
Dealing with the Laplacian

To deal with other equations we must work with the full Laplacian operator. 

The first step is always to separate out the  dependence using the SOV procedure. So we 
always assume

 u(
!r ,t) = u(!r )T (t)

Most of the PDEs of interest then reduce to the form

 

! 2 + k2( )u(
!r ) = 0

k2 = 0     for the Laplace equation

k2 > 0     for the Helmholtz equation

k2 < 0     for the diffusion equation

The Schrodinger equation is an exception to the rule because of the appearance of an extra 
term due to the potential function
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Cartesian SOV Solution:  assuming

 

u(!r ) = X(x)Y(y)Z(z)
1
X

d2X
dx2

+
1
Y

d2Y
dy2

+
1
Z

d2Z
dz2

+ k2 = 0

we then choose

1
Y

d2Y
dy2 = −my

2 →
d2Y
dy2 + my

2Y = 0 and
1
Z

d2Z
dz2 = −mz

2 →
d2Z
dz2 + mz

2Z = 0

which gives d2X
dx2

+ (k2 ! my
2 ! mz

2 )X = 0 =
d2X
dx2

+ mx
2X

so that we end up with three separate ODEs .

Cylindrical Polar SOV Solution:  assuming

 

u(!r ) = u(ρ,φ,z) = R(ρ)Φ(φ)Z(z)

1
ρR

∂
∂ρ

ρ ∂R
∂ρ

⎛
⎝⎜

⎞
⎠⎟
+

1
ρ2Φ

∂ 2Φ
∂φ 2

+
1
Z
∂ 2Z
∂z2

+ k2 = 0

we then choose
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1
!

d2!
d" 2 = #m2 $

d2!
d" 2 + m2! = 0 and

1
Z

d2Z
dz2

= %2 $
d2Z
dz2

# %2Z = 0

which gives
! 2 " 2R

" ! 2 + !
" R
" !

+ #2! 2 $ m2( )R= 0 , #2 = k2 +%2

Again, we end up with three separate ODEs .

Spherical Polar SOV Solution:  assuming

 

u(
r ) = u(r,! ," ) = R(r)# (! )$ (" )

1
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+
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r2 sin2 ! $
%2$
%" 2 + k2 = 0

we then choose 1
Φ

d2Φ
dφ 2

= −m2 →
d2Φ
dφ 2

+ m2Φ = 0

1
sin! "

d
d!

sin!
#"
#!

$
%&

'
()

*
m2

sin2 !
= * c +

1
sin!

d
d!

sin!
#"
#!

$
%&

'
()

*
m2

sin2 !
" + c" = 0

which gives 1
r2R

∂
∂r

r2 ∂R
∂r

⎛
⎝⎜

⎞
⎠⎟
−
c
r2 R + k2R = 0

Again, we end up with three separate ODEs .
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Solutions

Cartesian

The three ODEs for X, Y, and Z are all solved either by trigonometric functions or 
exponentials.

Φ

Cylindrical Polar

The Z and       equations are solved either by trigonometric functions or exponentials. 
The R or radial equation  is

z2
d 2

dz2
+ z

d
dz

+ (z2 ! m2 )
"

#
$

%

&
' Jm (z) = 0 , z = ( )

Jm (z)where            is the cylindrical Bessel function of order m. It is the solution of this 
equation that behaves like z

2
!
"#

$
%&

m

z ! 0as             .

Φ

Spherical Polar

The          equation is solved either by trigonometric functions or exponentials.
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Θ x = cos!The equation for         is familiar. Putting                 we get

(1− x2 ) d2

dx2
− 2x

d
dx

− c−
m2

1− x2
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥P(x) = 0

which is the Associated Legendre equation. The ODE Legendre equation we studied 
earlier is a special case of this equation with m = 0. This equation can be solved by a 
power series using the standard Frobenius method.

x <1 x = 1The infinite Frobenius series obtained is only convergent for         . The solution at   
is infinite(not good) unless

 c = c! = ! (! +1) , ! = 0,1,2,3,..........

 
P


m (x)
With this choice of c the Frobenius infinite series terminates as a polynomial, which is 
called the associated Legendre polynomial            .

 
Since physical solutions must be bounded, we choose always to terminate the series and 
get associated Legendre polynomials as the solutions with       non-negative.

 
(1! x2)

d2

dx2 ! 2x
d
dx

! ! (! +1) !
m2

1! x2

"

#
$

%

&
' P!

m (x) = 0 , x = cos(

The r or radial equation is then

 
z2

d2

dz2
+ 2z

d
dz

+ (z2 ! ! (! +1))
"

#
$

%

&
' j! (z) = 0 , z = kr
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j

(z)  where           is the spherical Bessel function of order         and 

 
j ! (z) =

π
2z

J! +1/2(z)

These Bessel functions are among the most useful of the so-called "higher 
transcendental functions".  A transcendental function is one that is not "algebraic" . 
An algebraic function of x is one that can be generated from x by a finite number of 
algebraic operations like + , - , x , /  .

For example, a polynomial is algebraic but log(x) is not. The elementary transcendental 
functions are exp, log, sin, cos, sinh, cosh, ....

Each of these equations has a second linearly independent  solution

 

Q!
m(z) = associated Legendre function of the second kind

Nm(z) = cylindrical Bessel function of the second kind

η! (z) = spherical Bessel function of the second kind

They generally have divergent properties at the origin and are only included in the most 
general solution to a problem if the origin is excluded from the system under consideration.

The properties of the Bessel function, the Legendre polynomials, the Laguerre polynomials 
and the Hermite polynomials are in your textbook, earlier in my class notes and in various 
mathematical tables. 
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The important properties are:
  (1) which ODE they solve
  (2) recurrence formulas
  (3) indefinite and definite integrals
  (4) orthogonality relations

You will need to use these results to solve PDEs. In addition, your text illustrates 
how to use various properties of these functions. 

Special case k = 0  gives Laplace equation

We get for the radial equation in this special case

 

1
r 2R

d
dr

r 2
dR
dr

!
"#

$
%&

'
! (! +1)

r 2
R= 0 =

d2R
dr2

+
2
r

dR
dr

'
! (! +1)

r 2
R

R = rqWe consider the solution            where q is to be determined. Substitution gives

 

(q(q ! 1) + 2q ! ! (! +1))r q! 2 = 0 " q2 + q ! ! (! +1) = 0

" q = ! , ! (! +1)
Therefore the most general solution is

 R(r) = a1r
! + a2r

−(! +1)

where the second term must be excluded if the origin (r = 0) is in the system.

All this theory can fry the brain....... so let us do a few examples.
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r ! "

Vibration of a Circular Membrane (drumhead)

The circular membrane is fixed at the rim(circular boundary). We want to determine the 
characteristic frequencies and vibrational normal modes. The membrane is in the x-y or  
              plane and z represents the vibration amplitude. We choose the coordinate 
origin at the center of the membrane. We have the wave equation

 

! 2z(" ,#,t) =
1
v2

$2z
$t 2

z = F(" ,#)T(t)% 1
F

! 2F =
1
v2

d2T
dt2

= &k2

! 2F + k2F = 0% Helmholtz equation
T + k2v2T = 0

If we choose F(! ," ) = R(! )# (" )

we can separate the Helmholtz equation as

1
! R

"
" !

!
" R
" !

#

$%
&

'(
+

1
! 2)

" 2)
" * 2 + k2 = 0

We then let 1
!

" 2!
"#2 = $n2 %

d2!
d#2 + n2! = 0

to obtain
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ρ2 d
2R
dρ2 + ρ dR

dρ
+ k2ρ2 − n2( )R = 0

We then have solutions

T (t) = csin kvt + d coskvt
! (" ) = asinn" + bcosn"

where n must be an integer so that

Φ(φ) = Φ(φ + 2π )

! 2!
i.e., it makes no physical sense to get a different solution (different physics) if we change     
         by          . Finally we have the solution of the radial equation

R(ρ) = Jn(kρ)

Nn(kρ) ρ = 0There is no contribution from the              solution because it is singular at             which 
is the center of the membrane.

Thus, a solution for the circular membrane is

z(ρ,φ,t) = Jn (kρ) asinnφ + bcosnφ( ) csinkvt + d coskvt( )
! =1 φ ,tAt              we have the boundary condition z = 0 for all         . This implies that

Jn(k) = 0 ! k = kmn = mth zero of Jn

The most general solution is then
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z(! ," ,t) = Jn (kmn! )
m,n
# amn sinn" + bmn cosn"( ) cmn sinkmnvt + dmn coskmnvt( )

φ   and  t
To completely solve this problem, we would need to use a double Fourier series in  
to determine the allowed (n, m) values and the corresponding coefficients given 
appropriate initial conditions on the position and velocity of the membrane. This is very 
tedious so, instead, we will look at some properties of the solutions.

With the circular membrane we also get normal modes with characteristic frequencies

vmn =
ωmn

2π
=

kmnv
2π

There is a doubly infinite set of such modes and frequencies. All frequencies are 
different and not equal to multiples of a fundamental as with a vibrating string. This 
is the reason why a drum is different from a violin !

The MATLAB program below generates the normal modes of the drumhead.

% m-file drumhead.m
Q=input('[m,n,ampl] :' )
m=Q(1);n=Q(2);,ampl=Q(3);
kval=zeros(3,3);
kval(1,:)=[2.40483,5.52008,8.65373];
kval(2,:)=[3.83171,7.01559,10.17347];
kval(3,:)=[5.13562,8.41724,11.61984];
[TH,R] = meshgrid((0:5:360)*pi/180,0:.05:1);
Z=ampl*besselj(n,kval(m+1,n+1)*R).*cos(n*TH);
[X,Y,Z] = pol2cart(TH,R,Z);
surf(X,Y,Z)
axis([-1 1 -1 1 -1,1])
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Some images are below:

>> drumhead
[m,n,ampl] :[0,0,0.5]

>> drumhead
[m,n,ampl] :[0,1,0.5]
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>> drumhead
[m,n,ampl] :[2,0,0.5]

>> drumhead
[m,n,ampl] :[2,2,0.5]
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r ! "
z = !

T ! 0 z→∞

Steady State Temperature in a Cylinder

In this example, we have a semi-infinite cylinder of radius r = 1 in the             plane with 
one cap at z = 0 and extending to              . The cap at z = 0 is kept at T = 100 and 
the cylindrical surface is kept at T = 0. We also assume that              as             . 
Because this is a steady-state problem

∂T
∂t

= 0

and we have the equation
∇2T = 0 = 1

ρ
∂
∂ρ

ρ ∂T
∂ρ

⎛
⎝⎜

⎞
⎠⎟
+
1
ρ2

∂ 2T
∂φ 2

+
∂ 2T
∂z2

We substitute the SOV solution
T (! ," , z) = R(! )# (" )Z(z) $ 1

! R
%
%!

!
%R
%!

&

'(
)

*+
+

1
! 2#

%2#
%" 2 +

1
Z

%2Z
%z2

= 0

We choose

1
Z

d2Z
dz2 = k2 !

d2Z
dz2 " k2Z = 0 and

1
#

d2#
d$2 = " n2 !

d2#
d$2 + n2# = 0

which leads to
ρ2 d

2R
dρ2 + ρ dR

dρ
+ (k2ρ2 − n2)R = 0

We then have the solutions
Z(z) = e−kz
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T → 0 z→∞
where we only include the negative exponential solutions since the positive exponential 
solutions make no physical sense for this system since               as               , and

Φ(φ) = asinnφ + bcosnφ
where we must choose n = integer so that

! (" ) = ! (" + 2#)

φ 2π
i.e., it makes no physical sense to get a different solution (different physics) if we 
change         by         , and

R(! ) = Jn(k! )
Nn (k! ) ρ = 0where we have not included the other solution            because it is singular at          which 

is the center of the cylinder.

The boundary condition on the cylindrical surface gives
R(1) = Jn (k) = 0

k = kmn = m
th   zero of  Jn

so that the possible k-values are the zeroes of the Bessel function of order  n , i.e., 

Thus, a solution for the cylinder is
Tmn(! ," ,z) = Jn(kmn! ) amn sinn" + bmn cosn"( )e#kmnz

φ
If we turn the cylinder through any angle, the boundary conditions on the top and bottom 
caps are the same (independent of       ). Therefore, the solution cannot depend on        . 
This means that the only allowed value of n = 0. The solutions are then

φ
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Tm (! ," ,z) = bmJ0(km! )e#km z

km = mth   zero of  J0where                                    .

The most general solution is the superposition

T (! ," ,z) = bmJ0(km! )e#km z

m=1

$

%
bmIn this case, the         are determined by the exact temperature value on the bottom cap. 

We have the boundary condition on the bottom cap

T (! ," ,0) =100 = bmJ0 (km! )
m=1

#

$
This should remind you of a Fourier series. However, instead of expanding in 
trigonometric function, here we expand in Bessel functions. Remember the earlier 
class example where we expanded both in a Fourier series and in Legendre polynomials.

From the properties of the Bessel function we can determine the coefficients as follows:

100 = bmJ0 (km! )
m=1

"

#

100! J0
0

1

$ (kn! )d! = bm ! J0
0

1

$ (kn! )J0 (km! )d!
m=1

"

# = bm%mn ! [J0
0

1

$ (kn! )]2 d!
m=1

"

#

                          = bn ! [J0
0

1

$ (kn! )]2 d! =
bn

2
[J1(kn)]2
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or

Now,

which gives

and

bn =
200

[ J1(kn )]
2 ρJ0

0

1

∫ (knρ)dρ

d
dx

xJ1(x)[ ] = xJ0 (x) !
1
kn

d
d"

kn" J1(kn" )[ ] = kn" J0 (kn" )

ρJ0
0

1

∫ (knρ)dρ =
1
kn

d knρJ1(knρ)[ ]
0

1

∫ =
1
kn

ρJ1(knρ)
0

1 =
1
kn

J1(kn)

bn =
200

[J1(kn )]
2

1
kn
J1(kn ) =

200
knJ1(kn )

We finally get the solution
T (! ," , z) =

200
kmJ1(km )

J0 (km! )e#km z

m=1

$

%

Steady State Temperature in a Sphere

We have a sphere of radius r = 1. The upper hemisphere is kept at T = 100 and the 
lower hemisphere is kept at T = 0. We now know the process so we will just write down 
all of the steps.

Equations:
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! 2T = 0

T (r," ,#) = R(r)$ (" )%(#)

1
R

&
&r

r2 &R
&r

'
()

*
+,

+
1

sin" $
&
&"

sin"
&$
&"

'
()

*
+,

+
1

sin2" %
&2%
&#2 = 0

We choose

which gives   

1
Φ

∂ 2Φ
∂φ 2

= −m2 →
d 2Φ
dφ 2

+ m2Φ = 0

1
sinθΘ

∂
∂θ

sinθ ∂Θ
∂θ

⎛
⎝⎜

⎞
⎠⎟
−

m2

sin2θ
= −k→

1
sinθ

d
dθ

sinθ dΘ
dθ

⎛
⎝⎜

⎞
⎠⎟
−

m2

sin2θ
Θ + kΘ = 0

d
dr

r 2 dR
dr

⎛
⎝⎜

⎞
⎠⎟
− kR= 0

Φ(φ) = asinmφ + bcosmφ Φ(φ) = Φ(φ + 2π )

Solutions:  
 
First,                                            where m = integer so that                                   .

 
k = ( +1)We then choose                     to get convergent polynomials, i.e.,

 Θ(θ) = P!
m(cosθ)

cosθ = 1
We neglect the Legendre functions of the second kind because they are singular at 
                 .
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Finally, we have
 
R(r) = cr + dr ! (+1)

We must, however, choose d = 0 or the solution diverges at r = 0, which is in the 
physical system under consideration.

General solution

 
T(r,! ," ) = r P



m(cos! ) asinm" + bcosm"( )
φWe have boundary conditions that are independent of          . Therefore we can only 

have m = 0 and our general solution becomes

 
T(r ,! ," ) = b! r

! P! (cos! )
! =0

#

$
 
P

(cosθ)where                      = Legendre polynomial.

We determine the coefficients by using the other boundary condition

 

T(1,θ,φ) = b

P

(cosθ)

=0

∞

∑ = f (θ) =
100       for  0≤θ ≤ π /2

  0         for  π /2 ≤θ ≤ π
⎧
⎨
⎩

This is always possible to do because the Legendre polynomial functions are an 
orthonormal basis on the interval [0,1]. We finally get
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b!P! (cos! )
! =0

"

# = f (! ) = 100       for  0$ ! $ %/2
  0         for  %/2 $ ! $ %

&
'
()

dx
* 1

1

+ Pn (x) b!P! (x)
! =0

"

# = dx
* 1

1

+ Pn (x) f (x) = 100 dx
0

1

+ Pn (x)

b!
! =0

"

# dx
* 1

1

+ Pn (x)P! (x) = 100 dx
0

1

+ Pn (x)

b!
! =0

"

# , n!

2
2n +1

= 100 dx
0

1

+ Pn (x) =
2

2n +1
bn - bn = 50(2n +1) dx

0

1

+ Pn (x)

Therefore,

 
T (r,! ," ) = 50 (2! +1) dx

0

1

# P! (x)r
!P! (cos! )

! =0

$

%
Now,

dx
0

1

∫ P0(x) = dx
0

1

∫ = 1 , dx
0

1

∫ P1(x) = xdx
0

1

∫ =
1
2

dx
0

1

∫ P2(x) =
1
2

(3x2 −1)dx
0

1

∫ = 0

dx
0

1

∫ P3(x) =
1
8

, dx
0

1

∫ P4(x) = 0 , dx
0

1

∫ P5(x) =
1
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so that we get the final answer

T(r,! ," ) = 100
1
2

P0(cos! ) +
3
4

P1(cos! ) #
7

16
P3(cos! ) +

11
32

P5(cos! ) + ......$
%&

'
()

U235

Nuclear Fission Example

Assume that the neutron density n inside             obeys  the differential equation

! 2n(r," ,#,t)+ $n(r," ,#,t) =
1
%

&n(r," ,#,t)
&t

R0
U235

with n = 0 on the surface of the sphere. Find the critical radius             such that the 
neutron density inside a                 sphere of radius              or greater is unstable and 
increases exponentially with time (called nuclear fission ).

R0

We have

1
r2

∂
∂r

r2 ∂n
∂r

⎛
⎝⎜

⎞
⎠⎟
+

1
r2 sinθ

∂
∂θ

sinθ ∂n
∂θ

⎛
⎝⎜

⎞
⎠⎟
+

1
r2 sin2θ

∂ 2n
∂φ2 + λn = 1

κ
∂n
∂t

n(r ,θ,φ,t) = R(r )Θ(θ)Φ(φ)T(t)We make the standard SOV substitution                                                       to get

1
r2R

d
dr

r2 dR
dr

⎛
⎝⎜

⎞
⎠⎟
+

1
r2 sinθΘ

d
dθ

sinθ dΘ
dθ

⎛
⎝⎜

⎞
⎠⎟
+

1
r2 sin2θΦ

d2Φ
dφ2 + λ =

1
κT

dT
dt

= −k
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Thus, dT
dt

+ k! T = 0 " T (t) = e#k! t

We choose

1
Φ

d2Φ
dφ2 = −m2 →

d2Φ
dφ2 + m2Φ = 0→Φ(φ) = asinmφ + bcosmφ

φ ! (" ) = bSince there is no       dependence in the system, we must choose m = 0 so that               .

We choose

 

1
sin! "

d
d!

sin!
d"
d!

#
$%

&
'(

= ) c = ) ! (! +1) * " (! ) = P! (cos! )

θ  

! (" ) = P0(cos" ) = 1
Since there is no       dependence in the system, we must choose      = 0 so that 
                                  .

This leaves us with only the radial equation remaining

1
r 2R

d
dr

r 2
dR
dr

⎛
⎝⎜

⎞
⎠⎟
+ λ + k = 0→ r 2

d2R
dr2

+ 2r
dR
dr

+ r 2 (λ + k)R= 0

Remember the full solution for this system is now

n(r,t) = R(r )e! k" t

We can change the radial equation to
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z2
d2R
dz2

+ 2z
dR
dz

+ z2R= 0 , z= λ + k r

which is the spherical Bessel function equation

 
z2 d

2

dz2 + 2z
d
dz

+ (z2 ! ! (! +1))
"

#
$

%

&
' j! (z) = 0

  = 0for           .

The solution in this case is

R(z) = j0 (z) =
sinz

z
=
sin ! + k r

! + k r
The general solution is then

n(r ,t) =
sin ! + k r

! + k r
e" k#t

The boundary condition is

n(R0,t) = 0→ sin λ + k r = 0→ λ + km R0 = mπ
so that

km =
m2! 2

R0
2 " #
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Therefore our solution is

The full general solution is a superposition of these solutions for all m values.

nm (r,t) =
sin

m!
R0

r

m!
R0

r
e

"
m!
R0

" #
$

%&
'

()
* t

n(r,t) =
sin mπ

R0
r

mπ
R0

rm
∑ e

−
mπ
R0

−λ
⎛
⎝⎜

⎞
⎠⎟
κ t

If, 
km =

m2! 2

R0
2 " # < 0

then the solution is unstable (grows exponentially with time), i.e.,  if, 

R0 >
m!
"

then we have unstable behavior. The minimum value of m is 1. Therefore, we have 
unstable behavior if R0 >

π
λ

or we get a nuclear explosion if we bring too much             together. The value of        
was classified TOP SECRET for a very long time. The actual value gives an unstable radius 
such that they need to bring about 3 kg of uranium together for a bomb.

!U235
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