
Some Review, Some New Details and Explicit Time Evolution 

Quantum Theory - How it works in general …… And some new details 

How do we predict behavior of physical system using QM algorithm?

General Approach 

1. Identify vector space associated with system
         —> space where all possible physical states of system can be represented 
         -–> find suitable basis set. 
2. Identify operators associated with measurable properties of system 

        —> calculate eigenvectors and eigenvalues of observables. 
3. Map out specific correspondences 

        between individual physical states and individual vectors 
        –> decide how to label state vectors(inside ket). 
4. Ascertain present state vector of system by measurements 

      —> determine initial labels      
      —> state preparation. 



5. Time evolution of systems determined by time evolution operator     

           —> deterministic equation until next measurement.      
                  is specified for each system. 
6. Probabilities of particular outcomes of measurement 

           carried out at future time calculated by a Postulate 

           —> probability of measuring eigenvalue b of the observable      at t 

           when in  state ∣ψ⟩ at t given by ∣⟨b∣ψ⟩∣2. 

7. Effects of measurement taken into account using a Postulate 
          –> state collapses to appropriate (as determined by value measured) 
              eigenvector of measured observable. 
8. Then [5]-[7] are just repeated over and over again………

öU

öU

öB

Remember: 
Postulate  —> state vector “collapsed” 
         into eigenvector of measured observable operator. 
Postulate  —> how state evolves in time 
—> standard or Copenhagen interpretation of quantum theory 
        due to Bohr, Dirac, Born and von Neumann.



Now we present standard way of talking(students of physics master) about superpositions. 
Deal with some apparent contradictions 
         saw earlier in discussion of color and hardness measurements: 
Right way to think about superpositions of, say, being green and being magenta 
        —> think of them as situations where color predictions cannot be made
        —> situations where color talk is unintelligible. 
Talking and inquiring about color of an electron 
        in such circumstances (in standard view) makes no sense whatsoever. 
—> if we follow this rule 
       —> then earlier contradictions will go away. 

—> it is just not so that hard electrons 
        are not green and not magenta and not both and not neither, 
        since color talk about hard electrons 
        —> no meaning at all 
        and same is true for all other incompatible observables. 
This is the way the world works according to the quantum physicist! 



Once electron is “measured” 
         —> green or magenta detected, 
         then “is” green or magenta 
         (color talk now applies) according to standard interpretation. 

Measuring color of hard electron, 
        then, is not matter of determining what color of that hard electron is
         ... it has none 
        only has probabilities to have color values
             if color is measured. 

—> matter of “collapsing” state of measured electron 
       into one where color talk applies, 
       and “then” determining color of newly created, color-applicable state.
 
Measurements in QM (in standard view) are very active processes. 
Not processes of merely learning something about system 
       —> processes which drastically change measured system. 
Most important rule: 



öC

öC

öC

Some Consequences 
Allowed to use any 
       orthonormal set (number = dimension) as basis. 
If other sets exist, 
       then must be eigenvectors of other observables (not color). 
Examples….. Set #1
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Set #2
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If going to measure some observable      , 

      then choose as basis vectors the eigenvectors of      operator 
      since only with these states does     −talk makes sense, 
      i.e., if discussing color measurements 
     than use color basis where color-talk makes sense! 
Same holds true if going to measure anything else! 

All basis sets <—> operator, call observables direction   d  and   truth    t 
          —> set #1 = eigenstates with eigenvalues +1(up) and −1(down) 
          —> set #2 = eigenstates of with eigenvalues +1(true) and −1(false) öt
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Set #1
|1! = |direction = +1 ! = |up! = 1
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Set #2
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Remember other basis sets: 

|color = +1 ! = |g! = 1!
2

|h! + 1!
2

|s!
|color = " 1! = |m! = 1!

2
|h! " 1!

2
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|hardness = +1i = |hi = 1p
2
|gi+ 1p

2
|mi

|hardness = �1i = |si = 1p
2
|gi � 1p

2
|mi

Assume states represent a real physical system and think about probabilities. —> can make 
statements (based on our rules): 

1. probability electron is “up” will be measured to be “magenta” = 3/4 

2. probability electron is “false” will be measured to be “magenta” = 1/4
  3.probability electron is “soft” will be measured to be “magenta” = 1/2 
  4.probability electron is “green” will be measured to be “hard” = 1/2 and so on. 

Now some details and examples —> apply all stuff and expand knowledge and capabilities.

direction

truth



Begin with example that includes only familiar classical properties 
          like position, velocity, momentum, energy, etc, 
          then return to further explain the color-hardness experiments 

Know behavior of big particles(large mass)
          —> rocks well described by classical mechanics of Newton
          —> whatever QM theory says about microworld particles 
          ought to predict that everyday particles, subject to everyday circumstances, 
          behave in a Newtonian way. 
Now position operator     and momentum operator      are incompatible 
        (i.e., not simultaneously measurable 
         —>  Heisenberg uncertainty principle exists, as we will see later) 
        —>

öx öp

Since      = operator representing physical observable, 
         possible basis of space is set of eigenvectors of       operator. 
Similarly, for eigenvectors of      operator. 

öx

öx

öp

and since each are Hermitian operators —> each form a possible basis. 

[x̂, p̂] = x̂p̂� p̂x̂ = i~ 6= 0
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commutator



Vector space when          eigenvectors are basis —> coordinate representation. 
Vector space when         eigenvectors are basis —> momentum representation. 
Most important operator in quantum mechanics is energy operator or Hamiltonian      
         —> will determine time evolution operator. 
Vector space when      eigenvectors are basis —> energy representation. 
All are equivalent basis sets. 
Choice depends on questions being asked or measurements being carried out. 
                    —> going to HOME SPACE. 

öx

öx

öp

öp

öH

öH

Because corresponding operators do not commute, 
        state of definite momentum (eigenvector  of           ) 
        will be superposition of states of definite position(eigenvectors of      ) 
       or state of definite momentum can only have probabilities of having definite x−values. 
Similarly, state of definite position (eigenvector of       ) 
         —> superposition of states of definite momentum (eigenvectors of       ).

öx
öp

Possible eigenvalues(allowed measured values) of     and     
         form continuum extending from                     (continuous spectrum).

öx öp

!" to "

or state of definite position can only have probabilities of having definite p−values.



Basis is infinite(non-denumerable) dimensional 
         —> many difficult mathematical problems. 
However, for simple systems we will discuss, infinite dimension causes no difficulties 
       —> treat all properties as if spaces had finite dimension. 
             (One exception <—> normalization). 

öH

öx

|x!

|E !

öC

öx

öp

|color ! value" |x ! value"We write state representing this case as

State        corresponds to system with definite value of position, namely, x 
      —> eigenvector of         operator. 
State ∣p⟩ corresponds to system with definite value of momentum, namely, p 

      —> eigenvector of      operator. 
State       corresponds to system with definite value of energy, namely, E 

      —> eigenvector of       operator. 
In general, set of energy eigenvalues 
       are both a discrete set over some range and a continuous set over disjoint range. 

Operators position       and       are compatible 
        —> can simultaneously measure these observables. 
         —> can say that magenta electron located at x = 7 and makes sense.

i.e.,               for magenta electron located at x = 7. (formal name for product is tensor-product). |m! |7!



When operators act on such states their operation takes form 
öC |m! |7! = " |m! |7! i.e., öC only acts on the color space part
öx |m! |7! = 7 |m! |7! i.e., öx only acts on the position space part

Similar statements hold for 
       position and hardness, momentum and color, momentum and hardness, 
      energy and color, and energy and hardness. 
All represent simultaneously measurable pairs. 

Operator corresponding to observable energy = Hamiltonian           where öH öH |E ! = E |E !

Energy basis = most fundamental in quantum theory. 
       See why shortly. 
       Quantity ! E (x) = !x | E"

for state vector ∣E⟩ = energy wave function (just a “bracket”)

      —> since takes on different values for each value of x it is function of x —> limited!!. 
Satisfies famous equation that governs time and space dependence 
      Schrodinger equation. 
Schrodinger equation in 1-dimension is “ordinary differential equation” given by 

!
! 2

2m
d2! E (x, t )

dx2 + V (x)! E (x, t ) = E ! E (x, t ) = i !
d! E (x, t )

dt



Time evolution operator for simple systems 

         is expressed in terms of Hamiltonian operator       by relation                               

         —> operator function of          .   
In simple cases, functions of operators are easy to deal with. 
If 

öH

öH Û = e�iĤt/~

öB |b! = b|b!

i.e., ∣b⟩  = eigenstate of       , then haveöB

f ( öB ) |b! = f (b) |b! for function of operator. 

—> energy eigenvectors have simple time dependence or time evolution, i.e., 

|E, t ! = öU |E, 0! = e! i öHt/ ! |E, 0! = e! iEt/ ! |E, 0!

e�iEt/ ! = cos
E
!

t ! i sin
E
!

t

Ĥ |En ! = En |En !

where complex exponential form —> 

Using eigenvectors/eigenvalues of Hamiltonian, namely, 

as basis —> time dependence of arbitrary state vector

just replace operator with eigenvalue

operator is replaced by eigenvalue inside the function



Initial state |! (0)!
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Expand in energy basis

|! (0)! =
X

n

cn |En !
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Operate with time evolution operator

|! (t)i = öU(t) |! (0)i = öU(t)
!

n

cn |En i =
!

n

cn öU(t) |En i
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öU(t) = e! i öHt/ !
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Now

Therefore

and we finally get (substitute eigenvalue for operator)

|! (t)! =
!

n

cn e! iE n t/ ~ |En !
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| (t)i =
X

n

cne
�iĤt/~ |Eni
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In the discrete spectrum case, we have, using a basis set {∣n⟩}, that 

and if öA |an i = an |an i , |! i =
X

n

cn |an i

then

=
X

n,m

cnam |ami ham | ani =
X

n

cn

 
X

m

am |ami ham|
!
|ani

so that Â =
X

m

am |ami ham|

which is spectral representation of  operator       in terms of eigenvalues and eigenvectors. Â

Now repeating earlier algebra (for practice)

so that

|! ! =
!

n

cn |n! , cm = "m | ! !
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| i =
X

n

hn | i |ni =
X

n

|ni hn | i =
 
X

n

|ni hn|
!
| i
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!

n

|n! " n| = öI
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which says that
identity operator

öA |! ! =
X

n

cn öA |an ! =
X

n

cn an |an !
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!

n

cn an |an ! =
!

n

cn

!

m

am |am ! ! nm =
!

n,m

cn am |am ! ! nm
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now using clever math trick

and substituting ! nm = !am | an "
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we get
!

n

cn ( öA) |an !
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Now you are learning math and we are beginning to get somewhere! 
Next derivation more mathematical, but very important. 
Now have all needed tools. 
General procedure for figuring out time dependence of states 
       and then answering questions posed in experiments 
       goes as follows (go slowly — tricky algebra - just follow along): 

1. Ask experiment/theoretical question — the typical form is
        - if in state ∣φ⟩ at t = 0, what is probability of being in state ∣b7⟩ at  t? 

2. Assume ∣b7⟩ one of eigenvectors of operator         . öB

3. Solve for energy eigenvectors of system, 
          i.e. find Hamiltonian (energy operator) and do mathematics. 

4. Write ∣φ⟩ in terms of energy eigenvector basis |! ! =
!

E

cE |E! where cE ! = "E! | ! !

5. Since time dependence of energy eigenstates is easy, 
                 can write down time dependence of  state ∣φ⟩ as 

|! , t! =
!

E

cE |E, t ! =
!

E

cE e! iEt/ ! |E ! it is that easy!



6. Write ∣E⟩ in terms of         eigenvector basis

öB

öB |Ei =
X

j

dj |bji where dk = hbk | Ei

7. Write ∣φ, t⟩ in terms of       eigenvector basis

|�, ti =
X

E

cEe
�iEt/~ |Ei =

X

E

hE | �i e�iEt/~ X

j

hbj | Ei |bji

8. Then probability of finding b7 given by(postulate)

P = | hb7|�, t| |2
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We get

P =

!
!
!
!
!
!
!b7|

"

#
$

E

!E | ! " e! iEt/ !
$

j

!bj | E " |bj "

%

&

!
!
!
!
!
!

2
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or

P =

!
!
!
!
!
!

"

#
$

E

!E | ! " e�iEt/ !
$

j

!bj |E" ! b7 | bj "

%

&

!
!
!
!
!
!

2
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Now !b7 | bj " = ! b7
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Final result expresses answer 
          in terms of initial and final states 
          and properties of energy eigenvectors and energy eigenvalues, 
          and all are known!! 
Thus after several passes(to better understand things) through various topics involved, 
         see that our formulation of quantum theory 
              is capable of making necessary predictions. 
         Won’t be doing this in general, 
              but important to know that we can! 
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This means that the sum over j disappears and all j’s get replaced by 7 . We get
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Repeat of Time Evolution Derivation - it is so important 

Energy eigenvectors evolve in time with exponential factor e! iEt/ !

—> for energy eigenvector ∣E⟩ have öU(t) |E ! = e! iEt/ ! |E !

Thus, if want to find time evolution of arbitrary state, 
            then follow procedure stated earlier: 

1. Write arbitrary initial (t = 0) state ∣ψ⟩ in terms of energy eigenvectors, 

             i.e., use energy basis. 

|! (0)! =
!

n

an |En ! where an = ⟨En ∣ ψ⟩.

2. Operate with time development operator 

|! (t)! = öU(t) |! ! = öU(t)
!

n

an |En ! =
!

n

an öU(t) |En ! =
!

n

an e! iE n t/ ! |En !

3. Do measurement of observable,     
             —> must change basis to eigenvectors of      (go to HOME space).     Have

öB
öB

|Eni =
!

k

ckn |bki where                               and           öB |bk ! = bk |bk ! ckn = !bk | En "



4. Finally, probability amplitude for measuring bk if in state ∣ψ(t)⟩ given by 

!bk | ! (t)" =
!

n

an e! iE n t/ ! !bk | En "

Have, formally, answered question, 
          although computation might be difficult. 
Another way of thinking about time evolution 
          is to work directly with time-evolution operator          . 
Makes above discussion more formal. 

Most of operators have been discussing correspond to observables. 
In mathematics —> Hermitian operators. 
Since their eigenvalues 
        are possible results of measurements of observables and eigenvalues 
        must be real numbers 
        —> always true for Hermitian operators. 

=
!

n

an e! iE n t/ ! ckn

öU(t)

Time-evolution operator representative of 2nd class of operators in quantum theory. 
These operators do not represent observables, 
            but instead transform kets (states) into different kets (states). 



Because coefficients of basis states in representation of arbitrary state 
         are related to probability amplitudes 
          and therefore sum of their absolute squares must equal 1, 
          these transformation-type operators, in mathematics —> unitary operators. 
Unitary operators in mathematics have eigenvalues whose absolute value always equals 1. 
From our study of complex numbers, 
             know that if                                              , then                                               
             or  ∣z∣ = 1   always. 

Thus, eigenvalues of any unitary operator 
            can always be represented by a complex exponential. 

z = ei ! = cos ! + i sin ! |z|2 = cos2 ! + sin 2 ! = 1

If eigenvectors/eigenvalues of               represented by equationöU(t) öU(t) |! n ! = ei ! n |! n !

then can write öU(t) =
!

n

ei ! n |! n ! " ! n |

In many physical systems, 
         energy operator does not change with time. 
In quantum theory 
         —> both energy operator 
         and time-evolution operator have same eigenvectors. 



If have                                     , then —> can write öH |Ek ! = Ek |Ek ! öU(t) =
!

n

e! iE n t/ ! |En ! " En |

—> for energy eigenvector have

öU(t) |Ek ! =

!
"

n

e! iE n t/ ! |En ! " En |

#

|Ek ! = eiE k t/ ! |Ek !

i.e., only change by phase factor. 
            —> no probabilities changes during time evolution of these states 
            and called stationary states. 

More importantly, property gives method for finding time evolution for arbitrary state —> 

1. Write initial arbitrary state in energy basis |! (0)! =
!

n

an |En ! where an = !En | ! "

2. Operate with time development operator 

|! (t)! = öU(t) |! ! = öU(t)
!

n

an |En ! =
!

n

an öU(t) |En ! =
!

n

an e! iE n t/ ! |En !

3. and so on as before...... 

If you wanted to do it, you are now able to to do calculations!!


