
A pattern exists……

       Mathematics language  <Ñ> Relationships 

                      Relationships <Ñ> Correlations  

                      Correlations  <Ñ> Quantum Mechanics  

           Quantum Mechanics <Ñ> Mathematics language 

The reality of this pattern will become clear as we proceed 
through the class.



The Mathematics Of Quantum Mechanics

Remembering High School

Vector =
or in  general, Vector = (3 numbers = number of dimensions)

Multiplication by a scalar(number)

Two vectors

add 
subtract

tip-to-tail rules = definitions

(2 numbers on paper = number of dimensions of plane)

“directed line segment”



Generalize —> extend idea to a general linear combination of vectors

!C = " !A + # !B

coefficients are real numbers

—> still a vector!

This way of thinking works for macroworld vectors. 

But we must generalize further for in order to deal with the microworld.

add parts = total

I am drawing pictures in the real 3-dimensional world here!



The Space of Physics

In this world: vector = 3 numbers (3 = dimension of world)

Location in space (relative to an origin) = 3 numbers  —>  radius vector (see below)

First - define 3 special vectors (called a basis)

ê1, ê2, ê3 or î, ĵ, k̂ or x̂, ŷ, ẑ

They are unit vectors (length=1) and define Right-Handed coordinate system (as shown)
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(x,y,z)=(x  ,x  ,x  )1 2 3

~r = ( x, y, z) = ( x1, x2, x3)

!r = xöi + yöj + zök = x1öe1 + x2öe2 + x3öe3

r = |!r | =
!

x2 + y2 + z2 by Pythagoras

vector addition



Go to 2 dimensions (for drawing simplicity)

öex = unit(length = 1) vector in x � direction

öey = unit(length = 1) vector in y ! direction

~A = Axêx +Ay êy

Ax öex = vector of length Ax in the x ! direction

Ay öey = vector of length Ay in the y ! direction

Ax = A cos↵ , Ay = A sin↵

Now for some simple trigonometry - just definitions

!A = Ax öex + Ay öey , !B = Bx öex + By öey

!A + !B = ( Ax + Bx ) öex + ( Ay + By ) öey

!A ! !B = ( Ax ! Bx ) öex + ( Ay ! By ) öey

tip-to-tail idea 
eliminated; it is 
too confining!

components = projections or
definitions of sines/cosines

by vector addition —>

now just work with 

components

any vector can 
be written in 

terms of a basis

multiply by a scalar



More Generalizations - More Thinking about vectors

old new~A = Axêx +Ay êy |V ! = ( v1, v2)

|A! = ( Ax , Ay )

addition If |V1i = (7,�2) and |V2i = (�5, 3)

then the sum |V i = |V1i+ |V2i = (7 + (�5), (�2) + 3) = (2, 1) adding components as before!

difference

length

If |V1! = (7 , " 2) and |V2! = ( " 5, 3)

then the di! erence |V ! = |V1! " |V2! = (7 " (" 5), (" 2) " 3) = (12 , " 5)

If |V ! = ( v1, v2) then length V =
!

v2
1 + v2

2

A new operation and the generalized length 

If |V ! = ( v1, v2) , |U! = ( u1, u2) , then !V | U" = v1u1 + v2u2

Assuming
real components:

—> Euclidean vectors

!á á á | á á á" = bra-c-ket or braket symbol due to Dirac

hV |V i = v1v1 + v2v2 = v21 + v22 = (length)2

length =
!

!V | V " =
"

v2
1 + v2

2 !V | V " # 0

removes unit vectors

Dirac language



3 dimensions

can no longer visualize(draw pictures)

braket = scalar or inner product

|V ! = ( v1, v2, ...., vn ) , |U! = ( u1, u2, ...., un )

!V | U" = v1u1 + v2u2 + á á á+ vn un =
n!

k=1

vk uk

length =
!

!V | V " =
#

v1v1 + v2v2 + á á á+ vn vn =

"#
#
$

n%

k=1

v2
k

|V i = (v1, v2, v3) , |Ui = (u1, u2, u3)

More than 3 dimensions(not in Kansas anymore, Toto)

hV |Ui = v1u1 + v2u2 + v3u3 =
3!

k=1

vk uk

length =
!

!V | V " =
#

v1v1 + v2v2 + v3v3 =

"#
#
$

3%

k=1

v2
k

5X

j =1

Aj = A1 + A2 + A3 + A4 + A5
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summation 
symbol



Generalization - components are now complex numbers can no longer visualize vectors in 
real space

Digression on complex numbers 

definition of ii 2 = ! 1 , i 3 = ! i , i 4 = +1 , i 5 = i , i 6 = ! 1 , and so on

definition of complex number z = a + bi

definition of addition (7 + 4 i ) + ( ! 2 + 9i ) = 5 + 13 i

definition of multiplication (7 + 4 i )(�2 + 9i ) = (7)( �2) + (7)(9 i ) + (4 i )(�2) + (4 i )(9i )

= �14 + 63i� 8i� 36 = �50 + 55i

complex conjugate
z⇤ = a� bi

absolute value

|z|2 = z⇤z = (a� bi)(a+ bi) = a2 + b2

|z| =
!

a2 + b2

a = real part     b=imaginary part



braket becomes hV |Ui = v⇤1u1 + v⇤2u2 + · · ·+ v⇤nvn =
nX

k=1

v⇤kuk

length =
!

!V | V " =

"#
#
$

n%

k=1

v!
k vk =

"#
#
$

n%

k=1

|vk |2 (same as before if real!)

Vectors in QM = Euclidean vectors with complex components

Basis vectors

|1! = (1 , 0) " öex , |2! = (0 , 1) " öey

new representation for old unit basis vectors

2 dimensions

3 dimensions

|1! = (1 , 0, 0) , |2! = (0 , 1, 0) , |3! = (0 , 0, 1)

2-tuples

clearly length = 1 and they are perpendicular 
or orthogonal as we will see shortly

called ORTHONORMAL set

no longer a valid picture when 
components are complex; 


just suggestive!!

(same as before if real!)

(exist in a Hilbert space)

3-tuples



Vector Space = collection of vectors (where if we add any two together => another vector in 
collection) with a scalar product defined

Can write any vector in terms of basis <—> orthonormal set (perpendicular + unit length)

|V i = (v1, v2) = v1(1, 0) + v2(0, 1) = v1 |1i+ v2 |2i       = component of vector in 1-directionv1

Using rules for evaluating the scalar product

!1 | 1" = (1 , 0) á(1, 0) = (1)(1) + (0)(0) = 1 !1| 2" = (1 , 0) á(0, 1) = (1)(0) + (0)(1) = 0

h2| 1i = (0 , 1) á(1, 0) = (0)(1) + (1)(0) = 0 h2| 2i = (0 , 1) á(0, 1) = (0)(0) + (1)(1) = 1

h1 |V i = v1 h1 | 1i+ v2 h1 | 2i h2 |V i = v1 h2 | 1i+ v2 h2 | 2i

!1 | V " = v1 !2 | V " = v2

Component of vector in particular direction(along basis vector) given by scalar 
product of vector with corresponding basis vector.  Remember component = 
projection on vector in real world!  But, in Hilbert space it is a “braket”.

Thus, we can always write 
|V ! = "1| V ! |1! + "2| V ! |2!



Orthogonality First - Remember High School

!V = (7 , 4) öx = (1 , 0) , öy = (0 , 1) !V = 7öx + 4öy

Define “dot” product:

!A á!B = Ax Bx + Ay By = !A | B "

components 7 = vx = öx á!V , 4 = vy = öy á!V

!
v2

x + v2
y =

!
65length

7 = vx = öx á!V = length(öx) ! length( !V ) !
vx

length( !V )

We note that

y

x7

4

origin=(0,0)

vx

length( !V )
= cosine of angle between!V and öx

!A á!B = AB cos"

general result for regular vectors

=1

whole mess 
just multiplies 

by 1

(dot product in real space = bracket in Hilbert space)

trigonometry



öx áöx = length(öx) ! length(öx) cos (0! ) = 1 öx áöy = length(öx) ! length(öy) cos (90! ) = 0

—-> Basis vectors are orthonormal!

Generalize to any type of components

!A | B " = AB cos (! AB ) “orthonormality” clear!

!n | m" = ! nm =

!
1 n = m
0 n #= m

definition of Kronecker Delta

!1 | 1" = ! 11 = 1

!1 | 2" = ! 12 = 0

!2 | 1" = ! 21 = 0

!2 | 2" = ! 22 = 1

“orthonormality clear!”

—-> orthogonal

—-> length =1

—-> length =1

—-> orthogonal

no simple geometric picture possible (as with real components); 
angle not geometric angle

= orthogonal + normalized to 1



Need one last mathematical object - completely new - Matrices

m × n matrix is m × n array (m rows and n columns) of numbers (= matrix elements) with               
a well-defined set of associated mathematical rules.

For example, matrices shown below
!

2
5

" !
2 5

! 3 10

"

2 elements 4 elements

2 × 1 matrix (column vector) 1 x 2 matrix (row vector) 2 × 2 matrix 

!
2 5

"
2 elements

!
2 5 ! 1

! 3 10 5

"

2 × 3 matrix 

A =
!

2 5
! 3 10

"
, B =

!
! 8 15
7 4

"

2   2 × 2 matrices    (note boldface) 

addition = add elements

A + B =
!

(2) + ( ! 8) (5) + (15)
(! 3) + (7) (10) + (4)

"
=

!
! 6 20
4 14

"



matrix multiplication

AB =
!

2 5
! 3 10

" !
! 8 15
7 4

"
=

!
(2)( ! 8) + (5)(7) (2)(15) + (5)(4)

(! 3)(! 8) + (10)(7) ( ! 3)(15) + (10)(4)

"
=

!
19 50
94 ! 5

"

general rule

row-column labelsA =
!

a11 a12

a21 a22

"
, B =

!
b11 b12

b21 b22

"

AB =
!

a11 a12

a21 a22

" !
b11 b12

b21 b22

"
=

!
a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b12 + a22b22

"

special matrices and matrix properties

I =
!

1 0
0 1

"
= identity matrix

det A = a11a22 ! a12a21 = determinant of A

A ! 1 =
1

det A

!
a22 ! a12

! a21 a11

"
= inverse matrix

AA ! 1 = A ! 1A = I

arow-number column-number
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—->

—-> IA = AI = A
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A T =
!

a11 a21

a12 a22

"
= transpose matrixA =

!
a11 a12

a21 a22

"

A   =
!

a!
11 a!

21
a!

12 a!
22

"
= Hermitian conjugate matrix

A   = A matrix = Hermitian

A   = A ! 1 matrix = UnitaryIf

If

Putting it all together for us in QM
Start of Dirac language for QM

|V ! =
!

v1

v2

"
= Òket!! vector

!V | =
!
v!

1 v!
2

"
= Òbra"" vector

All vectors now unit vectors

!V | U" =
!
v!

1 v!
2

"
#

u1

u2

$
= v!

1u1 + v!
2u2 = Òbraket""

matrix multiplication

A =
!

a11 a12

a21 a22

"

T r (A ) = a11 + a22
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sum over diagonal elements
all matrices in QM either Hermitian or Unitary



Thinking about an object called an Operator

Operator is a mathematical object which acts on vector in vector space and results in another 
vector in same vector space. Similar to a function with numbers y=f(x).

A =
!

a11 a12

a21 a22

"
, |V ! =

!
v1

v2

"Example

A |V ! =
!

a11 a12

a21 a22

" !
v1

v2

"
=

!
a11v1 + a12v2

a21v1 + a22v2

"
=

!
u1

u2

"
= |U!

= an operatorA =
!

a11 a12

a21 a22

"

If

thus

we have

Operators very important because 
observables or measurable quantities represented in QM 
by Hermitian operators(matrices) 
and 
transformations or physical changes  of vectors 
represented in QM by Unitary operators (matrices). 

(= matrix)



Properties of operators -  öO (note: boldface + hat)

Matrix representation —-> array of matrix elements using a basis set

Definition : nm - Matrix element

onm = !n| öO |m"

O =
!

!1| öO |1" ! 1| öO |2"
!2| öO |1" ! 2| öO |2"

"
=

!
o11 o12

o21 o22

"

Details:

Assume that thenöO |1! = |q! , öO |2! = |r !

o11 = !1| öO |1" = !1 | r " o12 = !1| öO |2" = !1 | q"

o21 = !2| öO |1" = !2 | q" o22 = !2| öO |2" = !2 | r "

—-> Matrix elements are just brackets!!



Special case:

If öA |V ! = a |V ! (i.e., get same vector back)  then

                     called an eigenvector of operator        with eigenvalue    

For Hermitian operators, used for observables in QM, set of eigenvectors always forms an 
orthonormal basis - called a complete set —> will be very useful property!. 
If basis used to calculate matrix representing an operator is the set of eigenvectors of  
operator, i.e., if 

|V ! öA a

öO |1! = o1 |1! , öO |2! = o2 |2! { o1, o2} = eigenvalues

o11 = !1| öO |1" = o1 !1 | 1" = o1

o12 = !1| öO |2" = o2 !1 | 2" = 0

o21 = !2| öO |1" = o1 !2 | 1" = 0

o22 = !2| öO |2" = o2 !2 | 2" = o2

O =
!

!1| öO |1" ! 1| öO |2"
!2| öO |1" ! 2| öO |2"

"
=

!
o1 0
0 o2

"

Matrix representation using operator’s eigenvectors is 
diagonal matrix with nonzero elements  = eigenvalues on 
the diagonal). 
For general basis vectors(not eigenvectors), matrix 
representing operator is generally not diagonal. 



Alternate method for representing operators uses the  “ket” and “bra” vectors. 
Consider the quantity 

Pfg = |f ! " g|

Pfg |V ! = ( |f ! " g|) |V ! = "g | V ! |f ! = number # |f !

 Called a “ket-bra”.

—> It is an operator!

Pf = |f ! " f | = projection operator

Pf |V i = (|fi hf |) |V i = hf |V i |fi “projects” onto —> result is now in that direction!|f !

Notice we used the rule: (! f |)( |f ") = ! f | f "

| V >

| f >

projection of | V > on | f >

for simplicity

Picture drawn in an 
abstract space 
called a Hilbert 

Space



Now consider basis vectors: {| n! } , n = 1 , 2, 3, ....., N

We have:
(|k! " k|)( |k! " k|) = |k! " k | k! " k| = |k! " k|

Pk |n! = ( |k! " k|) |n! = |k! " k | n! = "k | n! |k!Now

Since !k | n" = 0 k #= n !k | n" = 1 k = n

Thus: Pk |n! =

!
|k! n = k
0 n "= k

eigenvalues of            are 0,1 Pk

Another way

P2
k |n! = Pk |n!

(Pk ! P2
k ) |n" = 0

Pk (1 ! Pk ) |n" = 0

Now for some useful properties needed for 
derivations and examples of use of new language.

!n | m" = ! nm =

!
1 n = m
0 n #= m

Pk |k! = +1 |k! = |k!
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Pk |n 6= ki = 0 |n 6= ki = 0
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{set}
—> orthonormal

—> member of set

eigenvalues of            are 0,1 Pk

P2
k = Pk

<latexit sha1_base64="9BuGACF3xmfMt/hoCtlfjshax/k=">AAACGnicbVDLSsNAFJ34rPUVdSnCYBFclaRU7EYouHFZwT6gjWEynbRDJpMwMxFKyMrf8Afc6h+4E7du/AG/w0mbRR8eGDj3nHu5d44XMyqVZf0Ya+sbm1vbpZ3y7t7+waF5dNyRUSIwaeOIRaLnIUkY5aStqGKkFwuCQo+Rrhfc5n73iQhJI/6gJjFxQjTi1KcYKS255tkgRGqMEUtb2WPNDW7majdwzYpVtaaAq8QuSAUUaLnm72AY4SQkXGGGpOzbVqycFAlFMSNZeZBIEiMcoBHpa8pRSKSTTr+RwQutDKEfCf24glN1fiJFoZST0NOd+ZFy2cvF/7x+ovyGk1IeJ4pwPFvkJwyqCOaZwCEVBCs20QRhQfWtEI+RQFjp5Ba2eAIFRGVlHYy9HMMq6dSqdr16dV+vNBtFRCVwCs7BJbDBNWiCO9ACbYDBM3gFb+DdeDE+jE/ja9a6ZhQzJ2ABxvcfgwmhkA==</latexit>

—->

basis vectors



Consider the operator
n!

k=1

|k! " k|

|V ! = "1| V ! |1! + "2| V ! |2!

Remember from earlier that for any Ket vector, we can write (example in 2 dimensions)

or
|V ! =

2!

k=1

"k | V ! |k!

so in n dimensions we have(2 terms in sum —-> n terms)

|V ! =
n!

k=1

"k | V ! |k!

Now
 

nX

k=1

|k! " k|

!
|V ! =

nX

k=1

(|k! " k|) |V ! =
nX

k=1

"k | V ! |k! = |V !

n!

k=1

|k! " k| = öI Will be very important!

Let us learn to use new language by doing algebra with it ……

Technical term: It is a representation of the identity

—> sum of projection operators

operates on vector returns same vector



Definition: Expectation Value of operator ! öO" = !V | öO |V "

Will turn out to be the average value of an observable from a set of measurements on a 
set of identical systems in state        . Let us see how.|V !

First, we need an alternative representation of an operator (also good algebra practice)

Let         be a Hermitian operator with eigenvectors and eigenvalues given by the equation öB

öB |bk ! = bk |bk ! k = 1 , 2, 3, ......, n

are an orthonormal basis so thathermitian |bk ! !bi | bj " = ! ij

bk = eigenvalues

öB = öBöI = öB
n!

k=1

|bk ! " bk |

|bk ! = eigenvectors

Then identity operator does not change anything

or =
n!

k=1

öB |bk ! " bk | =
n!

k=1

bk |bk ! " bk |

so öB =
n!

k=1

bk |bk ! " bk | =
n!

k=1

bk Pbk

Very important object!!

operator written in terms of eigenvalues and eigenvectors or projection operators

öB
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operator moves through summation



Examples of algebra with useful end results:

öB 2 =

!
n"

k=1

bk |bk ! " bk |

# !
n"

m =1

bm |bm ! " bm |

#

=
n!

k=1

n!

m =1

bk bm |bk ! " bk | bm ! " bm | =
n!

k=1

n!

m =1

bk bm |bk ! " bm | ! km

=
n!

k=1

b2
k |bk ! " bk |

öB 3 =
n!

k=1

b3
k |bk ! " bk | öB n =

n!

k=1

bn
k |bk ! " bk |

Power series(definition):

f (x) = a0 + a1x + a2x2 + a3x3 + á á á=
!!

k=0

ak xk

e! x =
!!

k=0

1
k!

! k xk

sin ! x =
!!

k=0

1
(2k + 1)!

(! 1)k ! 2k+1 x2k+1

cos! x =
!!

k=0

1
(2k)!

(! 1)k ! 2k x2k

Examples

Let us step through algebra…..

using 
!

k

Ak ! kn = An
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e! öO =
!!

k=0

1
k!

! k öOke! x =
!!

k=0

1
k!

! k xk

öO2 = öIIn special case where we do all algebra below

ei ! öO =
!!

k=0

1
k!

(i ! )k öOk =
!!

k=0

1
k!

(i )k ! k öOk = öI + i ! öO +
1
2!

i 2! 2 öO2 +
1
3!

i 3! 3 öO3 +
1
4!

i 4! 4 öO4 + á á á

= öI + i ! öO !
1
2!

! 2 öO2 ! i
1
3!

! 3 öO3 +
1
4!

! 4 öO4 + á á á

öO2 = öO4 = öO6 = á á á= öI
öO = öO3 = öO5 = á á á= öO

where have used

where have used
i 2 = ! 1, i 3 = ! i, i 4 = +1 ......

=
!

öI !
1
2!

! 2 öO2 +
1
4!

! 4 öO4 + á á á
"

+ i
!

! öO !
1
3!

! 3 öO3 + á á á
"

=
!

öI !
1
2!

! 2öI +
1
4!

! 4öI + á á á
"

+ i
!

! öO !
1
3!

! 3 öO + á á á
"

= cos ! öI + i öO sin !

One of most powerful relations in QM

x ! öO
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! ! i "
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(original derivation for ordinary 
functions by Euler in 16th century



In general, will need operator for an arbitrary function   f(x)  —>

Definition

ordinary numbers “commute”               operators may not “commute”

This is mathematical property behind Heisenberg uncertainty principle.

Summarize useful properties:



An interesting thought(this is how a theoretical physicist works or why I did all this algebra):

! öB " = !V | öB |V " expectation value

eigenvectors = complete set = basis —> write |V ! =
n!

k=1

dk |bk ! , dk = "bk | V !

and
!V | =

n!

k=1

d!
k !bk |

Now more algebra practice:

! öB " =

!
n"

k=1

d!
k !bk |

#

öB

!
n"

m =1

dm |bm "

#

=
n"

k=1

n"

m =1

d!
k dm !bk | öB |bm "

=
n!

k=1

n!

m =1

d!
k dm !bk | bm |bm " =

n!

k=1

n!

m =1

d!
k dm bm !bk | bm "

=
n!

k=1

n!

m =1

d!
k dm bm ! km =

n!

k=1

bk d!
k dk =

n!

k=1

bk |dk |2

öB |bk ! = bk |bk ! k = 1 , 2, 3, ......, n can always do 
this with any 

basis set



But, in general, if expectation value = average value, we must have

! öB " =
!

allowed values

(allowed value of B) # (Probability of that value)

which is just the definition of the average value!!
Comparing last two equations - we might guess 

allowed values = eigenvalues 

and 

probability = square of component value

Now |dk |2 = d!
k dk = ( !bk | V ")! !bk | V " = | !bk | V " |2 = !V | bk " ! bk | V "

This says that
= probability of observing value        when in state | !bk | V " |2 bk |V !

Also says !V | bk " ! bk | V " = !V | Pbk |V "

= probability of observing value        in state bk |V !

= expectation value of the projection operator

That is all mathematics  we will need to develop  QM

! öB " =
n!

k=1

bk |dk |2

<latexit sha1_base64="Gg2Ka+j7ndzGKNO2k8Cg58nFrK0="></latexit>

we just derived

these ideas will 
become postulates



As we worked through the mathematics 
  
stating definitions,  
defining notation,  
doing derivations  
and doing lots of algebra, 

we have laid the ground work for the postulates of QM  
(in some cases we have actually stated the postulated already).  

We will not use any more mathematics than I have shown you already. 
  
In fact, we will go over all this material again in class and  
do lots more manipulation so you get used to the language.


