
Cartesian

The three ODEs for X, Y, and Z are all solved either by trigonometric functions or
exponentials.

Cylindrical Polar

The Zand ® equations are solved either by trigonometric functions or exponentials.
The R or radial equation is

d %
f —+z—+(z2| m )y J (2)=0 , z=()
&
where J, (z) is the cylindrical Bessel function of order m. It is the solution of this
equation that behaves like | 74"
2%

as z! O
Spherical Polar

The @& equation is solved either by trigonometric functions or exponentials.



The equation for @ is familiar. Putting x =cos! we get

d’ d m’
| -X)——-2X——| C— P(x)=0
( )dx dx [ 1—x2] 0

which is the Associated Legendre equation. The ODE Legendre equation we studied
earlier is a special case of this equation with m = 0. This equation can be solved by a
power series using the standard Frobenius method.

The infinite Frobenius series obtained is only convergent for x| <1, The solution at [x|=
is infinite(not good) unless

c=c =1(1+1) , 1=0,1,2,3,..........

With this choice of c the Frobenius infinite series terminates as a polynomial, which is
called the associated Legendre polynomial P"(x)

Since physical solutions must be bounded, we choose always to terminate the series and
get associated Legendre polynomials as the solutions with ¢/ non-negative.
d m® %

11 d2
1! x)— 1 2x— 1 1(1 +1)! +P"(x)=0 , x=co
2( )dx2 dx ( ) 1'x& () = X

The r or radial equation is then
d’ d %
+2z—+ (22! 1(1 +1 2)=0 , z=kr
ﬁz ) - ( ( ))& J,(2)



where |,(2) is the spherical Bessel function of order ¢ and

: T
J, (Z) — \/;J!H/z(z)

These Bessel functions are among the most useful of the so-called "higher
transcendental functions". A transcendental function is one that is not "algebraic"
An algebraic function of x is one that can be generated from x by a finite number of
algebraic operations like +, -, x,/ .

For example, a polynomial is algebraic but log(x) is not. The elementary transcendental
functions are exp, log, sin, cos, sinh, cosh, ....

Each of these equations has a second linearly independent  solution
Q" (z) = assodated Legendre fundion ofthe second knd
N (z) = cylindncal Bessal fundion ofthe second knd
N, (z) = sphaica Bessal fundion ofthe second kind

They generally have divergent properties at the origin and are only included in the most
general solution to a problem if the origin is excluded from the system under consideration.

The properties of the Bessel function, the Legendre polynomials, the Laguerre polynomials
and the Hermite polynomials are in your textbook, earlier in my class notes and in various
mathematical tables.



The important properties are:
(1) which ODE they solve
(2) recurrence formulas
(3) indefinite and definite integrals
(4) orthogonality relations

You will need to use these results to solve PDEs. In addition, your text illustrates
how to use various properties of these functions.

Special case k = 0 gives Laplace equation

We get for the radial equation in this special case
1 d! ,dR$, '(I +1 d°R 2dR, (I +1
LdldRg 10rDp - OR, 2R 10D
r*Rdr dr r’ dr r dr r

We consider the solution R=r? where q is to be determined. Substitution gives
(g(q! D+2q! 't +D))yr**=0" g°+q! (1 +1)=0
"g=!,! (I +1

Therefore the most general solution is
R(ry=ar +a,r

—(1+1)
where the second term must be excluded if the origin (r = 0) is in the system.

All this theory can fry the brain....... so let us do a few examples.



Vibration of a Circular Membrane (drumhead)

The circular membrane is fixed at the rim(circular boundary). We want to determine the
characteristic frequencies and vibrational normal modes. The membrane is in the x-y or

ri " plane and z represents the vibration amplitude. We choose the coordinate
origin at the center of the membrane. We have the wave equation
) 1 $z
! 22( 1) _FW
1 1 d°T
z=F("HTHt)% —! °F=— = &k*
CATO F V' dt’
| °F + k°F =0 % Helmholtz equaion

T +kV'T =0
If we choose " "
FC(")=R(UD)#()

we can separate the Helmholtz equation as
" " mn?2
O#R& L)
!Ru! %) n! ( !2) "2
1 ::2! d2| 2

=$n° % —— + n°!

" d#”

We then let
=0

to obtain



d°R  dR
‘——+p—+(k’p°—n°)R=0
dp’ P ( P n)

dp
We then have solutions

T(t)=csmkvt +dcos kvt

' (")=asinn" +bcosn”

o,

where n must be an integer so that
D(9) = D(9+2r)

l.e., it makes no physical sense to get a different solution (different physics) if we change
! by 2! . Finally we have the solution of the radial equation

R(p) = J,(kp)

There is no contribution from the N,(kp) solution because it is singular at p=0 which
is the center of the membrane.

Thus, a solution for the circular membrane is

2(p,0,t) = J (kp)(asinng + b cosng)(csinkvt + d coskvt)
At | =1 we have the boundary condition z = 0 for all ¢,t . This implies that
J(k)=0! k=k_ =m"zeroof J_

The most general solution is then



(!, 0)=# J,(k,,))a,,snn" +b,, cosn")(c,, Sink,, vt +d,, cosk,,vt)

To completely solve this problem, we would need to use a double Fourier series in

to determine the allowed (n, m) values and the corresponding coefficients given ¢ and t
appropriate initial conditions on the position and velocity of the membrane. This is very
tedious so, instead, we will look at some properties of the solutions.

With the circular membrane we also get normal modes with characteristic frequencies

v = Om _ K.V
mn
2r 2r

There is a doubly infinite set of such modes and frequencies. All frequencies are
different and not equal to multiples of a fundamental as with a vibrating string. This
IS the reason why a drum is different from a violin !

The MATLAB program below generates the normal modes of the drumhead.

¢ m-file drumhead.m
Q=input('[m,n,ampl] :' )
m=Q(1);n=Q(2);,ampl=0(3);
kval=zeros(3,3);

kval(l,:)=[2.40483,5.52008,8.65373];
kval(2,:)=[3.83171,7.01559,10.17347];
kval(3,:)=[5.13562,8.41724,11.61984];

[TH,R] = meshgrid((0:5:360)*pi/180,0:.05:1);
Z=ampl*besselj(n,kval(m+l,n+l)*R).*cos(n*TH);
[X,Y,Z2] = pol2cart(TH,R,Z);

surf(X,Y,2)

axis([-1 1 -11 -1,11)
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Some images are below

>> drumhead

[0,0,0.5]

[m,n,ampl]

NEew Flgure

>> drumhead

:[0,1,0.5]

[m,n,ampl]
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>> drumhead
[m,n,ampl] :[2,0,0.5]

>> drumhead
[m,n,ampl] :[2,2,0.5]

o5l : T

12



Steady State Temperature in a Cylinder

In this example, we have a semi-infinite cylinder of radiusr = 1inthe r! " plane with
one cap at z = 0 and extendingto Z=! ., Thecapatz=0iskeptatT = 100 and

the cylindrical surface is kept at T = 0. We also assume that 7! 0 as T— <,
Because this is a steady-state problem

T _
ot
and we have the equation 19 ( 8Tj 1 T 9T

VT =0=——| p— |+ +
p dp p(}’p p° do° 97

We substitute the SOV solution
1 %& WR) 1 O6# 1%2_0

[l — | " _ — o
T('a 9Z) R()#( )Z(Z)$ IR%( %;‘l_-l_lz# 0/0'2+Z O/Qz

0

We choose
2 2 2 2
which leads to 2
pzd I§+pd—R+(k2p2—n2)R:O
dp dp

We then have the solutions
Z(Z) — e—kZ



where we only include the negative exponential solutions since the positive exponential
solutions make no physical sense for this system since T—0 as Z—° | and

d(p) = asnng + b cosng
where we must choose n = integer so that
L (")=1 (" +2%)
l.e., it makes no physical sense to get a different solution (different physics) if we
change @ by 27 , and
R(/)=J.(k!)

where we have not included the other solution ~,(k!) because it is singular at p=0 which
IS the center of the cylinder.

The boundary condition on the cylindrical surface gives
R(1)=J,(k)=0
so that the possible k-values are the zeroes of the Bessel function of order n, i.e,,
k=k =m" zeroof J
Thus, a solution for the cylinder is
T(!,",2) =3, (k) )(a,,Snn" +Db,, cosn") e

If we turn the cylinder through any angle, the boundary conditions on the top and bottom
caps are the same (independent of ¢ ). Therefore, the solution cannot depend on ¢
This means that the only allowed value of n = 0. The solutions are then
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T (!,",2)=b J,(k, !)e"""

where k_ =m" zero of J,

The most general solution is the superposition

$
T(!,".2)=%p J,(k !)e"*
m=1

In this case, the D, are determined by the exact temperature value on the bottom cap.
We have the boundary condition on the bgttom cap

T(,",00=100=% b J,(k,!)
m=1
This should remind you of a Fourier series. However, instead of expanding in
trigonometric function, here we expand in Bessel functions. Remember the earlier
class example where we expanded both in a Fourier series and in Legendre polynomials.

From the properties of the Bessel function we can determine the coefficients as follows:

100 =# b_J,(k.!)

m=1

§00! 3y (k,d! =# b, G I,(k, /)3, (k) Hd! =# b %, F 13, (k! 1Pd!

| b
=b, 13, (kT d! = 223, (k)T
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or b~ 200
S A

Jp o(k,p)dp

Now,

d 1 dy, ., " " ’
a1 =008 gl e ] =k )

which gives .

[ p3u(p)do = J d[kpd )] =PIk Py = -3, (K)

K, K,
and - 200 J (k)= 200
[J, (k)] k, k J (k)

We finally get the solution

. 200
T(!,",z)= %

2k J (k)

J, (k 1e

Steady State Temperature in a Sphere

We have a sphere of radius r = 1. The upper hemisphere is kept at T = 100 and the
lower hemisphere is kept at T = 0. We now know the process so we will just write down
all of the steps.

Equations:

16



| °T =0
T(r," ,#)=R(r)$ (")%(#)
1 &' 2&R*+ 1 &'Si &+ 1 &%

——)yr°— n + =0
R&rz & * 9n"$ &"2 &'+ d9n®"% &
We choose
1 9*® ‘D
J > = —m’ >d > +m*d=0
D ¢ do
2 2
| &(sineﬁ)— AN d(sineﬁ)— Z_0+k0=0
sin 60 dO d0 sin” @ sin@ do do sin” 0
which gives q 9
—(rZ—R)—kR:O
dr dr
Solutions:

First, ®(¢)=asinmp+bcosm¢p where m = integer so that P(¢) = D(¢ + 27)
We then choose k = /(¢ +1) to get convergent polynomials, i.e.,
©(6) = P (cosp)

We neglect the Legendre functions of the second kind because they are singular at
cosf=1.
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Finally, we have R(r)=cr' +dr' (£+1)

We must, however, choose d = 0 or the solution diverges at r = 0, which is in the
physical system under consideration.

General solution
T(r,!,")=r'P"(cos! )(asnm" + bcosm")

We have boundary conditions that are independent of ¢ . Therefore we can only
have m = 0 and our general solutiog becomes

Tr,!,")=F br'R(cos!)
1 =0

where P,(cos@) = Legendre polynomial.

We determine the coefficients by using the other boundary condition

T(L6.0) ibP(cosH) ((6) (100 Pr 0<0< /2
_ p— — <
0 — 0 br z/2<0<n

.

This is always possible to do because the Legendre polynomial functions are an
orthonormal basis on the interval [0,1]. We finally get

18



& 100 r 0! $ 942
| I ) =
#bP(COS) fi)= 1 0 br %42%! $ %

1

+dxP (x)# b P (x)= -|-de (x)f(x)= 100-|de (x)

*1 *1

# b, 5P, (x)P. (x) = 1004dP, (3

" 2 ' 2 '
b, | = 1004exP (x) = b - b =50(2n +1)4dxP
fo R ;rdx (%) ST (2n );tdx (%)

Therefore,

T(r,!,")= 5037(12! + l);ll:,kixP! (x)r' P, (cos! )

Now,

1 1 1 1
dXPo(X)=JdX=1 , jdXPl(X)zj.xdx=E
0 0 0

1
dxP, (X) = % [ (3¢ —Ddx=0
0

1

=< jde4(x)=O jde(X) =

16
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so that we get the final answer

T(r,!,")= 100% P,(cos! ) + 3 P (cos! ) # ! P,(cos! ) + = P.(cos! ) +.....

4 16 32 !

Assume that the neutron density n inside U,z obeys the differential equation
1 &(r,” ,#,t)
% &

with n = 0 on the surface of the sphere. Find the critical radius R,  such that the

neutron density insidea U,z  sphere of radius R, or greater is unstable and
increases exponentially with time (called nuclear fission ).

Nuclear Fission Example

| Zn(r," #,0) + $n(r," #,1) =

We have
18(2871) 1 8(. 0"n) 1 9%n 1on
— | = |+ 5= SN0 — |+—5—— ~+An=——
reor\_ odr) r°sné do d0) r-9n“0 Jo K ot

We make the standard SOV substitution N(r,0,0,t) = R(r)©O0)d(¢)T (1) to get

1 d(zdR) 1 d( d@j 1 d°0 1dT

> re— |+—= SN0— |+ ———; ~+A= =—k
r“R dr dr ) r°9nfo do d0 ) r aIn“ oo do KT dt
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Thus, dT ,
d_+k!T:O" T(t)Ze#k't
!

We choose

1 qu) 2 dzq) 2 y
——m? — + M ®=0— ®(¢p) =asnmy + bcos

Since there is no @ dependence in the system, we must choose m = 0 so that ! (")=5 .

We choose

1 d d"
BT %in! ch(gL:)C:)!(H-l)* "(1)=PR(cos!)

Since there is no 6 dependence in the system, we must choose ¢ = 0 so that
I (")=P,(cos")=1 .

This leaves us with only the radial equation remaining

2
21 d (rzde A+k=0-r20 I? | Zrd—R+r2(A+ KYR=0
r*Rdr\ dr

dr dr
Remember the full solution for this system is now
n(r,t) = R(r)e "

We can change the radial equation to
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‘R R
22d +22d—+zR 0 Z=~JA+Kr

dz dz ’
which is the spherical Bessel function equation
d %,
f _+2Z—+<z2! (1 +1))7 ], (2) =0
&

for / = ().

The solution in this case is . ,
. _sinz _sin+/! +kr
R(2)=J,(2)=—=
y4 I +Kr

The general solution is then

sinv/! +Kkr .
n(r,t) = s e !

The boundary condition is

n(Ryt)=0—sinVA+kr=0— JA+k, R, =mn

so that 2] 2
m

k, =——" #

22



. /
Therefore our solution is sn, o,
n (r,t)= IR TR
mR m!
—r
RO
The full general solution is a superposition of these solutions for all m values.
mi
sin R r —(%—ljm

If,

then the solution is unstable (grows exponentially with time), i.e., if,
m/

%> 1))

then we have unstable behavior. The minimum value of m is 1. Therefore, we have
unstable behavior if T
Ry > 7

or we get a nuclear explosion if we bring too much U,.. together. The value of !
was classified TOP SECRET for a very long time. The actual value gives an unstable radius
such that they need to bring about 3 kg of uranium together for a bomb.
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