Renormalization
Lorentz: electron self-force and radiation damping
After J.J. Thomson discovered the first elementary particle, the electron,
the question naturally arose about what it was made of.
Lorentz ventured into the subject by regarding the electron
as a uniform charge distribution of radius a, held together by unknown forces.
As indicated in figure,
Modeling the classical electron as charge distribution of radius a.
The Coulombic forces between charge elements do not add up to zero,
because of time delays:
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Consequently, there is a "self-force", featuring a "self-mass" that diverges in the limit a —> 0 ,
but can be absorbed into the physical mass. The finite remainder gives the force of radiation damping.

the charge elements of this distribution exert Coulomb forces on each other,
but they do not cancel out, due to time delays.
Thus, there is a net "self-force", and Lorentz obtained it in the limit a —> 0

Internal Coulomb interactions give rise to a "self-mass":
which diverges linearly when a —> 0

This was the first occurrence of the so-called "ultraviolet catastrophe",
which befalls anyone toying with the inner structure of elementary particles.
One notices with great relieve that the self-mass
can be absorbed into the physical mass in the equation of motion

where m0 is the “bare mass”.
One can takes the physical mass from experiments, and write

with m=m0+mself.
One imagines that the divergence of mself is cancelled by m0,
which comes from the unknown forces that hold the electron together.
This is the earliest example of "mass renormalization".
Thus, the x term, the famous radiation damping, is exact in the limit a → 0 within the classical theory.
Of course, when a approaches the electron Compton wavelength, this model
must be replaced by a quantum-mechanical one,
and this leads us to QED (quantum electrodynamics).

The triumph of QED
Modern QED took shape soon after the advent of the Dirac equation in 1928,
and the hole theory in 1930.
These theories make the vacuum a dynamical medium containing virtual electron-positron pairs.
Weisskopf was the first to investigate the electron self-energy in this light,
and found that screening by induced pairs
reduces the linear divergence in the Lorentz theory to a logarithmic one.
Heisenberg, Dirac, and others studied the electron's charge distribution
due to "vacuum polarization", i.e., momentary charge separation in the Dirac vacuum.
The unscreened "bare charge" was found to be divergent, again logarithmically.
A sketch of the charge distribution of the electron is shown in the figure.
Charge density of the bare electron (left)
and that of the physical electron,
which is "dressed" by virtual pairs
induced in the Dirac vacuum (vacuum polarization).
The bare charge is logarithmically divergent.

The mildness of the logarithmic divergence
played an important role in the subsequent renormalization of QED.
But it was delayed for a decade because of World War II.

The breakthrough in QED came in 1947,
with the measurements of the Lamb shift and the electron anomalous moment.
In the first post-war physics conference at Shelter Island, LI, NY, June 2-4, 1947,
participants thrashed out QED issues. (figure shows a group picture.)

Bethe made an estimate of the Lamb shift immediately after the conference,
(reportedly on the train back to Ithaca, N.Y.,)
by implementing charge renormalization, in addition to Lorentz's mass renormalization.
This pointed the way to the successful calculation of the Lamb shift in lowest-order perturbation theory.
As for the electron anomalous moment, Schwinger calculated it to lowest order as α/2π,
where α is the fine-structure constant, without encountering divergences.

Dyson: subtraction=multiplication, or the magic of perturbative renormalization
Dyson made a systematic study of renormalization in QED in perturbation theory.
The dynamics in QED can be described in terms of scattering processes.
In perturbation theory, one expands the scattering amplitude
as power series in the electron bare charge e0, (the charge that appears in the Lagrangian).
Terms in this expansion are associated with Feynman graphs,
which involve momentum-space integrals that diverge at the upper limit.
To work with them, one introduces a high-momentum cutoff Λ.
Dyson shows that showing that mass and charge renormalization remove all divergences,
to all orders of perturbation theory.
The divergences can be traced to one of three basic divergent elements in Feynman graphs,
contained in the full electron propagator S’, the full photon propagator D’, and the full vertex Γ.
They can be reduced to the following forms:

which must be regarded as power series expansions in e02.
The divergent elements are Σ, Π, Λ*, called respectively
the self-energy, the vacuum polarization, and the proper vertex part.
The Feynman graphs for these quantities are shown in the figure,

The basic divergent elements in Feynman graphs.
They are all logarithmically divergent.

and they are all logarithmically divergent.
Thus, one subtraction will suffice to render them finite.
The divergent part of Σ can absorbed into the bare mass m0, as in the Lorentz theory.
What is new is the divergent subtracted part of Π
can be converted into multiplicative charge renormalization,
whereby e0 is replaced by the renormalized charge e=Ze0.
The divergence in Λ* can be similarly disposed of.

We illustrate how this happen to lowest order.
The electron charge can be defined via the electron-electron scattering amplitude,
which is given in QED by the Feynman graphs in the figure.
Electron-electron scattering.
The limit of zero 4-momentum transfer k→0 defines the electron charge.

The two electrons exchange a photon.
We can write the photon propagator in the form

To lowest order, the vacuum polarization is given by

where Λ is the high-momentum cutoff, and m is the electron mass.
(To this order it does not matter whether it is the bare mass or renormalized mass. )

The first term is logarithmically divergent when Λ→∞,
and the term R is convergent.
One subtraction at some momentum μ makes Π convergent:
We now write

where
Both Z and Z−1 are power series with divergent coefficients,
and both diverge when Λ→∞.
The combination e02Z(μ2) gives a renormalized fine-structure constant

and the physical fine-structure constant corresponds to zero momentum transfer:

We see that the subtraction of Π(μ2) in (8) has been turned into a multiplication by Z(μ2) in (11);
but only to order e04 in perturbation theory.
Dyson proves the seeming miracle,
that this is valid order by order, to all orders of perturbation theory.

