The Strange World of Special Relativity
Relationships between Events From diagram below left clear that:

ct A ct’ ot

For any timelike pair of events (1 and 2)

459 line

always possible to Pnd some observer

o (-> new ct!"axis )
such that 2 events takes place at same location

-> pure time interval -> timelike.

For any spacelike pair of events (3 and 4) always possible to Pnd some observer
(-> new xO-axis) such that 2 events take place simultaneously

-> pure space interval -> spacelike.

ct A
timelike light line

Time-like and spacelike events radically different(diagram
right) clearly shows:

2

Vgignal <€

Event #2 -> timelike relative to event #1 -> in future(later 4
time) of event #1. ! vﬁrfﬂﬁ”

3
Event #4 -> spacelike relative to event #3 -> In future(later spacelike

v >C

signal

time) of event #3.

>
X

Events 1 and 2 can be connected with signal traveling with speed less than light. But,
events 3 and 4 require signal speed greater than light.




Consider events labeled O, A, B, C, D, E, F, and G on spacetime diagram below:

ct

Corresponding intervals have following properties:
(! S)ao = C(ta! to)?! (Xa! X0)?*> 0" atimelike interval
(! S)éo = G(tp ! to)?! (Xp ! Xo0)?< 0" aspacelike interval
(! S)&g = A(tc! to)?! (Xxc! Xo0)?=0" alightlike or null interval

(I S)Eg = A(tr ! tg)?! (Xg ! xg)?< 0
-> F and G are simultaneous in the (x,ct) frame
(' S)ED = CZ(tE ' tD)Z! (XE ' XD)2 > (

-> E and D are st the same place in the (x,ct) frame



Consider same events from viewpoint of (x!,ct!) frame.
Look at diagram right where have marked all coordinates.

Looking carefully at diagram can draw following conclusions:

events simultaneous in one frame are not simultaneous
In other frames (events F and G)

simultaneity is relative concept!

events occurring at same place in one frame do not

occur at same place in other frames (events E
and D)

time order of timelike events (events with timelike
Interval) does not change between frames
(events 0 and A)

time order of spacelike events (events with spacelike
Interval)

can be reversed (events O and B);

in (x,ct) frame B occurs after O, but in (x!,ct!) frame O
occurs after B

numerical values of spatial separations and time separations are different in different frames

note that line x = ct, which represents light ray starting at origin in unprimed frame is line

x! = ct!, which represents light ray starting at origin in primed frame - Light is only
physical object that both observers see in identical fashion.



Consider in more detall the reversal in time order of 2 events.

Seems to be very serious problems since could possibly lead to violation of idea of causality.
Concept of causality connected with idea of cause and effect,

l.e., that an event should not occur before own cause,

for example, brecracker should not explode before we light fuse!

Suppose have 2 events in (x,ct) frame with coordinates (x1,ct;) and (X,,ct)

and suppose, in addition, that
I X =(X2! Xx1)>0 , lt=(ta! t1)>0
so that event 2 comes after event 1 in unprimed frame.

Then Lorentz transformations give result (in (x!,ct!) frame) that

= (et )= (et ) (et X))

= | (tz!tl)! E(Xz!Xl) = | It E'X

Easy to see that #t! can be negative,

-> time order of 2 events reversed, If 2 events are related such that

I I : :
1 t1 1 x< O or % > Coe or events must be connected by signal with

C ! Vv > c -> spacelike separated!



. . I X
For all timelike related pairs of events have T <C

-> cannot reverse time order.

Important to note that only for timelike related events can event #1 cause event #2
(since all signals must have v < c).
Thus, all cause/effect related events cannot have time order reversed

preserving idea of causality.

Special relativity consistent with causality without us having to impose consistency!

All spacelike related pairs of events have

-> time order might be reversed in different frames.

Since cannot be cause/effect related, this does not affect idea of causality.

Does, however, lead to number of strange paradoxes(later).



Light Cones

Another way to look at ideas is via concept of light cone.

Since maximum allowed speed for any physical object = speed of light c
can use world lines of light emanating from event 1 ot
to delineate distinct regions of spacetime for any object

having that event on its worldline. 4t

Consider diagram: 3 1

If experience event (on your worldline) indicated. |

Since neither you nor any signals you send/receive can travel faster than light

and since light ray worldlines containing this event are 45! lines as shown,
region labeled future -> all events that you can either experience or
InBuence with signal at later time

(all events in this region are timelike separated from event you experienced),
region labeled past -> all events you could have experienced or

that could have inf3uenced you

(all events in this region are timelike separated from event you experienced).



Regions labeled elsewhere
are such that you can neither experience them nor infduence them with any signal

(all events in these regions are spacelike separated from event you experienced).

If draw picture in 3-dimensional world (x. v. ct) then corresponding regions would look like:
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e This surface
T represents the
set of all light
ray worldlines
that can include
the event indicated

-> name light cone.

_..-- Ssuccessive lightcones

What has happened to your possible future while
have been discussing these light cones?

---- anevent

_.--- your worldline

Event labelled above was in your possible future when
you were experiencing event #1, but is no longer In
your possible future when you are experiencing event

#4.
So be careful about wasting time doing nothing!!




Let us explicitly show invariance of spacetime interval.

Suppose that have 2 events with unprimed coordinates

X1=2.0,ct;=1.0 ; x2=4.0,ct,=2.0

I X=X,! Xx1=2.0 ; ct=c(tx! t1)=1.0
and assume that )
| =0.8! " =1
1" 12

=1.67

Using Lorentz transformations have

x! = 1(x.! "cty)=1.67(20! 0.8(1.0)) = 2.00
ct, = ! (cty! "x1)=1.67(L0! 0.8(2.0)) = ! 1.0C

x,=1(x2! "cty)=1.67(40! 0.8(2.0)) = 4.00
ct, = 1(cty! "x2)=1.67(20! 0.8(4.0)=!! 2.00
I x'=1(I x! "¢ t)=1.67(20! 0.8(L.0)) =2.0C

ctt=1(t! "l x)=1.67(1L0! 0.8(2.0)) = ! 1.0C
Therefore,

(! S)Y?=(c! t)?! (! x)>=1.00! 4.00="1! 3.0C
(1 S)?=(c t)%! (I x)?=1.00! 400="1! 3.0C

Interval has same numerical value, even though time order between 2 events reversed!!!!



Measurements in Special Relativity
Now consider measurement of length and time.

1st, need to restate debPnitions from earlier:
Length of object
= spatial separation of 2 events representing endpoints of object measured simultaneously

(2 events are on line of simultaneity in given frame).

Time interval between 2 events
= time separation of 2 events measured by clock at rest with respect to 2 events

(2 events are on worldline of clock). ol of ende
Suppose have 2 events (ct;,X1) and (Cty,Xo) that s / \ .
correspond to events on worldlines of endpoints > 1 o

/

" W'
L=L/y <L line of
TTT———— simultaneity
in primed frame

line of simultaneity
in the unprimed frame

In fact, L' =x!, " x !y = L/$ < L, which is famous e
length contraction(discuss shortly). 7 2

of object being measured, crossing line of
simultaneity (see diagram).

-> length of object =L =X, " X 1.

As shown in diagram that is not length as measured
In other reference frame.

Do not be deceived by it looking longer, remember
scales on different axes are not same.



Proper length of object is length measured in objectOs rest frame
unprimed frame -> where endpoint worldlines are parallel to time axis
-> dePnition of being at rest.

Proper length is maximum measured length.

Measured length is less because two observers do not agree about simultaneity,
l.e., have different lines of simultaneity.

Even though use word contraction,
must understand that effect is due to disagreement about simultaneity

and no physical contraction has actually occurred

If object at rest in primed frame, get identical result just exchanging roles of two frames.

worldlines of ends

/ AN

Diagram, in this case -> L =x, " x1 = LY/$ < L.

Time measurements and time dilation is handled In
same way.

line of
TT———— simultaneity

in primed frame

Consider diagram(next slide) representing system at
rest in primed frame

and only lives for bnite amount of time

line of simultaneity
in the unprimed frame

t » .
1 2

(like mu-mesons). ¥ / =

L= L'a""f< L'



ct’

. Proper time interval for this system is
ct (meters) A
mu-meson

worldline

- lfetme inrestiame — tjme separation T between events
(birth(event #1) and death(event #2))

WP N '- as measured by clock at rest

——

with respect to system

lifetime when it ~~ 1 -

IS moving B=0.75

or, In this case,

———> at rest in primed frame.

1 2 X (meters)

B';’ 1.13

As can be seen from diagram time separation for an observer in unprimed frame is

T!=$T>T
Proper time is shortest time interval.

Result is identical to mu-meson experiment discussed earlier
-> example of time-dilation
(see diagram above,where T! =1and T=$T'! = $).

Can also see both of these results directly using Lorentz transformations or invariance of
Interval.



Using Lorentz Transformations

Length Contraction

Relevant events representing on worldlines of ends of an object are

(Xg, Ctg) = (0.0,0.0) and (x1,ct;) = (1.0,0.0) for the unprimed observel

(X, Cty) = (0.0,0.0) and (x5, ct3) =(1.0,!) =(1.0,0.6) for the primed observe

Length this object, by debPnition,
= spatial separation along line of simultaneity for

unprimed observer

L=Xx"X;1=#x=1.

For other observer, length =

spatial separation along line of simultaneity for primed observer

L'= x5! x3="1((xa! x1)! "c(tz! t1))=1.25(1.0! 0.6(0.6)) =0.8=



Time Dilation
Suppose clock at rest in primed frame.
Then relevant events representing worldlines of ends of object are

(x4,¢)=(0.0,0.0) , (x5 )=(0.0,10)

Then for unprimed observer have
Ix=1(x'+"cth)=1" |, ct=1I(t+"! x)=

doc a et Note change in signs in Lorentz transformations when
- we go from primed to unprimed coordinates. Why?

primed frame

Now return to k'factor.

et . OUroriginal k"factor assumption
-> If unprimed observer sending out signals

in primed frame

every T seconds and primed observer

line of simultaneity
in the unprimed frame

e receiving them every T ! seconds where

1 2

T ! = KT, then have the relationship

between frequency f measured in unprimed frame and frequency f' measured in primed frame.



Above corresponds to 2 observers moving away from each other
> fl <f

and hence primed observer sees wavelength increase (wavelength = c/f)
-> famous red shift.

If they move towards each other,

thenv" "vork " 1/k
and

frequency increases (wavelength decreases)
-> plue shift.

-> relativistic Doppler effect for light.

The Doppler Effect
Sound and the Acoustic Doppler Effect

Sound travels through medium such as air with speed w.
Speed determined by properties of medium
-> Independent of motion of source.

Consider source of sound moving with velocity v through medium towards observer at rest.

Observer (detector) lies along line of motion of source.



As shown, represent sound wave as regular series of pulses.

Pulses are separated in space by distance L

=] ] =
In time by an amount % = 1/f,

r
SOurce detector
- L =

where fj Is frequency of sound from source.

In time T sound travels distance wT
and

If pulses separated by distance L
number reaching detector is wT /L.

Rate at which pulses arrive Is

W " number
R = frequency T of sound at the detector =fg

To determine L, consider pulse emitted att =0
and

2nd pulse emitted at t = %.

During interval % 1st pulse travels distance w% in medium

and

source travels distance v% as shown distance between
pulses is given by



|
L= wlg! Vig=(w! V)lg= (Wf' V) and
0

W .
fp = T = frequency at detector = fol for a moving source

v
W

For an approaching source v > 0 and thus
fp > fo.
For a receding source, v < 0 and thus

fp < fo

If source at rest and detector moving (as shown) situation different.

- u H"U I Speed of pulses relative to detector is w + v.

Rate at which pulses arrive is

r
SOurce detector
- L >

Since source at rest, L = w% = w/fy and thus

. v |
fp =fg 1+ W for a moving detector



Two results not symmetric.
Approximately same for small v/w.

If know fp, then can tell whether it is source or detector that is moving!!

This Is so because speed of sound not universal constant

but only has debnite value relative to medium where it Is propagating.

Light and the Relativistic Doppler Effect

Suppose light source Rashes with period % = 1/fp In its rest frame

and

that source is moving towards observer(detector) with velocity v as shown below left

Due to time dilation, period in detector rest frame is % = $%

LA
| | | | | > Since speed of light is universal constant, pulses arrive at
light source detector .
detector with speed c.
— | -

As shown below frequency of pulses is fD = c¢/L

where L is pulse separation in detector frame. |—j ct
Since source is moving towards detector we have (as shown right) '

oy q |

fo

L=c ! vl =(c! V)l =(c! v)"lg=



and

Here fp Is frequency in detector frame
and
Vv IS relative velocity of source and detector.

Does not matter which one is actually moving!!

Result -> red shift formula started with earlier, as expected.

Consider spacetime diagram -> Doppler effect in spacetime.

Reception of last pulse occurs at point of intersection of lines

X=c(t! nT)and x = ! ct

(as shown) or at event

cnT I cnT
11 1 ’ 11 1

Ct =

n pulses sent out by unprimed observer in nT seconds

-> period = T seconds and frequency is 1/T.

ncT

2cT

pulse 1 *-
cT

pulse n

pulse 2 2cT'

cT .~

ncT'

L. X=pct




n pulses(same number) received by primed observer in nT ! seconds

-> period = T ! seconds and frequency is 1/T .

Now, reception point also corresponds to

- . «_ . cnT  "2cnT
ct = I(ct! "x)="1 1] — | 77
1| n 2 |
= !ch1| — =ncT " =!cnT(1+ ")
Using L 1
1| ||2
get
L 1+
s 1! !T

-> standard Doppler effect formula for light.



How Do We Talk to Each Other in this New Relativistic World?

In this new world what happens if we try to tell a story?
In particular, these are some of the words that are no longer usable?

where, when, speed, distance, time interval, simultaneous, same place, length, etc ...
If we want to use such words, then each reader (other observers)

must pPrst use the Lorentz transformations to translate the story before trying to read it!
The only words (concepts) that we are allowed to use

If we do not want to do any translations are

Interval, c, number of events

Not having grown up in this new world, we would Pnd it very difPcult to tell such a story.

The Famous Paradoxes

The Twin Paradox

State this problem in bad way,
l.e., way that leads to so-called paradox.
Then state it correctly and paradox will disappear
-> able to draw correct conclusions.

Might be lesson for life also!



Statement #1
Two twins are traveling relative to each other with speed v.
Time dilation says that the clock of the moving twin should tick slower
(the time between ticks is larger).
Since each twin considers herself to be at rest,
the other twin should have a clock that runs slower
and hence
the other twin should be younger.
Which twin is younger?
There is no debnite answer to the question as posed since
we do not know which twin is moving
(changed reference frames - has accelerated)
and hence

we have a supposed paradox.



Statement #2
Two twins have been together since birth

(they have been on the same worldline - in the same frame of reference).
At one point in time, one of the twins, gets into a rocket ship
and

changes her frame of reference

changes her velocity

experiences a period of acceleration
The twin in the rocket ship travels to a distant star
and then

changes her frame of reference again

(reverses her velocity - accelerates for a period of time)
The twin in the rocket ship travels back to the earth
and then

changes her frame of reference again

( come to rest on the earth - accelerates for a period of time).
Finally, the two twins remain together again

(in the same frame of reference - on the same worldline).
Which twin, if any, is younger?



Description represented by spacetime diagram:

ct A

5208 On diagram & = 0.8 and $ = 1.67.
ight-years incoming worldiine Respective time axes have been calibrated.
of moving twin
wordiine 10 =N° . reference frame change Each twin sends one signal per year
of stay at |
home twin _ | (by own clock)
noreference 8 outgoing worlding
f - . .
tame o < _Jr’H of moving twin to other twin.

reference frame change

While separating, k'factor says that

11 1

__--- distance to star

_ 14

“‘

5

—

N
w

N

light-years

1
f observed = freduced = 1+ 1 1(per year) = 3 per yeal

While coming back together, k'"factor says that

L . f observed = fincreased = 11 1 1(per year) = 3 per year

Clear from diagram that both twins see these different rates during designated periods.

For both twins reduced rate starts immediately
However, switch over to increased rate
takes place at different times according to each observer.
They are not identical observers

and thus should not expect identical results from their measurements



For moving twin

switchover takes place exactly at midpoint of trip or at year 3 (see diagram).

For stay-at-home twin, however,

switchover take place at year 9.

Thus moving twin sees 3 x 1/3 + 3 x 3 = 10 signals from stay-at-home twin

and thus .
knows that stay at home twin is 10 years older ot years
worldline 10
and e 9
no reference 8
she is only 6 years older tnges 7

Stay-at-home twin sees 9 x 1/3 + 1 x 3 = 6 signals from moving twin
and thus

knows that moving twin is 6 years older

and that

she is 10 years older

Both agree and this there is no paradox.
Traveler ages less because moving clocks

(clocks that have changed frames of reference) run slower .

\
L S -
\

A

p=08

incoming worldline
of moving twin

_.- reference frame change

oulc:;oing worlding
of moving twin

reference frame change

! _.-- distance to star
i -

I I I I x
3 5
2 4 ) light-years



The Pole in the Barn Paradox
Following situation

2 farmers have barn which is 10 meters long in their rest frame (unprimed).
Farmers are standing at left and right doors of barn (doors are open).
Pole carrier has pole of length 12 meters in her rest frame

and

IS carrying it horizontally while she runs towards barn

with speed given by & = 0.8 and $ = 1.67.

If believe relativity and length contraction stuff
then farmers think pole is
Ll

L pole = F:O'e = 9.8meters

However, pole carrier thinks barn is only

L
Lian = blam = 8.0meters

This means that, according to farmers, pole should be able to bt into barn.

Pole carrier, however, say no way, barn is much too small.



Possible spacetime diagram for experiment is shown below.

worldiine + 1 Wworldiine Is there any correct answer to dilemma?
ot 4 ofleft 1 gggggtf
bam o » i bam  p=08 To answer question, label 4 crucial events:
B B b °: pole Event #1: front of the pole enters the barn
o ot
0. e L + wonaineor  ovent #2: ear of the pole enters the barn
! ! . _.--front of pol \ T,
80 e | | A TETORE Event #3: front of the pole leaves the barn
e Event #4: rear of the pole leaves the barn
60 . ; ;
0T I.:' --------- /777~ event #4 Now if 3 > 1,
40 B-M---oo Ll event £3 . .
14 then pole is completely within barn
Ly T s 2 Tt event #2 _ .
20 7 -+ event #1 for period of time t3 "t .
o - -
S S S . Clear from diagram, that according to farmers
10 20 30 40 50 60 X

pole is within barn for short period of time!

Pole carrier disagrees, however.

For pole carrier, t'2 > t'3 and therefore pole is never completely within barn.

There is disagreement between two sets of observers because

time order of two crucial events (namely 2 and 3) has reversed .



Thus, both are correct.

Pole is within barn and not within barn depending on your frame of reference.

Relativity Is subjective,

that is,

dependent on observer information in certain cases.

Relativity allows different observers to tell differing stories like this when time order reverses.
Time order reversal is OK in this case because events 2 and 3 are spacelike separated

and

thus reversing their time order cannot upset causality.

There is no paradox!
Other thoughts in class!
Signals faster than Light Paradox
What happens if allow some signal to go faster than speed of light?
Consider following story.

Sam is walking down a path towards a clock tower.
As he passes near near the tower a stone block falls off the tower and lands on his head,
killing him.

So Sam is now lying in heap at the base of the tower.



Soon after that incident, Sally comes along.
Sam is SallyOs good friend and she is distraught when she sees Sam lying in a heap.

Sally is walking past Sam with some speed u (she is in a different frame of reference).

Now, Sally understands Special Relativity.
Sally has in her possession a special device
that can send a signal to someone on the other side of the universe at a speed > ¢
If they are in the same frame of reference.
So Sally sends out a signal indicating what happened to Sam.
The signal is received on the other side of the universe by George
(in the same frame of reference as Sally).
He is now desperate to tell Sam so he can avoid the stone block,
but Sam is in a different frame and cannot receive his signal.
So he tells the story to someone in SamOs frame, namely, Samantha.
Samantha also happens to have one of those devices that sends the speedy signal
and

she sends a signal to Sam.

Entire sequence of worldlines with associated events shown in diagram:



Sam

worldline
Samantha k
worldline
o-' \
,
signal with v > ¢ . Important events are:
moving forwmard | oo -
in time for
George and Sally . y . .
. Event #1: Sam gets killed
Event #2: Sally sees Sam
George

-~ -
~—
-

e 1 LEvent #3: After patiently waiting Sally sends a v > ¢ signal to George
Event #

» Event #

worldline

~

George receives the signal

Sally
worldline

: George tells Samantha

ot

Event #6: Samantha patiently waits and then sends a v > ¢ signal to Sam

/ ,.HJJJJ/ Event #7: Sam receives the signal from Samantha, realizes he is about to
= - die and stops walking, thus avoiding the block and subsequent
/ lineof ./ g death
. constant

time for signal withv >¢

Sam and Samantha i'mi‘:;"gfgorrward )
! Sam and Samantha QueStlonS
line of constant
timéor (3ang8 and Saky If Sam is not dead, why would Sally send any signal?

If Sally does not send signal making all other stuff happens
then why would Sam stop?

If Sam has no reason to stop
then gets killed

and

Sally has reason to send signal.



Which is it?
Have closed causal loop here.
No logical way out of this loop.
Does that mean it cannot occur,
l.e., that no signal can travel faster than light?
or
IS there some other explanation?
What about free will?

More later in our discussion of time travel machines!
Now we shift gears.
Dynamics in Special Relativity and First Thoughts on General Relativity

Basic Ideas of Kinematics/Dynamics (study of motion in time) - Quick Tour

Position (I(t)) dePned as vector from coordinate origin to 3-dimensional point where object
located.

1-dimension -> x(t).

Goal of classical physics -> determine position of object as function of time.



Position answers

Where question for events.

Velocity (#(t)) debned as vector in direction of change of position vector

and

having magnitude given by

|t !

v(t) = lim — orv(t)= lim — in 1-dimensior
et ol t 1t ol t

Direction of velocity always tangent to path of motion
(diagram).

r(t

" =average velocity

v(t)

Velocity

-> how fast object is moving and in what direction.

If velocity constant

-> poth magnitude (speed) and direction are constant because it is vector.

Simple example in one dimension(x signs replace vectors for direction information).

Suppose particle has constant velocity
v = +10m/s (+ means towards +') and x = 2 m.

Where will particle be 1 sec later?

Clearly answer is x=12m since 12 = 2 + 10(1)= x(t=0) + v#t.



If velocity is not constant situation is more complicated.
If, however,
can tell you average velocity over next second = 10 m/s,
then rule 12 = 2 + 10(1)= x(t=0) + v#t still works ->
X(t+ ! t)= x(t)+ v(t)! tin 1-dimensior

where v(t) = average velocity during interval t to t + #t

Acceleration debned as vector in direction of change of velocity vector and having magnitude
given by
RV |

B(t)= lim — ora(t)= lim — In 1-dimensior
1t ol t Lt ol t

> y(t+ ! t)= v(t)+ a(t)! t in 1-dimensior

Now, suppose interact with 2 different bodies in same manner, i.e., hang same object over pulle
attach it to 2 bodies with a string.

Debne stuff in body by seesaw balancing
-> amount of stuff in 2 bodies is identical if seesaw balances

and
ratio of stuff in 2 bodies given by inverse ratio of distance from pivot
when seesaw balances.

Stuff = mass = m!



Experiment says that when interact with body (mass) or exert force
-> will accelerate (change velocity -> change position)
and
Pnd that when interact with 2 different bodies in same manner (exert same force)
ay stu! In2 _ my

— = constant = . = —
ao stul In1 mq

Whenever simple results come out of experiment,
physicists(Newton and Galileo in this case) say

that something profound must be going on here........
Turned equations around -> Mmiay = Moy

-> something to do with my same interaction!!

So given acceleration,
can calculate velocity
and then calculate position
and get answer ....

process uses calculus ...... -> why Newton invented it.

But how bPnd acceleration from 1st principles .... -> Dynamics ........



NewtonOs Laws (crowning achievement of classical physics)

Body at rest is not moving!

No difference between body at rest and body moving with constant velocity
since can always change frame of reference
-> pody with constant velocity looks like it is at rest

(and body that was at rest now looks like it has a constant velocity).

Body interacting with surroundings when see changing velocity or acceleration.

Now push(or pull) on object
-> accelerates.
Clear body has smaller/larger acceleration depending on strength of interaction.

Clear interaction directional ... produces directional or vector quantity -> acceleration.

-> concept of force.
Force = vector guantity that represents and quantiPes interaction with body.
Earlier experiment, interaction in 2 cases was same

-> exerting same force.



Led Newton to postulate relationship

F = mh
-> In earlier experiment exerting same force!

Be careful here!
Is there any new physical content to introduction of concept of force
or is all physics contained in acceleration?

| can measure acceleration!

Can | measure force or do | just infer it from measured acceleration?

NewtonOs laws are:

(1) an isolated body has no acceleration (Any real content?)

(10) body at rest or moving with constant velocity remains at rest or moving with constant

velocity unless it interacts with something (Any real content?)

(2) F =m$ (is this simply a debnition of force?)

(3) If body A exerts force on body B , then body B exerts equal and opposite force on body A
(real content!)



Energy

Most dynamics problems of everyday world can be solved using NewtonOs laws.

But not suitable for generalization beyond realm of everyday experience.

In order to Pnd rules and laws appropriate in other regimes of interest like very high speeds
(Special Relativity(SR))

must Pnd different way of thinking about universe.
This new way based on NewtonOs laws

-> no new physical content,

but will be possible to extend meaning of new laws

so that new physical content and thus new physical theories can be formulated.

Energy -> new concepts that allows generalization.

Debne kinetic energy or energy due to motion as K= —-mv

An experiment.

Take any object raise it up to some height h above ground and then release it.



Find following relationships:

Viround =29h 9=9.8m/s?

v(t) = gt

1
= | Zqtl
y(t) = h! th
v4(t) + 2 gy(t) = constant

Last result is key.
As said earlier, much of theoretical physics is search for invariants.

Saw couple in SR.
When studying dynamics, invariants are quantities that are constant in time.

Last experimental relation can be written

1 2

Emv (t) + mgy(t) = constant
K+V=E

where have debned two new energies

V = mgy(t) = potential energy
E = K + V = total energy



Experimental result then allows us to postulate

The total energy is a constant of the motion

Kinetic energy K and potential energy V are not constant during motion.

Constantly changing into one another,
l.e., exchange between K and V during motion.

Law that energy Is constant
-> example of conservation law for some invariant quantity.

Derive conservation laws from simple experiments

and
then generalize their validity to a much wider range of phenomena.

Momentum is another one of new concepts -> vector quantity.
Velocity is not important dynamic variable.
How can we see this?

Suppose have hill with two dump trucks at top.
One of dump trucks is blled with sand and other is empty.



Know from experiment that velocity is same for different trucks when they reach bottom of hill

or have same acceleration ...
acceleration seems to be independent of amount of stuff in trucks

(property of gravitational interaction).

Now ask this question?
Which of these 2 trucks would you attempt to stop at bottom of hill?

Clearly answer is truck with least stuff or smaller mass.

So debne new dynamical quantity

p= m¥ = linear momentum

NewtonOs second law then becomes

. ! . I (mVy .

F = IIltrp ; I—f = '|Iﬂ1 ; f t ) which for constant mass system becomes
. ! . Y

F=lim === lim m—=mh as before.
rttolt rao 1t

Therefore now restate NewtonOs laws as:



(1) The linear momentum is conserved for an isolated body; #%= 0.

(2) E= im P

1t ol t
(3) The total momentum of an isolated system is a constant

p1 + P, = constant

Lpr+! =0
ﬂ:lﬂ
It B
Fio =1 Po

So for an isolated system
have conservation law for linear momentum

which can generalize to much wider range of phenomena.

So, here Iis way scientists of that day thought..

Classical universe followed well-dePned laws.

Everything was, and is, predictable.

If bnd force, know masses,

positions and velocities of all objects under consideration at one single time

then all is predictable from then on!!



Universe iIs gigantic Newtonian clockwork.
Cause and effect rule.
Nothing is by chance.

Everything is ultimately accountable.

Perfect determinism.
Laws of physics are to be obeyed, because it is impossible to disobey them.
The is no room for free will, salvation and damnation, or love and hate.
Even most tri3ing thought has been determined long ago.
Might have imagined that you are free-thinking person
but even that imagination is nothing but universal clockwork
turning in some yet-to-be-discovered way.
So now you are probably thinkingE
glad they found out those ideas were wrong and got rid of them!
Just remember it is always dangerous to make quick judgements like that

especially when you are not sure what will come along to replace it.



And then there was light.......... and Special Relativity.

Derivation of SR has shown that:

(1) Lose position and time as separate guantities
-> everyday experience may not carry over into these new realms.

Why didnOt physicists notice before?

Generally matter of accuracy and precision available to experimentalists,
l.e., prior to this century, experimental measurements of speed of light

could not say that it was not inbnite.

If it were inbnite, then special relativity would reduce to Galilean relativity
and Newtonian physics would still be valid.

(2) We must choose our observables with some care

(3) We must use conservation laws to give us the physical quantities that represent what we
can really know about systems.

(4) We can fully extend classical physics validity to all speeds.

(5) We must rethink our world view (happens all the time in physics)

Everyday experience cannot be our guide



We must be prepared to give up preconceived ideas

because they are based on our experiences

Everyday experience is Pne for world of everyday objects

We must trust measurements to tell us what is going on but we must debPne them carefully

But classical physics still hangs on, albeit modibped

Everything works so well ...............

What does that statement really means to a physicist?

We must adopt an only know what we measure ........ philosophy.

In this world motion is a continuous blend of changing positions.

The object moves in a [3ow from one point to another.

Science Is a reasonable, orderly process of observing nature

and describing the observed objectively.

There Is a conviction that whatever one observed as being out there was really out there.
The idea of objectivity being absent from science is abhorrent to any rational physicist.
One bPrmly believes in the passive(non-disruptive) observer.

Humans are creatures of the eye.

They believe what they see.



So summarizing, classically
(1) Things moved in a continuous mannetr.

(2) Things move for reasons.

The reasons are earlier causes and all motion was determined and predictable.
(3) All motion could be analyzed or broken down into its component parts.

Each part played a role in the giant machine called the universe.
The complexity of this machine could be understood in terms of the simple
movement of its various component parts.
(4) The observer observed and never disturbed.

All experimental errors could be analyzed and understood.

Now back to SR.
What happens to momentum and energy when enter realm of SR?

At this level must rely on experiments to point proper way to proceed.

Following result conbrmed by experiment.

Force felt by charged particle in electric and magnetic belds

IS given mathematically by Lorentz force law



v! B

C

F=q E+

Consider expenmenta_LseMp where % is particle velocity and E and B are electric and

B intopaper  magnetic beld.

= n
y Discuss # ( B in class.
—_— ____' ______ -

In box region electric and magnetic Pelds adjusted

-> F = 0 for particle moving along dotted line with debnite velocity.
Electric force points downward
and magnetic force perpendicular to velocity direction
(upward in box for particle moving along dotted line).
Means particles with particular velocity, namely,

CI.!E+%B =0 "

E
B

Ol

pass undel3ected though box. Box = velocity selector.



Outside box
-> no electric bPeld, so particle moves on circular path
(force always perpendicular to velocity) with radius

pcC
R= —
gB

-> measuring radius corresponds to measuring
relativistic momentum. P

Thus, in same experiment can measure both velocity
and momentum independently and thus determine ,
relationship between them. S

Plot of experimental results looks like 5 ~

| C

1
1| n

Corresponds to result p=!mgv where! = !

iInstead of Newtonian assumption that p = mgv, where mg = so-called rest mass.

Note that "rest mass" is only valid mass for particle since measure mass when body at rest.
Any measurement of mass when particle moving = measurement of momentum
and -> incorrect to assume that any different mass value can be used for a moving object.

No such thing as relativistic mass.



Digression: Short Tour of Calculus:

Rule y = f(X) = ax + b has graph called a straight line as shown

. | f :f v = f(x) = ax + b
a = slope of the line = y2: N1 _ (x2) )¥1) )\
Xo ! X1 X2 ! X1 T
Y,=f(Xx5 —---------------—-----;,:--”‘
b . t t th . f(O) Y;=t(x1; """"""";;’./g
= intercept on the y-axis = ~

Problem of bnding equation of that line which is b
tangent to function y = f (x) at point (c, d), where d = f .
(c) is central to CALCULUS. 1o .

The most general straight line passing through point (c,d) is given by y"d = m(x " c).

Proof : This certainly represents a straight line since can rewrite it as y = mx+(d"mc),

which is standard form of equation of straight line with slope = m and intercept (d " mc).

Line passes through point (c, d)
l.e., choose x =c¢ givesy = mc+(d"mc) = d. This completes the proof.

Represents most general straight line through (c,d) since its slope m is arbitrary.

Plot two graphs as shown:



Have indicated 3 intersections labelled by x"values, namely, r 1, c and r».

Intersections ry, ¢ and r, represent zeroes of function p(x) = f(x)" d " m(x " c).
Now, very close to point X = c,
P(X) must have the form p(x)=(x"c)g(x) since it equals 0 at x=c.

Similarly, near x=ry, p(x) must have the form p(x) = (x " r 1)g(x).
If we rotate (change slope of) line about point (c, d) until straight line

becomes tangent to curve at (c,d)

then, since this means that r, approaches c, must have

P(X)=(x! o(x! ryd(x) nearx=c=rq

=(x! o(x! cgd(x)=(x! c)g(x)



In other words, when line is tangent to curve at (c,d)must have g(c) = 0.
From debnition of g(x), then have

p(X _ f(x)! d

| p— |
X! c x!c'm i)+ m

9(x) =
When x=c,
this implies that g(c)=0=g(c)"m or m=g(c)= slope of tangent line to f(x) at (c,d),

where
Fx)d  f(x)! f(c
x!' ¢  x!oc

q(x) =
For simple functions rule easily applied.
Consider case y = f(x) = X°.
We have

f(x)! f(c) x3! ¢ (x! o) (x?+ cx+ ¢?)
x!c  x!c x! c

= X2+ X+ &

q(x) =

This implies that m = slope of line tangent to f(x) = x> at point (c, c) = g(c) = 3c*.

Then, equation
y! S =3c(x! ¢)" y=3cx! 2¢

represents tangent line!

Case c = 1 is plotted:



—
o

, - o - [ w S w o ~ oo @
T | T 1 T L 4 L 4

In this case, tangent line at point (1, 1) given by liney = 3x " 2.

The Derivative

Above procedure, while transparent, hard to apply for more complicated functions.

Now develop alternative approach (called derivative) which enables us

to bnd slope of tangent line for arbitrary functions.

Consider bgure:

Now follow this procedure:

Yp = f(Xp)

1. Choose a point P corresponding to (Xp , f (Xp ))

2. Choose a second point P! such that xps=xp +h

‘p

Xp«-xp6h X



3. Find the equation of the straight line through P and P’

4. As P! approaches P, the slope of the line P P! approaches a limiting value
equal to the slope of the tangent line at point P.

This is shown schematically in the diagram:

ke Approximating tangent line

Limit approaches tangent line

Now slope of PP! is

Cfxe)! f(xp)  F(Xp + h)! f(xp)
- Xpr ! Xp - h

Mp

and the slope of the tangent line at P Is

f(xp + h)! f(xp)




To illustrate ideas, return to our previous example f(x) = x>. We then have

3 3 3 2 2 3 3
. Xp + h)°! X . X35 +3hxs +3h“xp + h°! X
mp:hm( ) P = |im =E P P

h! 0 h h! 0 h

hx3 +3h?xp + h3
'Imosxp 3h = = lim (3x5 +3hxp + h%) =3xp

For point xp = ¢, have m = 3c” as before

In general, derivative of function f(x) at arbitrary point x debned by

100 = gr_xzumof(w hr)]! f ()

Derivative also called rate of change ,
l.e., df/dx = rate of change of f(x) with respect to x

= slope of tangent line to the graph y =f (x) at the point (X, f (x)).

Simple Example: Let f(x) = cx?. Then

f(x+h)! f(x) . cx+h)?! cx?
= |im
h h" 0 h
2cxh + ch?

= |i + =
{no n Ir!I!"nO(Zcx h) = 2cX

f'(x) = lim

This is slope of line tangent to f (x) = cx* at (X, f (X)).



Integration g
Now, if can write h(x) = d—X(Q(X))

then quantity g(x) + c
where ¢ = arbitrary constant is called antiderivative of h(x),

l.e., g(x) + c is function whose derivative is h(x).

Suppose now ask following guestion:

what is area(shaded region in Pgure) under curve y = f(x) between x = a and x = b?

Good approximation to area given by following procedure:

Y

1. divide interval a ) x ) b into N equal segments each
Y2 EE of length
// - L b! a
/2%/// N
// 2. debne % = a+k# for k = 1,2,3,4,......N
a b "

3. calculate corresponding values of f(x), namely, f(xk)= f(a+k!') k=1,23,4,...,N



4. then approximation to area given by

I N i /I’ \\

w7 ¥y = £(x)
AREA = f(Xk)! ” 7
k=1 % //
e
as shown in bgure (choosing N=4) %
%1 xp X3 N\ .
Xp= a X4 =Db
As can be seen from bgure,
approximation for area equals sum of shaded rectangles.
In case shown, calculated area is greater than actual area.
Inlimit N " ', approximation = actual area under curve.
Limit N " ' usually written as
b
AREA = f (x)dx = integral of f (x) from ato b:

a

and a and b are called the limits of integration.



Simple Integral: Let f(x) = cx (straight line) as shown in bgure:

’ "

v = £(xX) = cx
ch

ca

In this case we have

: b i b
f (x)dx = cxdx = lim I f(xx)= lim cx!
a a NI NI
prall bt a'™ __ b! ab! a'
= | =
CNI![n (a+ k!) chlrm a+ cNI![n N N K
k=1 k=1 k=1
b! a . b! ab! aN(N! 1
=C aN + c Iim ( )

N & N N

2

1 ' 1

= | — | 2 _
c(b! a)a+ 2c(b. a) I\Ill![n 1+ N
1 2 1 2

= c(b! a)a+ éc(b! a)? = é(:(bZ! a?)

Shaded area Is easy to calculate directly in this case and is given by

(b! a)ca= %(b! a)(cb! ca) = %c(bzl a?) So it works!



In this manner, could evaluate any integral (Pnd area under corresponding curve).
Procedure quickly becomes very cumbersome and tedious, however.

Better method is to realize that there is connection between integrals and derivatives.

The Fundamental Theorem of Calculus

dF
I =1

l.e., If F (X) + c is the antiderivative of f (x), then

© b
f(x)dx=F(()! F(a)= F(x)|§§§1 = debnite integral (a number)

a

Alternatively, another way of saying same thing is to use depPnition

f (x)dx = F(x)+ c= indebnite integral (a function of x)

IndePnite integral represents most general antiderivative of f(x).

Now back to relativityEE



What is relativistically correct form of energy of particle?

Generalize concept of energy
-> use Newtonian debnition of kinetic energy
In conjunction with relativistically correct debnition of momentum.
Derivation uses calculus.
Do not worry if cannot follow mathematical steps - there for mathematically inclined.
For this course only results are important.

Proceed (just once for those who know calculus) as follows.

. o . . tdb,
Formal dePnition of kinetic energy is ! K = K | Ko = work done by force =  F adr = d_i) adr
o Fo
Experiment -> %= my$(v)# where $(v) = (1" &) *"* and & = v/c. Therefore have
¢ 1 Y/ . . .
d(mg! (V)V) , , =
K1 K= (Mo! (V) 40t = me  Vad(l (v)y)  Since kinetic energy = zero when
o dt 0 velocity = zero have

K=mo Va("(v)¥) Now  d(!v?) = d(I'vayv) = Vad(I'v) + I'v &dV
0)



-> can write

TV

TV

K=mg (d(v¥)! I'vadv¥)= my d(!v?)! mge I"'vadV)
0 0 0
! Vv 1 ! \' 1 ! V2/C2 dU
=mo d('v®)! Zmgp  !d(v®) = mg! V¥l Zmec? "
0 2 0 2 0 11 u
1 1
= mo! v+ moc® ! 1 =mec® ++!"°
= moc?(! ! 1)
Does this makes sense?
What is low velocity limit of expression?
. 1 1v?
Usin ! =(1! "2y} V2w 94 2m2=-14 = we have
9 V=@ "? 5 >3

2 1 5

1v
K=moc?(! ! 1)" mo®=— =
oC”( )" Mol 55 = 5

as expected.



If rearrange result have
Il mpc® = K + moc® = Energy(motion) + Energy(rest) = Total Energy = E

It is only total energy that is conserved!

Obtain EinsteinOs famous relation
Erest = mOC2

What I1s connection to momentum?

Some algebra gives following results for relativistic objects:

2

! Y
== = —_="and — ! p?=(mgc)?
E Imgc? ¢ C p= = ( )
Some questions arise: How come do not notice rest energy in everyday experience?

Some numbers for 1 Kg mass moving at 1 m/s:
typical kinetic energy = 0.5(1)(1)°! 1Joule

typical rest energy = (1)(3! 10°)%2" 10" Joule

We typically ignore the signibcantly larger gquantity!!



Reason for this is that in everyday situations rest energy does not change;
all same mass remains in system at all times.

Thus, rest energy is not source of possible energy to do other things.
However, in microscopic systems like atoms and nuclei, etc,

rest mass changes in many interactions
and thus
this energy becomes available for other purposes.

Two examples are nuclear Pssion and fusion.

Are there any new predictions we can make from these results?

The two relations
2

pc _ meglvc v 5 5
— = =—-—="and — | = (mgcC
E l mgc?2 ¢ C p* = (MoC)
make following interesting prediction:
2
v=c! 1 =11 E=npc E ) =0=(myo?

C
or objects that can travel at speed of light must have rest mass equal to zero!

However, even though have zero rest mass,

still possess energy and momentum defying classical equations!
Such a particle has been observed .... it is the photon or the particle of light.



Gravity for fun - just once look at some detailsE.

NewtonOs law of universal gravitation

In Newtonian physics gravity is simply an attractive force between any two bodies along the
line that connects them.

If the bodies have masses M and m and are separated by a distance r then the intensity F of
the force between them is given by NewtonOs law of universal gravitation:

I

where G Is the so-called universal gravitational constant.

One can show that for a spherically symmetric body the result is the same as if all the mass
were placed at the center.

In particular, the gravitational acceleration of a point particle of mass m due to a spherically
symmetric body of mass M is

F M

= G—

97 m r2

Note that g does not depend on the value of the mass m; this explains why the gravitational
acceleration is the same for all objects.

One can show that the gravitational potential energy of the system formed by the masses M
and mis Mm

U=1G——-
r



Escape velocity

Consider the motion of a point particle of mass m in the gravitational Peld of a spherically
symmetric body of mass M(bxed at the origin). The particleOs mechanical energy,

1 Mm 1 L .
E=K+U-= Emvzl GT K = émv2 = kinetic energy = energy due to motion
is conserved along the motion (where v is the particleOs velocity). In particular, suppose we start

on the surface of the Earth and want to get a distance R away from the Earth. Then we have

1, Megm 1 Mem
—mvi!l G = —mvy! G
2 ! Re 2 R
Ifwelet R!" and vs =0 then we would reach with zero velocity. The value of v;
which allows this to happen is called the escape velocity. We have
- 2GM
Vescape = = E = 11.2km/sec
E

Kepler laws

Apply NewtonOs 2nd law using the gravitational force to motion of the planets around the
Sun(mass M). These are differential equations which were solved exactly by Newton.

He discovered that the orbits with negative energy(bound orbits) are actually ellipses, with the

center of M at one of the foci (Prst Keplerlaw). Moreover, the law of conservation of angular
momentum has the geometrical interpretation that the line segment joining the center of M to
the point particle m sweeps equal areas in equal times (second Kepler law). In particular, m
moves more quickly when it is closer to M.



Kepler had deduced his laws
empirically from astronomical
observations of the planetsO
motions. Newton showed that

perihelion  these |aws were actually
mathematical consequences of his
universal gravitation law.

In general, we can (from full equations) write using plane-polar coordinates:

Y 4

1 GMm {A(_ I.I
E = zmvz! — = Conserved Energy \{ ’
0-axis r-axis iV = Vy e( + V) a \9
_dr _ . d s . 0 g
Vr—a V!—ra V:Vr+V!
1 1 GMm
E=_-"mvi+ —mv?!
2 T 2 r

L = mr2v, = Conserved Angular Momentum

L2
m?2r4




1 1 L2 GMm
E=Zmvi+ Z— |
2 " 2mr? r
, 2E L2 2GM
ve= — |
' m m?2r 2 r
V- 2E . 2GM ' L2
T m r  m2r2
2E 2GM | 2
I — + N >0
m r m?2r 2
. L E . .
Using ! = — E = — this means that r varies between
2Er2 +2GMr. ! 12=0
or | GM + G2MZ2 + 2E!2
r, =
- 2E
2 2
If '+ = T1 e, circular motion, then E=1 GZ'I\Q
S | oy — GM
. + — lcircle — - 2E - M : circle — T

I+

where



Some First Thoughts about General Relativity - More Details Later

In special relativity found that spacetime interval or just interval between 2 events

#1:.(X,Y,z,ct)
#2. (x+ ! x,y+!ly,z+! z,dt+! 1)) IS given by
l 2= t21 I x21 1 y?l | Z? We can generalize this result to
13 13
| % = gj ! Xi! X; where
=0 | =0

In case of special relativity,
Xo=1,X1=X,X2=VY,X3=2Z

Oo=1= 1011 =" 02 =" O3
0ij =0 If 1E]

just change in notation
and

all gj (called metric components) are constants.

Equation for light cone for event

| o2 — | 121 | 21 1 v21 1 92 =
(X,y,z,ct) can be expressed as + S clt?l 1 x?1l 1y’ 122=0

-> spacetime is Rat -> that shortest distance between 2 points in spacetime is straight line.



Now what happens if metric components g; are not constants
but are functions of space and time?
1st, Lorentz transformations are no longer valid.

2nd, light cone will look different at different points in spacetime.

3rd, spacetime itself is curved.
This means that shortest distance between two points in space is not a straight line.

Einstein in theory of gravitation (General Relativity) proposed that

F(gj ) = G(Energy, Momentum )

,e., that metric components gj
which determine shape of light cones in spacetime
are determined by distribution of energy and momentum in spacetime

or very structure of spacetime is determined by energy density in spacetime.

Result of theory is that light would be affected by gravitational belds.

Following predictions made and have been conbPrmed experimentally:



(1) If place light source at top of tower and shine light downwards,

then change in strength of gravitational peld as go from top to bottom of tower
causes gravitational redshift  such that

fhern! fn, GM
h R2

earth

l h" 10 % for a 10 meter towel

(2) If place clock at top of tower and clock at bottom,

then because of difference in strength of gravitational Peld between top and bottom of tower
clocks run at different rates - called gravitational time dilation

"hern! 'h, GM
'h R2

earth

l h" 10 4 for a 10 meter towel

(3) If light passes by large mass (star) it does not travel in straight line but is bent. Amount of
bending has 2 observable conseguences

(a) If star is observed when sun not in way and then when light would just pass by
sun, observed difference in direction to star is about 1.75 seconds of arc

(b) If signal sent from Earth to Venus with sun in between, there is time delay
due to longer(bent) paths of motion of about 1.1 ( 10 * sec



(4) Galaxies can cause gravitational lensing -> double images for distant stars

(5) Long axis of planetary orbit ellipse in solar system precesses - for mercury -> 43 sec
of arc per century

All particles in this theory are free particles, i.e., there are no forces.
All particles move along geodesics, which are path of shortest interval in spacetime.
Geodesics for given spacetime are determined by metric components.

So distribution of energy determines metric components which in turn determines geodesics
and particles move on geodesics.

In Rat spacetime (think of a plane in space) geodesic is straight line.
In fact, geodesic is always straightest line in given spacetime.
In curved spacetime (think of surface of sphere) geodesic is not straight line

(great circle on sphere).

If move vector parallel to itself over a closed curve in [3at spacetime it does not change its
direction.

If move a vector parallel to itself over a closed curve in curved spacetime it does change Iits
direction.

lllustrate in class.



If turn off gravity and throw eraser, then follows geodesic in 3at spacetime
-> straight line.

If gravity present, then follows geodesic in curved spacetime
-> parabola.

Planetary elliptical orbits in space are geodesics for 4-dimensional spacetime near sun.

All of these result have been conbPrmed experimentally.

Black Holes - more later.

In special relativity light cone structure of spacetime looks like

X X X X X X
X X X X X X
X X X X X X
X X X X X X

This is what mean by Rat space ....light cones are same everywhere.



What happens, however, if observe light cone structure of spacetime that looks like

Then, to left have [3at spacetime, but to right something strange is happening.

Left side of light cone is rotating clockwise.

Means that access to regions to left is being restricted (takes longer to get there).

As go further to right, reach point (arrow) where left side of cone vertical and all of space to left
no longer accessible.

Point Is on surface -> event horizon.

Once observer crosses surface can no longer see them(inPnite redshift) and they (and light)
can no longer get back across surface (-> name black hole).

Observer can only proceed(remember must stay inside forward cone) to right where light cones
tilts even further.



End result is light cone being single line and observer having no choice about future motion.

This point called a singularity.

Long before reaching singularity, tidal forces become so large that any object is torn apart.

These radical solutions to EinsteinOs equation have now been conbrmed experimentally
(via radiation coming from matter falling into black hole)

and are thought to exist at center of all galaxies.

In static black hole as just described, event horizon and inbnite red shift surface are same
surface and energy can only pass through in one direction.

If black hole is rotating, however, event horizon and inbnite red shift surface are not necessarily
same surface.

Regions between an inPnite red shift surface and event horizon = ergosphere.

Possible to extract energy from ergosphere as follows:
1. spaceship falls from inPnity into ergosphere along an orbit with positive energy
2. once there, using spring-loaded device ejects brick into an orbit with negative energy
3. spaceship recoils into new orbit with larger positive energy

4. energy Is constant(conserved) so spaceship emerges with more energy then it went
In, but black hole + brick have lost energy

Very tricky and dangerous maneuver.



Now it is possible to follow worldline that is everywhere timelike(allowed)
such that one passes through ergosphere
and particle emerges before it entered (#t < 0).

Time change can be made arbitrarily large by completing orbits inside ergosphere .....
-> one model of time machine for travel to past!!

This violates causality, however, and results in a logical contradiction.

Consider particle to be signal (signal rocket) emitted at t = O by apparatus located far from
rotating black hole (where spacetime is (3at),

but received by same apparatus at earlier time, say t = "2.

Suppose apparatus programmed with following instructions:
1. emit a signal if signal is not received beforet =0
2. do not emit a signal if signal is received beforet =0

Implies a logical contradiction with emission att = 0 and reception att = "2!!

So something will have to give!!!!
Very fundamental and exciting stuff......

More later after we show how to understand spacetime without mathematics.



Digression to 4-Vectors

Now digress to study little bit of mathematical physics so that some of ideas have been talking
about can be linked to each other in ways not previously imagined.

What is ordinary vector in 3-dimensional space?

Vector has many levels of complexity and is very abstract mathematical object.

Vector is mathematical(geometrical) object representable by
2 numbers in 2 dimensions
3 numbers in 3 dimensions, etc.

One characterization

-> specify magnitude/length and orientation/direction - imagine a directed line segment.

The Standard Language of Vectors

In ordinary space represent vector by directed line segment(arrow).
Straightforward property of vector is multiplication of vector by scalar (real number) *

-> magnitude of vector changes and direction stays same (reverses if * < 0).



o ;

Given 2 vectors debne sum/difference of 2
vectors or general property

A vector addition by
5 A+B

C=A+B

Clearly vector addition -> new vector
D=A! B=A+(!B)

New vector can have both different direction and different magnitude than either of 2 vectors
used to create it.

2 properties allow us to debPne linear combination of vectors C=*A + &B

-> well-debned vector.

Although perfectly good way to proceed,
will not allow us to generalize notion of vector beyond simple pictures

-> much too conbning in our effort to understand theoretical physics.

Need to formulate same concepts in more general way.



Consider vector shown: y

Have debned two special vectors, namely,
8, = unit (length = 1) vector in x-direction
> A= A8+ A4

6, = unit (length = 1) vector in y-direction

A, 8, = vector of length A, in x-direction
where A g = vector of length A, in y-direction

-> sum of these 2 vectors = A because of earlier rule for adding vectors.

Debne A, = component of A in x-direction
Ay = component of A in y-direction
Diagram -> Ax = Acos! and Ay = Asin!

where A = length of vector A= A2+ A{ by the Pythagorean theoren



RedePne vector addition in terms of components and unit vectors:

A=A +AG
-> just add and subtract components.
B =B,é + B,§,
A+ B = (A + By)é +(Ay + By)g
Al B =(A! Byé +(Ay! By

Debne important new mathematical object using unit vectors -> scalar/inner product:
symbol is . (dot).

Debne operation using unit vectors:

8 48, = 1 = (&, 48, . 1 Q=
. L or gag = ! = L
6 ag, =0 = @ a6 0 1E]

Inner product satisbes:
(fe)a("q)="!" & a8

(16 +"6)aHg + $6,)= # 6 48 + 15§ 46, + "#é 4§ + "$6 a6,



Using dePning relations -> determine scalar product of any 2 vectors:

A=A8+A8 , B=B,8+B,§

AaB = (A6 + Ay) &Byé + By§)
= AxBy& a6 + AB,6 4§ + A B, a6, + A B,&, 48,
= AxBy(1) + AxBy(0)+ AyBx(0)+ AyBy(1)
= AyBy + A,B,

Note that:

AdA = ABy+ AyBy = AT+ AZ= A®

A = A &A = length of the vector A N A
Y :
With diagram can derive another important result 0
By |7 SRR SRRPR P
A&B = A,B, + AyB, = AB(C0S"a COS"g +Sin "A sin"g) oA 0
, B
= AB cos(a! !'g)= AB cos! A,

so that



A 4B = AB cos"

= (length of A)(length of B)cos (angle betweenA and B)
= (length of A)(length of B in the direction of A)

= (length of A)(projection of B onto the direction of A)

Therefore B =A! "=01! Aa&A = A? as befor
B perpendicular(orthogonal) to A! "= #/2=90'! A&B =0
orviceversa If AaB =0, then A is orthogonal to B

If 2 vectors satisfy A!B = 0 -> orthogonal. If vector satispes A! A =1 -> normalized to one.

For any vector A= A6 + A 8,
= A, y

Ade, = (A8 + Ay8) 46, = A, = x-component
Adg = (A8 + Ay§) a8 = A, = y-component
A=(Ada8)e +(Adg)e

Generalizing to 3 dimensions
A= A8+ A8 + A8



where set of 3 orthonormal vectors (s s ¢} are called a basis

for (any vector can be written as a linear combination of basis vectors) and

gag=1;= ']
O I £
fori, =X,y z.
Number of required basis vectors is
= number of numbers needed to characterize general vector
= dimension of space.
Entire collection of vectors can generate from basis set is called a vector space.
So in this room, need 3 numbers to characterize each vector.
Room is small part of a 3-dimensional vector space

which Is called the universe at an instant of time.

Completely removing (x,y,z) from our notation(limits us to maximum of 3 dimensions) have
3
A= A4
j=1
| 3 | 3 | 3
&A=& a Ag= Aagag= A" =Ac=k"! componen
j=1 j=1 j

I
=



so that

A:_. A = Ag(g 8A)

Returning to Discussion of 4-Vectors - to show power of mathematics.

Consider vector A representing some physical variable.

Using cartesian unit vectors can write
| 3

A = Aig
i=1
Components of vector A 1=1,2,3
-> representation in given coordinate system.
Must choose coordinate system in order to debne unit vectors.

Coordinate system is not essential part of physics however.
Can just as well use any other coordinate system to dePne unit vectors and vector A

In particular, consider another coordinate system with same origin,
but rotated from Prst system.

In another coordinate system write



Note that vector A has not changed,;

only its representation (components) in new system (new basis) has changed.

Relate two representations (components) by:

| 3 | 3
Aig = Aig |
i=1 i=1 Coefbcients (é/.¢;) are
numbers determined by
-l ,! ° ‘s o | ,! ° I . | ° | wel 2 al | ° | | SpeCipC rOtation'
ga Ag=@a Ag= Aggag= Al =A -
=1 =1 21 =1 They are independent of
'3 vector A.
A = | Ai(6 &8) Redebne vector:

Vector in 3 dimensions = set of 3 numbers {Aj} (components) which transform under rotation
of coordinate system according to

| 3
= Ai(8 48)

i=1

|
A;



Any quantity which is unchanged by coordinate transformation = invariant of transformation.

Since principle of relativity requires that results of physical theories (physical laws) be
Independent of choice of coordinate system

all physical laws must involve only invariants.

Dot product of 2 vectors = scalar.
Scalars are numbers that are independent of our choice of coordinate system
-> method for constructing invariants.

Show dot product produces invariant as follows:

: ||3 ft Y||3 - n

Al aB' = Ai(g &% Aj(§ = AB;j§ &g
=1 =] §

AiBj!ij :- AiBi:Aéé
i ]
In particular, norm or length-squared of vector, A = A | A is scalar invariant.

Now debne rotation.

A rotation is any transformation which leaves r* ='1 I 'l = x* + y* + z* invariant



In Minkowski 4-dimensional spacetime debne vectors in different manner.

Both ordinary space 3-dimensional and Minkowski 4-dimensional vector debnitions are special
cases of more general dePnition.

Ordinary 3-dimensional dePnition corresponds to Euclidean geometry.

In Minkowski 4-dimensional spacetime write spacetime 4-vector(using BOLDFACE) in

this way
s=(ctX,VY,2Z)

and scalar product of vector with itself (its norm) as sas = ct*! x°! y?! z°

Note appearance of minus signs -> scalar invariant under Lorentz transformations

(-> spacetime interval).
Any set of 4 numbers A = (Ag,A1,A2,A3) represents Minkowski 4-vector if its norm debPned by

A 8A = CCAS! AZ! AS1 AS

IS a scalar invariant.

In addition, if set of 4 numbers is 4-vector then components transform between frames via
Lorentz transformations as (for relative motion along 1-axis. )



Ap="!(Ao! "Ay)
A= 1(ALl " Ag)
AL = A,
AL = As

It is In this sense that spatial and time variables are not distinct entities
but are simply different components of same vector
and transform into each other under Lorentz transformations.

This corresponds to a non-Euclidean geometry.

Another 4-vector is ds = (cdt, dx, dy, dz) since = difference of two 4-vectors.

Hence, Iits norm
ds® = c2dt?! dx?! dy?! dz?

IS a Lorentz invariant.

A related quantity of great importance is d% = ds®/c? (dividing an invariant by an invariant
means that we still have an invariant).

In particular,



dl = dt?! C—12(de + dy? + dz°)

Consider displacement ds between 2 events on worldline of moving patrticle.
In rest frame of particle,dx =dy =dz =0
-> d% = dt in particle rest frame (events separated only by time).
d% = time interval between 2 events measured in rest frame
-> = the proper time.

It iIs a Lorentz invariant.
Time Dilation (the easy way)

Consider observer at rest in (x!, y!, Z!, ct!) system.

In this system proper time between 2 events is d% = dk.
In (X,y,z,ct) system moving with velocity v relative to 1st frame,

time interval between same two events given by

dt? | C—12(de + dy? + dz?)

But d% = invariant -> value is same In all frames ->

dt'? = dt? ! C—12(de + dy? + dz?%)



or 1 a : :
dt' ° 1 dx ° dy 2+ dz

_ =11 — _ + _Z _
dt o dt dt dt
2
- o1
C | 2

Therefore, dt = $dt!, which is time dilation formula.

Did not need to introduce hypothetical experiments
or discussions of simultaneity to obtain this result

-> example of power of using 4-vectors.

Other 4 Vectors
Using ds = (cdt,dx,dy,dz) and dividing by Lorentz invariant d% yields another 4-vector

ds_'dtdxdydz__4 t oG
T Sgoarga CUT -vector velocity

Its norm = invariant -> can be calculated by in any frame -> pick rest frame where
u=(c000)! u?=c= invariant

For moving particle where the (x,y,z,ct) system moves with velocity -v relative to rest frame

of particle
-> dt = $d% ->



_ dt dx dy dz "o
u= Cd! Pl (c,¥#) where " = # v
5

Debne 4-momentum as

E
E’b

I = mgou = mg! (c,V) =

Since rest mass mg of any particle is Lorentz invariant, + is 4-vector with dimensions of

momentum.
Already saw that . ,
" E . .
12 = - b? = mic® = invariant
as earlier!

Since variables E and %are components of a 4-vector they must obey Lorentz

transformations

E_, E,.
c c M
p!:!-px!"E
X C
Py, = Py

Pz = Pz



These relations are used to prove that a magnetic Peld is observed in frames moving relative to

bxed charged particles whereas only electric belds are observed in rest frame of charged
particles.

Magnetic belds are consequence of special relativity!!

In text, conbrm identibcation of E = $mc®  as the total energy.

A Further Generalization

Can generalize scalar product to any number of dimensions and any type of geometry. We
have

! Nn | N
A aB = 0ij Ai Bj
i=1 j=1
where gj = metric object.
Can represent by matrix.

In ordinary 3-dimensional space have

!”
gi =i >in3dimensions have A& = AB;=Ad&B
=

[a] =

oo
Or o
= Q0.



In Minkowski 4-space have . -

1 0 0 O
_«0!'1 0 0Y
=40 0 11 oé

O 0 0 I'1l

In theory of gravitation (general relativity) have

CGoo(X,Y,Z,1)  Gor(X,Y,Z,t)  Go2(X,Y,2,1)  QGos(X,Y,Z,1)
v 0o(X,Y,Z,t) (XY, Z,t) Ga(X,y,2z,t) Gia(XY,Z,1)d]
# go(X,Y,Z,1)  G21(X,Y,Z, 1) G22(X,Y,Z,t) Gs(X,y,Z,t)
QBO(X,%Z’t) ggl(X,y,Z,t) ggz(X,y,Z,t) 933(X,y,z’t)

9] =

Metric not constant but is dependent on where you are and what time it is!

Clearly world is considerably more complicated as we will see.

Now back to special relativity

2
Return to relations E | b2 = m? pC_
c o ' E

Notice that if v = ¢, then E = pc and mg = 0.

Vv
C

Therefore, particles with zero rest mass exist.
They always move with speed of light.
Even though have no mass they do have energy and momentum!

An example of such a particle is the photon, the particle of light.



Radiation Pressure

Interesting application.

When light(photons) which carries momentum and energy ref3ects off surface it transfers
momentum and energy to surface.

Since change in momentum corresponds to force and force on surface area corresponds to
pressure, light exerts radiation pressure on any rel3ecting surface.

If have normal incidence on surface, then total change in photon momentum is

E
!p:2p:ZE
If there are n photons per unit area per second, then total momentum change per second

per unit area is

E I
pressure =2n— =2 —
C C

where | = nE is intensity of light (power per unit area).
Average intensity of sunlight falling on earth surface is , 1000 W /m ¢ = 1000 J /m* ! sec.

Radiation pressure on mirror is then

1
pressure = 2— =7 x 10" * N/m?
c

Very small(atmospheric pressure is 10° N/m?).
On cosmic scale, however, radiation pressure is large

-> able to help keep stars from collapsing under their own gravitational forces.



Ask gquestion.

How big must sall of light-sail starship be to work effectively?

Suppose that sail material has property mass per m? = + kg
and that ship has mass of M kg.

Crude calculation goes like this

2
N/m 2

T earth

I
2

pressure at distancer from the sun =7! 10 4

. . r
force on sail = pressure! area =7! 10 * earth

A
§
71 10 L 210'3 R
— n —_ | 4 . 2
T 1o TR T RS

Suppose have sail with maximum area = USA = 10" m?.

For r = K rearth-suns
+=10% M =10

* = fraction of area used, get
2

| force 71 10 4 Team_ A
acceleration =a= =
total mass M+ TA

where 0) *) 1 and n - 1. Acceleration will drop below 0.0001g for * = 1 when k = 20000 or at

distance of 20000 Earth radii or about 2 ( 10 ** miles from Sun. This is about 0.03 light - year.
Depending on what we did earlier we could have a sizable speed by this point!



