Uncertainty

The Heisenberg Uncertainty Principle is at the center of qguantum theory N> guarantees the
consistency of the QM view of the microscopic world.

Yet there is a puzzle with HeisenbergOs discovery:

Is it statement of an epistemological limitation (what we can measure
about world) or an ontological limit written into world itself?

Expectation is Not Enough

Take collection of quantum objects, all in same state !! " measure value of physical property for
each (call it O) N> collection of data values {o }.

Find average value of measurements (= to expectation value of operator @ associated with
property O in this state).

Expectation value, however, does not tell whole story.

Also need to know how wide is range of values.

Collection {o;} could all be very close to average value or some of measurements might
produce values considerably different from average,

not because of experimental mistake,

just due to nature of state being measured.

Whenever physicists think about perfect set of experimental
values N> normal distribution curve, as shown.



Figure N> results of identical measurements on collection of objects.

Normal distribution applies to all experimental results..

x"axis N> values of results obtained and y"axis N> number of times value turned up.
N> result 5 obtained 10 times and average value over all readings = 5.

However, quite a few times when value signibcantly different from 5 obtained!

Now consider pPgure.

N> normal distribution curve, but much narrower spread of values
(peak still at 5, average still = 5).

Much higher proportion of results closer to average than before.

N-> To tell full story of set of measurement results, need more than
average - also need width(spread) of distribution as well.

Width obtained by taking each value, working out how far from average and averaging results.



Mathematicians N> standard deviation ; quantum theory N> uncertainty . See bgure.
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In classical physics, spread, or uncertainty in experimental results generally attributable to
normal experimental variations one Pnds due to small differences in objects being tested.

Alternatively, can be attributed to variations in apparatus used or environmental factors.

Experiments in quantum physics suffer from same variations, but in addition have to face what
happens when objects being tested are not in eigenstates of variables being measured.

Taking position as an example. Start with state !! "

tr= x| X! I (x)= Ix|!'" NOTE: since x continuous SUM N> INTEGRAL
X

N> making position measurements on set of particles in this state will bnd range of values,
with each possible x value occurring according to probability

) (x) = | (x)|2 I(x) = expansion coefPcient = component



Plotting results and number for each value N> will draw out !(x) ° curve with
corresponding uncertainty #x -> measurement distribution

Uncertainty N> direct measure of range of x values over which amplitude !(x) is signipcant
N> range of x values highly likely to occur when make measurement.

Calculations then yield the uncertainty.

el " = Ix" expectation value

L x = H[R21"# (L[R2 = Ix2"#!x"™ uncertainty

Show that #x is as much property of state as #".

Same state could be expanded over momentum basis !py", and experimental results of
momentum measurements plotted N> uncertainty #p .

What about case of an eigenstate?

Well, if happen to start with eigenstate, then can predict with absolute certainty what result of
measurement of will be.

Plot of results N> no width (aside unavoidable experimental Ructuations), giving #p x = O.

However, there is a catch.

Momentum eigenstate cannot also be position eigenstate and vice versa.



When expand momentum eigenstate over position basis N> inpnite number of possible
positions, leading to #x = $ N> #p x =0, then #x = $.

HeisenbergOs Principle

What about states (majority) that neither position nor momentum eigenstates?
Given such state !I! " have

= 1) X"#x,Ix , |'t= L(p]pt"# p,!p

X N P ] ~
l.e., position representation N> #" and #x and momentum representation N> #o," and #py.

Same state expanded in both representations N> must be a connection between #x and #p .

Connection brst demonstrated by Heisenberg.

THE HEISENBERG UNCERTAINTY PRINCIPLE I x! px ! §

N-> for given state, smaller the range of probable x values involved in position expansion,
larger range of py values involved in momentum expansion, and vice versa.

Key part of expression is % sign N> product #x#py cannot be less than /2.

Measurement results might be such that #x#p, is much greater than 1/ 2, which is bne; but
can never bnd situation where #x#p, less than 1/ 2.

Quantum theory places limit on precision of two sets of related measurements.



Saying a different way:

#x telling us range of x values where !(x) signibcantly large if expand state over position basis.
Similary, #py is corresponding range of &(p ) If expand same state over momentum basis.
Uncertainty principle relating range of !(x) to that of &(p ).

Make position measurement, then most likely get value within #x of expectation value #x".

Make momentum measurement instead (not after), then most likely get value within #py of #,".

Last statement important.

Make position measurement, OcollapseOstate into position eigenstate N> different
momentum expansion than original state.

Uncertainty principle relates #x and #py for same state.

Here is question about principle.
What about object that is not moving?

IS it not sitting perfectly still (precise momentum, zero) at precise spot?

Well, ignoring idea that nothing can be perfectly still (orbiting sun, etc), the immediate point is
that uncertainty principle prevents such state from happening in microworld.



So What?
People drew philosophical conclusions from uncertainty principle immediately.

Heisenberg targeted the principle of causality.

Classical physics N> view that powerful computer, given detailed information about positions,
momenta, and forces at work on every particle in universe, could predict future of universe.

Such thinking N> doubts about free will, human mind, morality, etcE

HeisenbergOs attack simple.

Uncertainty principle prevents knowing both position and momentum of any particle with
sufPcient accuracy, rendering predictions impossible.

Causality or notion that everything that happens is caused by something happening
previously had been central to physics for hundreds of years.

Experiments in quantum world undermined this thinking with unpredictable outcomes and then
came uncertainty principle undermining basis of all physics, namely, ability to measure.

N> nature seems to be built on a set of principles completely contrary approach science had

used for generations.



It is possible to regard quantum challenge as being in microworld and of no relevance to
macroworld in which we live.

However, study of chaotic systems has shown that small effects do not necessarily lead to
small consequences and that no measurement (quantum or otherwise) can, even in principle,
yield sufbciently accurate results to do job.

Putting aside the philosophical debate, uncertainty principle is strange .
Basic science education N> vital role of measurement and precision.
Measurement has to be a faithful rendering of what really out there, or no point in exercise.
Realism is natural state of physicist.
When run into quantum physics N> begin to doubt instincts - surely it cannot really be like that!
Some say N I0m Not Sure What Uncertainty Means...
Serious point here.
Much is written about meaning and signibcance of uncertainty principle.

All depends on what side of realist/instrumentalist divide one stands and on exactly what type
of interpretation one favors.

Most important aspect of uncertainty principle, from philosophical point of view, is
whether to take it to be limitation on what can know about world

or as an inherent limitation in world.



In philosophical speak, is it an epistemological(potential) statement, or is it ontological(actual)?

Whatever Heisenberg thought, brst arguments used to demonstrate uncertainty principle had
epistemological tinge N> famous gamma ray microscope.

Heisenberg envisaged microscope constructed to use gamma rays rather than light waves.

Microscope could be used to determine position of something as small as electron by detecting
gamma rays that scattered off electron.

Path of gamma rays pinpoints location of electron.

Snag Is wavelength of gamma rays.

Well known in optics N> limitation on detail that can be seen by microscope.
Limitation depends on wavelength of electromagnetic waves used.

To view level of detail sufPcient to locate something as small as electron, quite high-energy
gamma rays (very short wavelength) needed.

Such gamma ray scattering off electron would transfer signiPcant amount of energy
causing electron to recoil in an unspecibed direction, affecting its momentum.

No way of determining energy transferred and thus, subsequent disturbance to electronOs
momentum.

If wanted to do that, would have to measure the gamma ray before it hit and that process would
then disturb gamma ray.



Key point:
Gamma ray microscope argument assumes electron has position and momentum;
Problem : interaction with measuring device N> cannot accurately determine these quantities.

Every time measuring device makes measurement interacts with thing it is measuring.

In classical physics, scale of interactions either too small to worry us or can be calculated and
accounted for in sensible way.

This cannot be said in guantum physics.

Scale of interaction too large and causes major changes to other properties of object being
measured.

Also interaction is inherently unpredictable.

Any attempt to stick another measuring device in to judge scale of interaction will not work as
second instrument interacts in manner that cannot be detected.

Inbnite regression follows, which like most inbPnite regressions gets us nowhere.

An important argument which cuts once again to nature of quantum state.

If electron happens to be in an eigenstate of position (or momentum) can say with certainty
what result of measuring that position (or momentum) will be.

If electron is not in eigenstate then what can we say?



In QM, can predict various values to be revealed by measurement, and relative probabillities,
but what does that tell us?

What is position (or momentum) of electron in this situation?

If take view that states refer to collections of objects, rather than individual objects, then way
forward quite clear N> statistics!

Inside collection, electrons identical, within limitations laid down by nature of quantum state.

However, could be hidden variables - do not know how to measure - which take different values
In collection.

When measurement made, variables determine outcome, but because do not know values, all
looks random.

Electrons have perfectly well-determined positions and momenta, but cannot know in advance
what they will be since cannot access physics that determines values.

Gamma ray microscope example runs contrary to this way of thinking.
Argument is clearly dealing with single electrons, not collections.
However, does assume that positions and momenta are really there, just partially hidden.

Such hidden variable type view N> uncertainty principle expressing epistemological limits of
current science.

Heisenberg himself took view that uncertainty principle was an ontological thing.



To him uncertainty principle expressed limits to which classical ideas of momentum, or position,
can be applied in given situation.

Harks back to earlier argument about how classical dePnition of momentum cannot be applied
In quantum physics.

If take this view, then have to say that object that is not in eigenstate of position simply does
not have a position

Concept has no meaning in such a state.
Heisenberg would have said that position of particle was a latent or potential property

When measurement occurs, latency becomes actuality and classical ways of thinking can now
be applied.

N> realistic view, but acknowledges that assumptions about what should be classibed as real,
may have to be enlarged.

To Heisenberg latent properties should be thought of as real.
Gamma ray microscope was used by Heisenberg as way of introducing uncertainty principle.

However, held back from stating that was an ontologically valid description of what would
actually happen.

Yet More Uncertainty

Have tried to show how uncertainty principle arises as natural consequence of ability to expand
state In various bases.

Although illustrated with position and momentum, are many other physical variables with basis
sets that can be used to expand state.



Unless position and momentum have special signibcance, must be versions of uncertainty
principle that apply to other physical variables also.
Basic rule:

If choose to expand state over pair of bases,

and physical variables involved

happen to be OconjugateO or OcompatibleO variables,

then going to end up with an uncertainty principle.

State cannot be an eigenstate of two conjugate variables at same time
N> cannot get a debnite value from measuring either variable,

and then uncertainty relationship must apply.

Non-Compatibility

If operator acts on its eigenstate, result is that state remains same,

but now multiplied by eigenvalue.

plp]_' — pllpll , K)lX]_' = X1 [X4!



If state not an eigenstate, then strange things happen.

Consider two physical variables represented by operators O; and O, ,
which happen to be compatible = simultaneously measurable
Then state !! " can be an eigenstate of both.

What happens when apply both operators on this state, one after other?

O, ' = o |!!
@201“ | = 01©2|! i 0102“ '

In addition, could also do things other way around

O, |l = oy |!'!
@102“ | = 02®1|! i 0201“ !

which says that

0201 |¢) = 0102 |¢)

or L L
{0201! oloz}u":o

Bracket is regarded as being so important in quantum theory that given own name:



THE COMMUTATOR
C’Ommuta,tor- 02, OAl — ”OAQ, OAlY = ”OAQOAl — OAlOAQﬁ
If two operator commute, then ©,,0; =0 , and can (not must) have simultaneous

eigenstates.
If donOt commute, then simultaneous eigenstates not possible and uncertainty relationship

follows.

RULE 9:
Non-compatible physical variables represented by operators that do not commute and so are

linked by uncertainty principle.
1 A oA
AOLAO, > (]02,01]) Derive later
Consider Time Again....

|s another uncertainty relationship that does not follow directly from these arguments, namely,

h
ENERGY/TIME UNCERTAINTY AEA!l > 5
!AII
where ' related to characteristic development time of system, i.e., givenby ! = dIA" /dt

for any physical variable of system. Let us see how this works.

Rule 7 states a link between operators and measurement of physical variables.

Have seen several examples of such operators and learned to calculate expectation values.



Where things start to go weird is over a possible ; operator.

Can measure position, momentum, energy, etc, but how do you measure time?

Let us be clear about this: we can measure duration (e.g., with stopwatch) but what physical
measurement tells you actual time?

Issues involved are very subtle, and not every quantum physicist would agree with what | am
about to say, but here goes.

Conventional quantum mechanics acted out on stage formed from three directions in space
and one universal time (x,y,z,t).

Think of space arena as giant spiderOs web; with threads so closely woven that web appears
to be continuous disk.

Spider able to crawl around and occupies position at any moment on web.

Position of spider is physical variable -> property of spiderOs state that can be measured. In
guantum mechanics, position represented by operator X .

In some accounts, spider position operator denoted as 4 to make clear not same as x-value,
which is part of web, not part of spiderQOs state.



Time rather different than this.

If can picture it at all, think of it as line stretching out to inPnity in both directions.

Spider on line would not be stationary, but sliding along line as time passes.

In most instances cannot conceive of experiment that would enable us to to measure spiderOs
position on time line.

N-> time is not property of spiderOs state;hence there is no time operator

But what about a system that is changing with time - a falling ball, for example?
Here the momentum of ball increases as time passes, suggesting that it is Otime variableO.

However, a physical variable that is changing does not necessarily change at a uniform rate
(momentum increases at increasing rate),

and when it hits the ground, time as measured by momentum would stop,

although t continues.



There are some systems in which a physical variable corresponds in a more satisfactory way
with the passage of time N> clocks.

The second hand of analog clock has angular position (, which changes with time.

Measuring the angle gives a measure of time for system.

In a real clock there will also be an energy, which will tend to depend on ( so that we can
debne an energy operator € and a time operator 6 , which will not commute and so lead to
uncertainty relationship.

However, ( is only a physical variable of a clock and cannot be applied as time operator to any
other system.

Energy/Time Uncertainty

Instead, ask this question: how can we tell if something has changed?

A physical system will have various properties that can be measured.

If suspect something changed system state, go through new set of measurements to see
whatOs going on.

How to do it in quantum physics?



Every measurement made will Ocollapse stateO into an eigenstate, so canOt necessarily repes
measurements on same state.

If do lots of measurements on collection of identical systems in same state,
how do we tell if values are different

because of some change affecting all systems in collection,

or Is just normal spread of measurements

that comes with state not an eigenstate to begin with?

Trying to distinguish between range of values caused by inherent uncertainty in state itself

and range caused by some causal evolution ( [/ (t) ) taking place In systems.

Way to tell is to compare expectation value #0" with uncertainty #O.



If remeasure collection of systems
N> difference between new expectation value #0)" and old greater than #O
(i.e., (HO)" " #O") % #O),
then can be sure that system state changed.

Then becomes question of how long have to leave system to evolve, in given situation,

before change can be detected in this manner.

Can work it out iIf employ rate of change with time (a derivative)operator, d/dt (a derivative)

In elementary physics, distance traveled by moving object is rate at which traveling (speed)
multiplied by time travels for (d = s * 1).

Equally well , if know rate at which any quantity changing and multiply by time period, that will
produce amount by which quantity has changed in that time.

If quantity happens to be an expectation value then d#O"/dt #t is amount by which expectation
value has changed in time duration #t.



The condition for a measurable change then becomes

!
E'O"!t#!O or ! t# ' O

| ——
dt 410

N> how should interpret #t in energy-time uncertainty relationship.

It represents duration of time that have to wait to be sure that energy

has changed by amount at least equal to !E.

The Meaning of the Indeterminacy Relations

What is signibcance of indeterminacy relations in world of experimental physics?

. - . 2/ : 2—\P :
Consider experimental results shown below: i *%a ~—>
~ s R

N> frequency distributions for results of independent measurements of Q and P on ensemble
of similarly prepared systems,

l.e., on each of large number of similarly prepared systems one performs a single measurement
(either Q or P).

Histograms are statistical distribution of results.

Standard deviations (variances) shown must satisfy (according to theory) relation



They must be distinguished from resolution of individual measurements, +Q and +P.
Let me emphasize these points:

(1) Quantities #q and #p are not errors of measurement.

Errors or preferably the resolutions of the Q and P measuring instruments are +Q and +P .

They are logically unrelated to #o and #p and to uncertainty relations except for practical
requirement that if

IQ>!1 g (or!P>15p)
then will not be possible to determine #q (or #p) In an experiment and experiment cannot

test any uncertainty relation.

(2) ,An experimental test of indeterminacy relation does not involve simultaneous
measurements of Q and P, but involves measurement of one or other of these dynamical
variables on each independently prepared representative of particular state being studied.

Why am | being so picky here?
Quantities #o and #p are often misinterpreted as errors of individual measurements.

Probably arises because HeisenbergOs original paper on this subject, published in 1927, was
based on early version of quantum mechanics that predates systematic formulation and
statistical interpretation of quantum mechanics as it exists now.

Derivation carried out in this lecture now was not possible in 1927!



Derivation of the Uncertainty Relations in General(very mathematical - just to show how)
Given two Hermitian operators A& and [ and state vector !- ", dePne two new operators

where #.." equals average or expectation value in a state !- "

In statistical analysis of data, one uses quantity called standard or mean-square deviation as
measure of uncertainty of observed quantity.

This is dePned, for set of N measurements of quantity q by

N
1
(Aq)* = (standard deviation)* = N Z ! Qaverage )°

N N

(qavefr'a,ge)

N
L @ L @) Qo)+
N verage N verage N

=1 1=1 1=1 =1

2

= (qz)average — (Qaverage )2

where have used

1!
Gaverage = N . G



In analogy, debPne mean-square deviations for & and B as

2 702

CR2= AR R

' ! 1 2 #$ ! ""%2& !

(B)2= 21 B = B B = B3

Then we have

(R B)?= B B
Now we assume that

|§A;@ — /Q,@ — -|§A,|§B :|®

where @© is also Hermitian operator and let

o) = Dal) = (A= (A)) ) . [8)=Dplv)= (B~

”qD.. :.. !..
= A AT = B2



Then we have

R B2 B2 B, Bl o= v [
1R = R = NIBET= (BA, Baltt =t

B = B2 = B2 "= 1B DBg|l " = 1#]|#

Schwarz inequality says that for any two vectors we must have the relation

!! |!ll!ll |IIII#|!! |l|ll|2

Therefore we have

2" 2 ™ W

TR = 92 #@gq’:!! L :5!!|©A|§B I }

which gives an uncertainty relation of the form

2t 2 T
1A I B !EP[@A[QB%
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Now
and
AR =
and
AP =
Therefore,

|2

. . . . |
Ba, O]+ {0, 05"

2

19, Og "

NI =

04, 0s]=[AB] , {Da,0s}={AR B}

| 12 ’
| |
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I AR " anti! hermitian " expectation value is imaginary

commutator
A B | hermitian ! expectation value is real
anticommutator
20 2 LR v
R 1B 1 ELRD +1 AB 4
L2t 2 ) B
R 1B | 2#i0C + a¥

where a = real number.



We then have

28,2 7Y 7
I!/S?" I! B ! %Epi%+a%:%|a|2+%ﬁp©uﬁz
L2 L2 )
R IR %%@ #
since 1a!“/4 % 0.
f AP =i@=0 then get
L2 2
1 R B 1 0

and have no uncertainty relation between observables. They are compatible !

On other hand, if &A=& and B =@, ,have
B, p]=i@=ilk
which means
!l,Q2!||§')2|!2 D6l B
! ! Y or [ o V. >
which is Heisenberg uncertainty principle. It is simply the Schwarz inequality!!

Hopefully, that removes any mysticism associated with the principle!



Time-Energy Uncertainty Relations

Use of time-energy uncertainty relations in most textbooks is simply incorrect. Now derive the
most one can say about such relations.

Need to derive time-dependence of expectation values. We have

Q = 11 (t)l@ll (t)" || (t)' — e! i 19t/ ! || (O)I " (t)l - H (O)|e' i 19t/ |

so that

d

4Q) a0
L= 2 w0 QL)) =

=11 (O)l_ eII-q)t/ 'Qé i 19t/ | || (O)n

Il'q) |Fq’t/ l

= 11 (O)l Qe' i 19t ! || (O)"#' | (O)l eifql)'[/ !@ﬁe! i1t/ | || (O)u

=n @™ 'L 88 e (0= 1) ] 1, | )

or




Consider dynamical state of system at time t.

Let I- " be vector representing that state. Call #Q, #E root-mean-square deviations of Qand W
respectively. Applying Schwarz inequality (as above) to vectors

(Q—(@) 1Y) , (H—(H)p)

and carrying out same manipulations as (as earlier), Pnd after some calculations

1 1T

| Q! E ! | @,@Mi

NI

with equality being realized when !- " satispes the equation
(@1 )" =il 9|
where ., / and O are arbitrary real constants (as eariler).

Putting everything together we get

A h
© AE Z5 o ToAE >

A

Q)
dt

where we have debned




' o appears as time characteristic of evolution of expectation value of Q .

It is time required for center #Q " of statistical distribution of @ to be displaced by amount
equal to width #Q.

In other words, the time necessary for this statistical distribution to be appreciably modibed.

In this way can debne characteristic evolution time for each dynamical variable of system.

Let ' be shortest of times thus debPned.

' may be considered as characteristic time of evolution of system itself,

that is, whatever measurement carried out on system at an instant of time t),

the statistical distribution of results is essentially same as would be obtained at instant t,

as long as difference !t"t)! is less than .

According to derivation, the time ' and energy spread #E satisfy time-energy uncertainty

relation ,

IHE!
2

. . d A
If system In stationary state where Q -0 no matter what ), and consequently '
dt

IS InPnite, then #E = 0. That is meaning of a stationary state.



Ordinary time t is just a parameter in non-relativistic QM and not an operator! Our derivation
does not say that

't ED
2

which is an equation that has no meaning!

Now on to EPR and Bell



